LOW-DISCREPANCY QUASI-UNIFORM DIGITAL NETS IN EVERY
DIMENSION

LEONHARD GRUENSCHLOSS

ABSTRACT. Dick, Goda and Suzuki asked for low-discrepancy digital nets that are quasi-
uniform, with minimum distance § and covering radius both of the optimal order N~'/%, and
stated the problem as open in dimension s > 3. We construct such nets in every dimension.
For every s > 3, every base ¢ whose prime factors are at least s — 1, and every k > 1, we give
explicit digital (0, sk, s)-nets over Z/qZ with N = ¢°* points, covering radius at most \/ENfl/S,
and 6NY/* >1— a’/q once ¢ > 5a’ + 4. The constant a} < e®!°8 5+06) s computed from s by
a deterministic polynomial-time lattice algorithm. In dimension three every N = p™, m > 3, is
covered for each prime p > 37, and, with computer assistance, every N = 2™ and N = 3™. In
prime bases these families are well separated in the sense of Dick, Goda and Suzuki, and they
stay so under every digital shift. One mechanism underlies all constructions. For N = ¢°* it
reads as follows. The first k base-q digits of a point’s coordinates select a cube of side ¢~*, and
a (0, sk, s)-net has exactly one point in each such cube. Digit k& + 1 of each coordinate is a linear
function of the first & digits of all coordinates, because the net is digital. We choose this linear
function so that, between the planes where this digit wraps around modulo ¢ or where a carry
occurs among the first k digits, the points lie on a translate of one lattice; for the main theorem
this lattice is a slightly distorted copy of Z°. All later digits move a point by less than 1/¢ of
the cube side. Part II studies the constant K in dN'/* = 1 — K/q + O(¢~2). We prove lower
bounds on K when the linear maps have bounded coefficients. At N = ¢ we find the optimal
K among nets whose points lie on lines parallel to the main diagonal. With the cube-tiling
theorems of Hajés and Keller we show that idealized lattices with one point per cube, whose
points sit independently inside their cubes, cannot exceed § N /s = 1. When the positions inside
the cubes are coupled, the value 1 can be exceeded: IN/3 — Vv/281/16 at N = p®, SN > 1
for (0,5, 5)-nets from p = 37 on, and 6N'/* — min(y/5/2,v/2) at N = p**, which is the Eg
value at s = 8 (limits as p — o0). The results are formalized in Lean 4, apart from some finite
computations, which are checked by scripts.

1. INTRODUCTION

A point set P C [0,1)® of N points is quasi-uniform if its covering radius hp and its minimum
distance dp are both of the optimal order N~/%. Dick, Goda and Suzuki [11] asked for digital
nets that are both low-discrepancy and quasi-uniform. Their example is the two-dimensional
Larcher—Pillichshammer net [40]; for s > 3 they state the problem as open, and Suzuki [60]
recently stated that no such family is known. Without the word digital there are answers in
every dimension: Frolov point sets, Kronecker sequences, and rank-1 lattices with prime N [10,
Thms. 3.1, 3.9, 3.7]. A rank-1 lattice with prime N is formally a digital (0, 1, s)-net, but over
Fy, in a base that grows with N. We work in the setting of [11, 60]: digital nets in a fixed base
q, along N = ¢™ with m — oo, with their exact stratification by elementary boxes. In [11] the
base is a prime b and a digital net is defined over Fy, [11, Def. 2.1]. Our nets are digital over [,
for prime bases ¢ = p, which is the case that answers their question, and over the ring Z/qZ for
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composite ¢, in the sense of Niederreiter [46] (see also [39]). All of them are (0,m, s)-nets, so
they have low discrepancy (Remark 66), and the question is only about separation.

We answer the question for nets, that is, for families of nets indexed by m, in every dimension;
the corresponding question for sequences, whose initial segments would form such a family,
remains open (Remark 123(10)). Our nets start from a classical construction of Niederreiter [46,
Sec. 6], in which coordinate ¢ reads the base-g Taylor coefficients of one polynomial at a point a,
of the projective line. We call this a frame and the a. its places. For the places 0o, 0 the frame is
the Hammersley net [24], and for oo, 0, 1 it is, up to lower-triangular scrambles, the Hammersley
net of the two-dimensional Faure sequence [16] (Proposition 9); we call the frame of the places
00,0,1,...,8 — 2 the Faure-Hammersley frame (Section 3). We scramble each coordinate by a
lower-triangular matrix, chosen so that digit k+1 of each coordinate depends on the first k digits
of all coordinates through small integer matrices. These matrices form the design U, which a
lattice algorithm computes from s alone (Definition 23).

Theorem A (Every dimension). Let s > 3, let ¢ > 2 be an integer all of whose prime factors
are at least s — 1, and let k > 1. Let P,gi be the digital net over Z/qZ of Definition 14 for the
places 00,0,1,...,5 —2 and the design U} of Definition 23, with N = q°F points. Then:
(1) P,gg is a digital (0, sk, s)-net over Z/qZ, every cell [[,[niqg*, (n; + 1)g*) holds exactly
one point, and h < /s N~1/3;
(2) if ¢ > ba’ + 4, its toroidal (hence also Euclidean) minimum distance satisfies § >

(1 —a¥/q) N~Y5, for every k > 1; for k > 2 the constant a* is first-order sharp for this
net: SNY$ =1 —a*/q+ O(q?) as ¢ — .

Here a} = 2, and af < 2(s — 1)%/2(3/2)°7%(s — 2)! = e31°8510() for 5 > 4.

The range of ¢ in (1) is the largest possible for digital nets over Z/qZ [39, Cor. 2],
and for prime ¢ the nets are digital in the sense of [11]. The exact values are a} =
2,5,16,43,170,543,2842,13640 for s = 3,...,10 (Table 3), so for s = 3,4,5 the separation
bound holds from ¢ = 14, 29 and 84 on (for s = 4,5 with the computed values a} = 5, a} = 16;
a} = 2 is proved in Section 4.3). The design U} is computed from s by a deterministic algorithm
in time polynomial in s (Section 4.3). A simpler, monomial design Us; (Remark 24) gives the
same theorem, but with the constant as = ¢®*) (a5 = 17407). Theorem A uses the same frame
and the same diagonal-dominance argument (Proposition 19) as Us; it only replaces the entries
of the design by short vectors of a lattice, which brings the constant down to e®!ogs+0(s) (Sec-
tion 4). The separation bound is proved by a lower bound that uses only digit k£ + 1 and treats
all deeper digits as worst case (Lemma 4); we call it the one-digit relazation. It holds for every
k > 1, including k = 1, i.e. N = ¢°, which is the size at which the nets are practical. Whether
the base threshold can be polynomial in s is open (Part IT). Write SN/* = 1— K /q+O(q~2) and
call K the first-order deficit. Smaller bases are certified for particular designs: for a given design
the certified deficit is a finite maximum that an exact computation determines (Proposition 75),
searched designs have the certified deficits 2,5, 10 for s = 4,5, 6, against a’ = 5, 16,43 (Table 6),
and at k£ = 1, where the matrix of digit £ + 1 need not come from a frame, searched integer
matrices give, for instance, SN/® > 0.8 from N = 13° ~ 3.7 - 10° points and N6 > 0.8 from
N =196~ 4.7-107 (Proposition 83, Table 7, computer-assisted).

Natural candidates. The base-2 (0, m, 3)-net of Griinschlofl and Keller [20, Sec. 2] was designed
for large minimum distance at fixed m; in our computation its normalized separation § N 1/3 falls,
not monotonically, from 0.75 (m = 3) to 0.18 (m = 13) (Appendix G). The p-dimensional Faure
sequence is not quasi-uniform [11, Thm. 4.3, Cor. 4.4], [18, Thm. 2(3)], and Goda, Hofer and
Suzuki [18, Remark 3] extend this to the (0, p)-sequences (I, L2 P,. .., L,PP~1) with nonsingular
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lower-triangular L;, along N = p™, m = (p — 1)p*; for p = 3 these are three-dimensional. This
does not conflict with our results: those nets are prefixes of one sequence whose first coordinate
is unscrambled, whereas ours are Hammersley-type nets that depend on m (so they answer the
question for nets, not for sequences) and scramble every coordinate.

Dimension three: every resolution. In dimension three the nets cover every N, not only N =

q3k:

e m =0 (mod 3), m > 6, every base ¢ > 4: one integer lower-triangular scramble, the
same for all three coordinates, of the frame of the places oo,0,1 in its Mdbius form
(Section 3), with N/3 > 1 —1/q for ¢ > 8 (Theorem 45);

e m = 3, every base ¢ > 5 coprime to 6: column nets (points on lines parallel to (1,1,1)),
whose minimum distance is known exactly, SN1/3 =1 — 3%1 +O0(g7?)or1— 3%1 +0(q7?)

according to ¢ mod 3, and SN/3 > 0.9059 (Theorem 49);

e every m > 3 and every prime p > 37: SNV/3 > 0.2715, and > 0.4250 for p > 83, uniformly
in m, with a bounded mesh ratio for each p (Corollary 57);

e every m > 1 in the bases 2 and 3: SN/3 > 0.4129 resp. 0.3538 with an explicit digital
shift, and > 0.1718 resp. 0.0770 without a shift and under every digital shift (Theorem 64,
computer-assisted);

e every prime 5 < p < 31: every m > 3 except m € {4,7}, and except m = 5 for p < 7
(Theorems 49 and 45, and nets designed separately for each prime, Appendix C).

So in every prime base there are well-separated families of digital (0,m,3)-nets in the sense of
[11, Def. 3.8] (no two points of Py, lie in a common shifted elementary box with m/3 + O(1)
digits in every coordinate), on all of N (Corollary 71, Remark 72). The prime-base families of
Theorems A, 45, 33 and Corollary 57 stay well separated under every digital shift (Proposition 68,
Corollaries 69 and 71), and so do the per-prime nets of Appendix C (Remark 132) and, in the
bases two and three, the nets of Theorem 64 (part (3)). So in every prime base there are families
that are well separated under every digital shift, on all of N (Remark 72).

When m is not a multiple of s, the boxes that hold one point each cannot all be cubes. We
then give some coordinates, the skeleton coordinates, one cell digit fewer than the others. For
such a coordinate the first digit after its cell digits, the skeleton digit, places the point in one of
p thinner slices of its cell, so that every point lies in a cube of side p~*71, a fine cell. Inside each
cube of side p~* (a coarse block) the occupied fine cells form a lattice defined by congruences
modulo p, for instance a Korobov lattice (Section 5). In every dimension this covers m = —1
and m = —2 (mod s) for all large primes (Theorems 33 and 35).

One mechanism. All nets in this paper work the same way (Figure 1). We explain it for
Theorem A, with m = sk, in the order in which it suggests itself: a frame, the trouble with its
closest pair, and two fixes. Fixing the first k base-q digits of every coordinate selects a cube of
side ¢%; we call these N cubes the cells. In units of the cell side, cell n = (n1,...,ns) is the
unit cube n + [0,1)%, and n., the integer with the first k& digits of coordinate c, is its cell index
in coordinate c. A (0, sk, s)-net has exactly one point in each cell. So the cells can serve as the
index of the points, and the covering radius is at most the cell diameter /s ¢~ *. A net written
in this way, as the graph of the map from the cell digits to the remaining (offset) digits, is a
graph form (Section 2).

The frame and its closest pair. The Faure-Hammersley frame is a (0, sk, s)-net for free: each
of its box minors (the determinant that decides t = 0 for one shape of box, Section 2) is a
product of differences a. — ag of its places, hence +1 for the places oo, 0,1 and a unit modulo ¢
whenever the prime factors of ¢ are at least s — 1 (Lemma 10). Its separation is another matter.
Inside its cell a point is placed, up to 1/q of the cell side, by digit k + 1 of each coordinate, the
first offset digit; we call it the geometric digit r.. In a digital net the vector r = (r1,...,rs) is a
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linear function, modulo ¢, of the cell digits. Suppose we move from a cell n to a neighbouring
cell n +e, e € {—1,0,1}*, and only the last digit of each ng changes, that is, no carry occurs.
Then r changes by Me mod ¢ for one fixed integer s X s matrix M, the geometric layer; a step
whose carry reaches further changes r by another matrix, which depends on how far the carry
reaches. As long as no carry occurs and no coordinate of r leaves the range 0,...,¢ — 1 (no
wrap), the point of cell n therefore sits at n + (r(o) + M(n — n(o)))/q, up to the deeper digits,
where () is the geometric digit of a fixed cell n(?. On such a patch of cells the points lie on a
translate of the lattice (I + M /q)Z*. So the closest pair is decided by M and by the matrices of
the steps with carries, and the frame does not control them: its geometric digit depends on the
cell digits through coefficients that depend on k£ and on how far a carry reaches (Lemma 11),
its geometric layer is, off the diagonal, a Cauchy matrix in the places up to row and column
scalars (Proposition 12), and nothing in the frame keeps these residues modulo ¢ small. The
frame comes with no separation bound, and ¢t = 0 does not supply one: the coding data of a
(0, m, s)-net do not determine its separation (Section 3), and families of (0, m, s)-nets need not
be quasi-uniform (the natural candidates above).

First fix: scrambles that keep t = 0. A lower-triangular scramble of a coordinate adds to each
of its digits a combination of the earlier digits of the same coordinate. It maps every elementary
box onto a box of the same shape, so every box still holds exactly one point. This is classical
[43, 62, 14], and it holds as well for Owen’s nested scrambles [47], which permute each digit
depending on the earlier digits of its coordinate. In the frame these scrambles, like the gauge
moves of Lemma 2, multiply every box minor by a unit (1), so ¢ = 0 holds in the whole frame
orbit (Section 3). They change the geometric digits, and that is all we use them for. The digits
after the geometric digit are not designed: they are what the frame, after the scramble, supplies.
We call this bounded, deterministic displacement the jitter (Figure 1(b)); it is not the random
jitter of stochastic sampling in computer graphics [6]. The jitter does necessary work: a box that
fixes more than k + 1 digits of some coordinate has a box minor that involves the deeper offset
rows (Lemma 2), so the jitter is what keeps these thin boxes filled. And it is cheap: it moves each
point by less than 1/q of a cell in each coordinate, which costs one unit of 1/q per coordinate in
the separation bound (Lemma 4), the summand 1 of the first-order deficit K (Remark 5).

Second fix: move the lattice into each cell. Within this freedom we re-choose only the geometric
digit. A design prescribes it on the last few levels of the cell indices, by small integer matrices:
the geometric layer and the matrices of the steps whose carries reach these levels; the scramble
removes its dependence on all more significant levels, for every k (Proposition 13). On each patch
the points then lie on a translate of (1 + M /q)Z*, and when the entries of M are small compared
with ¢, this lattice is a slightly rotated and contracted copy of Z°. Where some r. wraps, the
patch ends and the next patch starts about one cell further on. We call these boundaries slip
planes (Figure 1(a)); they are what keeps one point in every cell. So the separation is at least
the minimum of the local lattice minus a jitter cost of order 1/¢q, and every separation proof
in the paper is a version of this sentence (Lemma 4). This is the division of labour: the jitter
can be borrowed from the frame, since whatever the frame supplies costs less than 1/q of a cell,
whereas the lattice decides the separation and has to be moved into each cell, through the choice
of its geometric digit.

The result. Theorem A carries this out in every dimension: its design U takes the entries of
these matrices as short vectors of a lattice, small and independent of k (Section 4). In dimension
three one scramble serves all three coordinates (Theorem 45). Faure-Hammersley frames also
underlie the nets with one skeleton coordinate (Section 5) and, in dimension three, the nets
for m = 0,1,2 (mod 3), m > 4 (Section 6); frames with other places underlie the remaining



QUASI-UNIFORM DIGITAL NETS IN EVERY DIMENSION 5

skeletons; and split frames (Section 13), which read each coordinate at two places, have unit box
minors by the same confluent Vandermonde determinant (Lemma 111).

Other nets. Not every net here is a frame scramble. The column nets at m = 3 (Section 6.5),
the nets 7, and W, (Section 13), the nets Q; (Proposition 118) and the nets at & = 1 whose
geometric layer is chosen directly (Proposition 84) choose all their offset digits directly, and their
t = 0 is proved by checking that their box minors are units (Lemmas 1 and 2). The nets in the
bases two and three are built by a recursion m — m + 3 (Section 7), in which copies of the old
net play the role of the lattice and shifted lower digits are the jitter. The same pattern is visible
already in dimension two (Remark 6, Figure 2): the points of the even-m permutation nets of
Griinschlo8 and Keller [20, Sec. 3] lie on the lines of a lattice, and van der Corput slides along
these lines are the jitter; since these nets are a nested scrambling of the Hammersley net, the
frame of the places oo, 0, the slides carry t = 0.

Separation constants. Part II asks how large the constant can be, that is, how small the first-
order deficit K in N/ =1 — K/q+ O(q~?) can be. If the geometric layer M is bounded, i.e.
its entries are bounded independently of ¢, and has no zero on the diagonal, then K cannot be
small: K > 1 in dimension three (Corollary 78), and K > /(s — 3)/8 in general (Theorem 87).
Geometric layers whose entries grow with ¢ do better. The column nets at m = 3 (Section 6.5),
whose points lie on lines parallel to the main diagonal, have K = % and %, according to ¢ mod 3,
and these values are optimal among all column nets (Theorem 95). Part I explains them by a
bookkeeping with two terms (Section 11). The first term, the drift, is forced by the torus: the
column nets imitate the reflected cube HZ3 (Z3 reflected in the plane perpendicular to (1,1,1)),
and when 3 1 ¢, ¢ steps of the reflected cube along an axis do not close up around the torus. The
mismatch has to be spread over these ¢ steps, and its share per step gives the deficits % and %
The second term is the cost of the jitter, the displacement by the deeper digits. In dimension
five the same bookkeeping gives digital (0,5,5)-nets with 6N'/® > 1 for every prime p > 37
(Proposition 118). At the resolutions m = sk the cells are cubes. By the theorems of Haj6s and
Keller, an idealized lattice with one point per cube cannot exceed the value 1 of Z* (the cubic
value) if the positions of its points inside their cubes vary independently (Proposition 100). Nets
whose positions inside the cubes are coupled go beyond 1:

e At m = 3, a geometric layer of rank one makes all three coordinates wrap together. It
gives N'/3 > 1 for every prime p > 17 and N'/3 — 1/281/16 = 1.0476... (Proposi-

tion 104). The optimum of this family of layers is u* = \/(72 —8v/31)/25 = 1.0480. . .,

reached as p — oo (Proposition 106), and a union of two lattice cosets gives /66/8
(Proposition 103).

e A variant of the frame in which each coordinate reads its cell digits and its offset dig-
its at two different places (a split frame) gives the packing D locally, with SN/* —
min(y/5/2,v/2) as p — oo at every resolution m = sk; this is the Fg value at s = 8
(Theorem 116).

Status and organization. Every result is proved in the text, by hand or, where stated, with an
exact finite computation (computer-assisted). The theorems, propositions, lemmas and corollar-
ies are also formalized in Lean 4, apart from some finite computations that are checked by scripts
instead (Section 14). Part I (Existence) is organized by the resolutions it covers. Section 2 sets
up graph forms, the one-digit relaxation and the lattice picture; Section 3 the frames, how one
scramble works for every k, and why ¢ = 0 comes for free. Section 4 proves Theorem A (m =0
(mod s)), Section 5 treats m # 0 (mod s) with lattice skeletons, Section 6 covers every resolution
in dimension three, Section 7 the bases two and three, and Section 8 relates all this to the defini-
tions of Dick, Goda and Suzuki, including digital shifts. Part II (Separation constants) treats the
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F1GURE 1. The mechanism of the nets of this paper, on a toy two-dimensional
example (¢ = 9; schematic, not a net from the text). (a) A 11 x 11 window of
cells (grey grid), one point per cell. The geometric digit » = Mwu mod ¢ is linear
in the last cell digits uw, with M = —I + Rgge (the xy-block of the geometric
layer of the three-dimensional nets, Proposition 43); it puts the point of cell
n at the lattice image n + r/q (open circles). On each patch this is a piece of
(I + %)ZQ, which is Z? rotated by arctanﬁ and contracted, with shortest

vectors (I + %)ex, (I + %)ey (arrows). Where a coordinate of r wraps modulo
g the patch ends at a slip (dashed), which keeps one point per cell. The deeper
digits add a jitter f/q, f € [0,1)? (grey segments to the actual points, dots). Since
det(I + %) =(1- %)2 + q% < 1, the lattice image is about 2/¢ too dense: about
every ¢ cells one lattice site is skipped (x) and the point jumps by about one cell
at a slip; here 27 skipped sites against the density surplus (det™! —1)112 = 29.7,
up to boundary effects. (b) The dotted box of (a): the jitter stays in a sub-
cell of side 1/q, so the separation is at least the lattice minimum A; = 0.895
minus the jitter cost. (¢) One axis, r = —u mod ¢ (the diagonal entry —1 of M):
the points of cells 1,...,¢ sit on the sites 1 4 (1 — %), i € Z; cell g receives

a second site, which is skipped, and the next point steps 2 — % across the slip.

Theorem 46 makes this exact (1 —1/q from the own-axis step); the other regimes

(IT and III, Section 2) change only the lattice and the cost. Interactive version:
explainers/anatomy.html (Section 1).

first-order deficit and lower bounds for it, why the column nets attain

3 and %, why one point
per cube caps idealized lattices at the cubic value 1, and constructions above 1. Section 15 lists

open problems, and Section 16 discusses prior work. The appendices contain designs, deferred
proofs, tables, pictures, the map of the formal verification and the list of reproducible computa-
tions. Interactive versions of several figures, which compute the nets in the browser from their
generator matrices, are at https://lgruen.github.io/separated-nets-lean/explainers/.
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QUASI-UNIFORM DIGITAL NETS IN EVERY DIMENSION
s resolution N base bound on §N/® status result
Part I. Existence
s ¢F k> Ipf(¢q) >s—1,g>5a;+4 1—al/q Lean Thm. A
3 eF kE>2 every q > 4 1-1/q (g >38) Lean Thm. 45
S p kel k>0 prime p > 2° (p—1)p~ > =1 Lean Thm. 33
s>4pts2 k>1 prime p > po(s) (p— 4)p71/2; (B— F)}fQ/S Lean Thm. 35
3 PRt k> 1 prime p > 37 (p? —)p~ 23 51 Lean Thm. 56
3 7 ged(q,6) =1,¢>5 exact; > .9059, — 1 Lean Thm. 49
3 p™, every m > 3 prime p > 37 > .2715; > .4250 (p > 83) Lean Cor. 57
3 P r e {1,2} primes 5 < p < 79* .50-1.03 per prime Lean App. C
3 2m 3" everym>1b=23 4129, .3538 (explicit shift) comp.-ass. Thm. 64

.1718, .0770 (every shift) Lean

Part II. Separation constants
4 F k>1 odd ¢ > 17 1—2/q, sharp for k > 2 Lean Prop. 81
56 ¢° Tab. 7 > .8 (¢ > 13 resp. 19) comp.-ass. Prop. 83
s>4¢% k>3 bounded M <1—-+/(s—3)/8/q+0(q™?) Lean Thm. 87
s p kel >0 prime p > s—1 up to 1.238 (s =17) Lean Prop. 102
3 7 3t g, column nets <1- 3171 resp. 1 — 3—2‘1, +0(¢™%) Lean Thm. 95
3 p3 prime p > 41 \/H — ? — @ = 1.0155 Lean Prop. 103
3 p? prime p > 17 >1, — ‘/12? = 1.0476 Lean Prop. 104
3 p? rank-one family <pt+ %; W, = p* =1.0480 Lean Prop. 106
s>4p* k>1 prime p > max(2s,2B +2) — min(é, V2) Lean Thm. 116
5 o prime p > 37 >1, = ? =1.118 Lean Prop. 118
5 PPk >1 prime p > 1511 > 1.0265, — ¥ =1.118 Lean Prop. 122

TABLE 1. Overview of the separation results: Part I by the resolutions covered,
Part II by the constant. Here ¢ is an integer base, p a prime, b a prime base
and Ipf(q) the least prime factor of ¢q. All nets are explicit digital (0,m, s)-nets
(digitally shifted where stated) with one point in every cell (for m = sk + r,
0 < r < s: every box with k+1 digits in 7 coordinates and k digits in the others),
so their covering radius is O(N~'/%) for a fixed base. The parameters p and
B = B(p) grow like powers of p (Definitions 34, 36 and 53), F =1+ [(s —2)/2],
and W, is the net of the rank-one family whose parameter is tuned to the limit
optimum p* (after Proposition 106). Status: Lean, the net property and the
separation bound are also formalized in Lean (Section 14); comp.-ass. (computer-
assisted), the bound rests on finite computations that are checked by scripts, not
in Lean (the net property is formalized). All results are proved in the text. *For
r = 2 except p = 67,71,73 (where the nets B2 give .717-.738, Remark 55).

Part I. Existence

2. GRAPH FORMS AND THE ONE-DIGIT RELAXATION

Fix integers ¢ > 2 and m > 1. The digits of a coordinate are indexed 0, ..., m — 1, with digit
0 the most significant; so the first k digits are the digits 0,...,%k — 1, and what the introduction
calls digit k£ + 1 is the digit with index k. The digits v; of the index of a point are counted
the other way, from the least significant, as the coefficients of t' (Section 2.5). For d € Z™ put
¢q(d) = Zj<m(dj mod ¢) ¢~/~!. Integer matrices C1, ..., Cs € Z™*™ define the digital point set

{(¢q(C10), ...

d; rows of each Cj, and its determinant is the corresponding box minor.

,0q(Csv)) :v € (Z/qZ)™}. For dy + --- + dg = m, the box matriz stacks the first
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The same definitions apply over any finite commutative ring R with ¢ elements, the digits
being read through a fixed bijection R — {0,...,q — 1}.

Lemma 1 (Box criterion; Niederreiter [46, Thm. 6.1]). For each d, every elementary box with
d; digits in coordinate i contains exactly one point if and only if the box minor for d is a unit of
R. In particular the point set is a (0,m, s)-net in base q if and only if every box minor is a unit
of R, i.e., over a field, nonzero.

Proof. The point with index v lies in a given box of shape d if and only if the box matrix maps
v to the prescribed leading digits. So the boxes of shape d correspond bijectively to the values
of the linear map v — (box matrix) v on R™. There are ¢" points and ¢ boxes, so every box
holds exactly one point if and only if this map is bijective, i.e. if and only if the box matrix is
invertible, i.e. its determinant is a unit. This is [46, Thm. 6.1]. O

In particular, integer matrices all of whose box minors are +1 give a (0,m, s)-net in every
base q > 2; conversely, for integer systems ¢t = 0 over every Z/q is equivalent to ¢ = 0 over every
prime field [39, Lemmas 8-9], i.e. to all box minors being +1. If L is lower-triangular, the first
d rows of LC equal Ly Cq (Lig the leading d x d block), so

(1) det (box of (L1Ch, ..., LsCs)) = []; det L; g, - det (box of (C1,...,Cs)).

This is why linear [43] and generalized-Faure [62] scrambling preserve t. Throughout, a scramble
is such a lower-triangular (linear) scramble of the digits of a coordinate. Owen’s nested scrambles
[47] form a much larger, nonlinear family: each digit of a coordinate is permuted by a permutation
that may depend on the earlier digits of the same coordinate. They contain the lower-triangular
scrambles and also preserve ¢, but they do not preserve digitality, and they are used here only
in Remark 6.

2.1. Graph forms. Since a (0, m, s)-net has exactly one point in each cell, the point is a function
of its cell. A graph form writes the net as the graph of this function: the cell digits are the index,
and the remaining digits are linear in them. Precisely, let k = (k1,..., ks) with ) K. = m (the
depths), let R be a commutative ring, and let ®.4 € R(m—ke)xka The graph form ® with depths
k is the digital point set whose index is the vector of cell indices n. € R¥ and whose coordinate
c has the digits n. followed by its offset >, Pcqng; together the n. select the cell, the box of all
points whose coordinate ¢ begins with the digits n.. Its generator matrix C. has the identity in
the cell rows of column block ¢ and (@] - - - |P.s) in the offset rows, so that the index digits are
the cell digits (conventions in Section 2.5). Row r of ®.4 belongs to digit k. + r of coordinate c,
and column j to the level j of ng, its digit with index j: level 0 is the most significant, and level
kq — 1 the last.

For R = 7Z/qZ every cell of depths k holds exactly one point. The same holds for & with
entries in Z or in Z[1/D], ged(q, D) = 1, reduced modulo ¢; an integer ® thus defines a point set
over every 7 /qZ. Conversely, if the box matrix of a digital point set for the depths k is invertible
(for instance by ¢ = 0, Lemma 1), the cells are coordinates on R, and in these coordinates the
point set is a graph form: the same point set, re-indexed.

For d = (di,...,ds) with ) d. = m call ¢ over if d. > k. and under if d. < k.: the box of
shape d fixes more, resp. fewer, digits of ¢ than the cell does.

Lemma 2 (Box condition and gauge moves). The box minor of a graph form for d equals,
up to sign, the determinant of the square matriz formed by the top d. — k. offset rows of the
over coordinates c, restricted to the last ke — de levels of the under coordinates e (it is 1 if
d = k). In particular the diagonal blocks ®.. never enter. Consequently the following gauge
moves multiply every box minor by a unit of R, and so, by Lemma 1, map (0, m, s)-nets over
Z/qZ or F, to (0,m,s)-nets: (a) replacing the diagonal blocks arbitrarily; (b) for s = 3 only:
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Doy = peq®Peq (¢ # d) with units peq of R (block scalings); (¢) ®eq — LePeqUyg (¢ # d) with L.,
Uy lower-triangular whose diagonal entries are units of R.

Proof. The first min(d,, k.) rows of C. are unit rows selecting the first min(d., k.) levels of
n.. Laplace expansion along all these unit rows removes the selected columns; what remains
are the top d. — k. offset rows of the over coordinates, on the unselected columns, which are
the levels > d. of the under coordinates. A coordinate is not both over and under, so no
diagonal block occurs. (¢) Left multiplication by L. preserves the span of the top rows of ®.., and
right multiplication by Uy the span of the last columns of ®.4; the determinant changes by the
product of the corresponding diagonal entries. (b) For d # k both over and under coordinates
exist; for s = 3 there is therefore a single over or a single under coordinate, so the matrix is
[Deg | Pear] Or [Prg; Porg] restricted in this way, and scaling one block multiplies its determinant
by a power of p.q. For s > 4 a box can have two over and two under coordinates, for instance
(k+1,k+1,k— 1,k — 1), and single-block scalings are no longer gauge moves. O

For instance, for the depths (k,...,k) and d = (k+ 1,k — 1,k,...,k) the box minor is the
single entry of @9 in the first offset row and on the last level of na. We call the moves (a)—(c)
gauge moves because they change the generator matrices but not the net property: they multiply
every box minor by a unit, so they never change t.

Definition 3 (Geometric digit and geometric layer). Let a graph form have the depths (%, ..., k).
The first offset digit of a coordinate ¢ (its digit with index k) is its geometric digit r.. The
geometric layer is the integer matrix M of the centred representatives Mg € (—q/2,q/2] of the
level-(k — 1) entries (®¢q)ok—1 of the first offset rows, diagonal included.

So M,q is the change, modulo ¢, of the geometric digit of coordinate ¢ when the last digit of
ng increases by one without a carry. The geometric digits locate a point inside its cell up to 1/¢
of the cell side. A geometric layer is bounded, along a family of nets, if its entries are bounded
independently of q.

2.2. Designs. Let the depths be (k, ..., k). A design prescribes how the geometric digits depend
on the last L levels of the cell indices; the more significant levels are to have no influence on
them. Since a design is read from the last level upwards, we say that level K —1 —n lies at carry
depth n: the last level is at carry depth 0, and a step by 41 along an axis changes the level
at carry depth n > 1 only if its carry (or borrow) reaches it. A design with L levels is a tuple

(Fo,...,Fr—1) of s x s matrices (integer, except in Section 13); a graph form realizes it if row 0
of every block ®.4, the diagonal included, equals F,,[c][d] at carry depth n (the level k — 1 —n)
for n < L and vanishes on the levels 0,...,k — 1 — L. So Fy is the geometric layer. We write

MU = Fy+---+ F}; for the partial sums: a step by £1 along axis d whose carry has depth j,
i.e. changes the levels at carry depths 0,...,j of ng (the levels k —1,...,k —1—j), changes the
geometric digit of coordinate ¢ by £M©)[¢][d] modulo q. Which designs a frame can reach, for
every k, is the subject of Section 3.

2.3. The one-digit relaxation. Two points in neighbouring cells n and n + e differ in coor-
dinate i by e; cells plus the change of (r; + f;)/q, where r; is the geometric digit and f; the
contribution of the deeper digits. The next lemma bounds each coordinate of this difference
from below, using only the change o of the geometric digits and the worst case for the deeper
digits. It relaxes the exact distance by replacing the deeper digits with their worst case; hence
its name, the one-digit relaxation.

Lemma 4 (One-digit relaxation). Let ¢ > 3, k > 1, and let a digital net over Z/qZ be given
in graph form with depths (k, ..., k) such that (H1) row 0 of every block @, diagonal included,
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equals a design (Fy,...,Fr_1), 1 < L <k, on the levels k — 1,...,k — L and vanishes on the
levels 0,...,k — 1 — L; (H2) the rows > 1 of the diagonal blocks vanish. In cell units write
coordinate i of a point as n; + (r; + fi)/q with r; its first offset digit and f; € [0,1). For a step
e€ {—1,0,1}°\ {0} to a toroidally adjacent cell and carry depths jq on the moving axes (jq is
the number of further levels that change, by a carry if eq = 1 and by a borrow if eq = —1), put

0 e=+e;,

= M(min(jdefl)) 3 d 7Z‘ = 0; d S 0 t =
o= eq illd, ov=oimodq€[0.0), it =g L, e

d
and b; = min; max(0, |e;q + t| — jit;), the minimum over t € {7;,6; — q} if 3; # 0 and overt =0
if ; = 0. Then the two points in cells n and n + e satisfy q|A;| > b; for every i, where A; is
coordinate i of the point in cell n+ e minus that of the point in cell n, in cell units (n+ e taken
as the toroidal neighbour), and the toroidal minimum distance satisfies

6¢" > LB:= min(l, min(zib?)l/Q/Q>-
€]

Proof. A carry of depth j on axis d changes the levels kK — 1,...,k — 1 — j of ng by eq modulo
q; the torus wrap has j = k — 1 (at k = 1 every step has j = 0). By (H1), r; changes by o;
modulo ¢, and capping the carry depth at L — 1 is exact because row 0 vanishes on the levels
0,...,k—1— L. Since r; —r; € (—q,q) and r, — r; = 04, we have 7, —r; € {7;,0; — q}, and
ri—r; =01if ; = 0. Always |f/ — fi| <1, and f] = f; if only axis ¢ moves: by (H2) the deeper
digits of i do not depend on n;. So qA; = e;q + (i — ;) + (f] — fi) gives q|A;| > b;.

It remains to compare with the toroidal distance; this is the only place where the size of ¢*
enters. In cell units the torus has period G = ¢* > 3. Let n # n’ be two cells, let E € Z® be
the representative of n’ —n modulo G with |E.| < G/2, and let 6. € (—1,1) be coordinate ¢
of (' —r+ f' — f)/q. The toroidal distance in coordinate ¢ is tor, = min,cyz |E. + 2G + 6.|.
If some |E;| > 2, then |E. 4+ 2G| > |E,| for every z, so tor. > |E.| — |6.] > 1. Otherwise
E=ec{-1,0,1}°\ {0} and A = e+ 0 with |A.| < 2; if |A.| < G/2, then tor, = |A.| > b./q,
and otherwise tor. > G — |A.| > G —2 > 1. So either some coordinate has toroidal distance
at least one cell, or the distance is at least (_, b?)l/ 2/q cells; as a cell has side ¢ ", this is the
claim. g

Like Theorem 46, Lemma 4 uses only that the cells determine the point and the shape of the
first offset rows, not ¢ = 0. The lemma is formally verified for every & > 1. We call a step e
together with carry depths j = (jg) on its moving axes a configuration (e,j). At k = 1 there are
no carries, and the configurations are those with all j; = 0, a subset of the configurations for
k > 2; so for a given design the value of LB at k = 1 is at least its value with more levels, and
every lower bound proved below through Lemma 4 for £ > 2 holds at k = 1 as well.

Remark 5 (First-order expansion). Call a moving coordinate backward if e;o; < 0 and forward
otherwise. For a fixed design and g — oo: if some configuration with at least two moving axes has
no backward coordinate, or some diagonal partial sum M) [a][a] is positive, then LB = O(1/q);
otherwise LB = 1 — K/q 4+ O(¢~2) with K the maximum of |M)[a][a]| and of |o}| + 1 over
the configurations with at least two moving axes and a single backward coordinate b. (Two
backward coordinates cost nothing at first order, and the jitter costs the +1.) In dimension
three, M = —I 4+ S with S skew with entries £1 gives K = 1.

2.4. The lattice picture. The mechanism of the introduction underlies every net in this paper.
Write the point of a graph form with depths (k, ..., k) in cell units as n + (r + f)/q, with n its
cell, r its geometric digits and f € [0, 1)® the contribution of the deeper digits (the jitter); we call
n+r/q its lattice image. For a step n — n+ e that changes only the last cell digits, the geometric
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digits change by Me modulo ¢. So on a patch of cells where no geometric digit wraps, the lattice
images form a piece of a translate of the lattice (I + M /q)Z?*, and the points differ from them by
f/q. Where a geometric digit wraps, the patch ends at a slip plane, and every cell keeps exactly
one point. This picture is behind every separation proof here: the separation is the minimum of
the lattice, or union of lattice cosets, that the geometric digit realizes locally, minus a jitter cost
of less than 1/¢ of a cell per coordinate and, at unequal depths, a bounded cost from shifts of
the lattice between neighbouring blocks of cells (faults, Section 5). Lemma 4 makes this exact
for m = sk, and Lemma 25 for m = sk +r. Three regimes occur (Figure 1): (I) bounded centred
entries give a slightly rotated and contracted copy of Z*, of minimum 1 — O(1/q) (Sections 4
and 6); (II) when m # 0 (mod s), some coordinates have one cell digit fewer, their first offset
digit selects a thinner box (a fine cell, Section 5.1), and the occupied fine cells form lattices of
index p’, with minimum at the scale of p’/* fine cells (Section 5); and (IIT) entries of size O(q),
M =~ gA with a rational A, put the point of cell n near n + {An}, a lattice or packing other
than Z° (the column nets of Section 6.5, and Section 13 in Part II).

Remark 6 (A two-dimensional example). The permutation (0,m,2)-nets of Griinschlof§ and
Keller [20, Sec. 3] for even m show this mechanism in the smallest case, base 2 and dimension
two (Figure 2). For even m = 2r > 4, Q = 2", N = Q% and 0 < i,j < Q they are the points
(X,Y)/N with X = (Qo(i) + [i/4] + %(j 4+ 1)) mod N, Y =i+ Qj, where p reverses r bits;
distances are taken modulo the lattice ((N,0), (N/4, N)) of the row-shifted tiling for which they
were designed [20, 53] (the tiling metric). (i) Cells and geometric digit. Since [i/4] < Q/4, the
binary digits of X are the fields [¢;; (j + 1) mod 4; [i/4]] with ¢, = 0(i) + [(j + 1)/4] mod @,
and those of Y are [j; i]. So the cells of depths (r,r) hold one point each, and the first two offset
digits of X, one base-4 geometric digit, are (j + 1) mod 4, a function of the last two cell digits
of Y. The occupied cells of depths (r + 2,7) are exactly the coset {(a,b) :a =b+1 (mod 4)} of
an index-4 lattice. (ii) Lattice and jitter. With e = (Q,0), v = (Q/4, Q) and u = p(7),

(X,Y) = ue+ (j+08)>v+ (%Jr w =
the points lie on the lines of the lattice A = Ze + Zv in direction v, exactly v apart along each
line, and line w is slid along itself by o(u)/Q of one step (the slide of line u, a van der Corput
value), up to less than one grid unit. The slides are the jitter. The tiling lattice is QA, so the
lines close up and there are no slips. (iii) Separation. The functional X — Y/4 separates distinct
lines by at least @ — 2, so 6v/N > (4/V17)(1 — 1/Q) for every choice of the slides; the van
der Corput slides give exactly 62N = 241/256 in the tiling metric for every even m > 8 [53].
On these lines the slides that keep ¢ = 0 are exactly the nested scramblings of the van der
Corput slides, and all of them are equally far from lattice slides (both computed for m < 8), so
only their arrangement is free. Flipping the third binary digit of the slide on the lines u = 2,3
(mod 4) is again a nested scrambling, so it gives a (0, m,2)-net, by (iv) and [47]. In the tiling
metric it is worse at m = 8 (62N = 229/256 against 241/256), and for every even m with
10 < m < 20 it has 62N = 977/1024 against 241/256 = 964/1024, i.e. 6/N = 0.9767 ... against
0.9702... (computed). The jitter is not reduced, only moved off the direction across the lines,
as in Section 11. (iv) The net property. The slides carry ¢ = 0: the net is a nested (Owen)
scrambling of the Hammersley net, the frame of the two places co, 0, and nested scramblings of
a (t,m,s)-net are (t,m,s)-nets [47]; this gives a short proof of the net property proved in [53].
The net is not digital (it does not contain the origin [20, 53]), its scramblings are not linear, and
its metric (the row-shifted torus) is adapted to its lattice of lines. The nets of this paper are
digital: they use linear scrambles of frames with more places, keep the standard torus, and pay
with a slip plane wherever a geometric digit wraps around modulo g; a nonlinear permutation

?

7 0) (mod N) :
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(b) zoom: occupied (r+2,r) cells, a=b+ 1 (mod 4)
4

(a) m=8, R=16: (r,r) cells, lines of A= (e, v) VN > #(1 — ) =0.909 (any slides); vdC slides: 52N =241/256
J CZ
& cg cg ®
@/ & c[ cg ®
[ & J 5 ®

A A 7

) SE8 568
) 50 P

shortest lattice vectors lattice lines

cell grid O lattice image ® actual point — jitter

FIGURE 2. The mechanism in its simplest instance: the permutation (0,m,2)-
net of Griinschlo and Keller [20, Sec. 3] for m = 2r =8, Q = 2" = 16, N =
Q? = 256, in cell units (Remark 6). (a) The (r,r) cells (grey grid), one point
each. Open circles: the lattice image ue + jv + (1,0), e = (1,0), v = (3,1),
on the lines (dashed) of A = (e,v) in direction v; the tiling lattice of the row-
shifted torus is QA, so the lines close up and there are no slips. Dots: the points
(X,Y) =ue+(j+0(u)/Q)v+(d,0), |d| <1 grid unit: line u is slid along itself by
its slide o(u)/@ of one step, a van der Corput value (grey segments, the jitter).
Accent: the basis e (shortest, length 1) and v. (b) Zoom on 6 x 6 cells with the
cells of depths (r 4 2,7) (light grid); the occupied ones (shaded) are exactly the
coset {(a,b) :a=b+1 (mod 4)} of the index-4 lattice A. Since the slides move
the points arbitrarily along the lines, only the line spacing 4/1/17 (double arrow)

survives as a separation bound: §v/N > \/41—7(1 - %) = 0.909 for every choice of
slides; the van der Corput slides give exactly 62N = 241/256 (in the tiling metric;

[53]).

can traverse a sub-cell (a box of side 1/q of a cell) without such a jump, and linear offsets cannot
(Section 12).

2.5. Notation. Table 2 collects the notation used throughout. Symbols that are not in the table
are defined where they are first used; a letter defined inside one statement, proof or remark is local
to it and may have another meaning elsewhere. Index conventions. The index i € {0,...,¢"™ —1}
of a point has base-q digits vg,...,vm_1, Vo least significant, and v is the coefficient vector of
V(it)=>, vitt; coordinate ¢ has the digits d = C,v mod ¢, dy most significant, and the integer
coordinate » j dqu_l_j € [0,¢™). Row j of a generator matrix belongs to output digit j, column
I to t'; column [ of W is the coefficient vector of (1—¢)"1=!. A graph form is indexed by its cells,
v = (Nn10,...,M1 k—1,120,...) with n.; the level-j digit of n.; for any digital net the graph-
form matrices are C. B L By the box matrix of the depths k (the same point set, re-indexed by
v +— Byv). Decimals are truncated (not rounded) to the digits shown: certified lower bounds,
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exact values and computed values alike; only upper bounds are rounded up, so that they stay
upper bounds.

Digital shifts. Dick, Goda and Suzuki also consider digitally shifted nets, the digital analogue
of the random shifts of Cranley and Patterson [8], and so do we (Sections 7 and 8).

Definition 7 (Digital shift [11, Def. 2.2]). For a point set given by digit vectors z. € (Z/qZ)™
and 7 = (71,...,75) € (Z/qZ)**™, the digitally shifted point set P @ 7 has the digit vectors
Ze+ Te, added digit by digit modulo ¢ without carries. For prime ¢ this is [11, Def. 2.2]. A digital
net is unshifted (7 = 0) unless stated otherwise.

A digital shift maps every elementary box of shape d bijectively onto one of the same shape,
so it preserves the (0,m, s)-property; in graph form it only adds a constant to the offsets
(Lemma 67).

3. FRAMES: ¢t = 0 FOR FREE

A frame is a digital point set whose coordinate ¢ reads the base-¢g Taylor coefficients (the
jets) of one polynomial V' at a point a. of the projective line, its place; these are the points
B; of Niederreiter’s construction [46, Sec. 6]. For the places 0o, 0 the frame is the Hammersley
net [24]. For the places 00,0,1,...,s — 2 it is the Hammersley net of the (s — 1)-dimensional
Faure sequence [16], whose generator matrices, the powers of the Pascal matrix, read the jets at
0,1,...,5—2; we call it the Faure—-Hammersley frame. A frame gives one point per cell and t = 0
for free (Lemma 8), and ¢t = 0 survives every scramble and gauge move. The nets obtained from
a frame by lower-triangular scrambles and the gauge moves of Lemma 2 form its frame orbit.
In the order of the introduction: the frame supplies ¢ = 0 and the deeper digits (the jitter), and
the moves are used to re-choose the geometric digit, which decides the separation (Section 2).
What these moves cannot change is the shape of the geometric layer: it is a Cauchy matrix in
the places, up to row and column scalars and a free diagonal (Proposition 12), and its Plicker
relations (Lemma 18) are the obstructions specific to frames; the obstructions that hold for every
digital net, or for every net, are those of Section 12.

For a commutative ring R and V € R[t]<,, the a-jet of V at z € R is ([(t — 2)7]V)j<q, and
the a-jet at oo is ("™ 177)V) <q.

Lemma 8 (Hermite interpolation). Let x1,...,2, € R and a1, ...,0p, 000 > 0 with Y pap +
0o = m, and let H be the matriz of the map that sends V € R[t]<, to ils ap-jets at the xp
and its ass-jet at co. Then det H = :|:HP<Q(£CQ — xp)*PYQ. In particular, over a field, H is
tnvertible if the xp with ap > 1 are pairwise distinct, and H has two equal rows if two of them
coincide.

Proof. The value is the confluent Vandermonde determinant [46, Sec. 6]. The consequences used
below also follow by counting zeros: if over a field the points are distinct and all jets of V
vanish, the product [[p(t — zp)*? of pairwise coprime factors, of degree m — aqo, divides V/,
while deg V' < m — as because the jet at oo vanishes; so V = 0. If zp = zg and ap,ag > 1,
the rows V(zp) and V(zq) coincide. Over a field this zero count is Skriganov’s proof that the
hyperderivative (Rosenbloom-Tsfasman Reed-Solomon) codes [52] are MDS in that metric [56,
Prop. 5.1, Thms. 5.1, 5.2]. O

In coding language this is the complementary, classical half of the picture: ¢ points form a
(0,m, s)-net if and only if their digit array is an MDS code in the Rosenbloom—Tsfasman metric
[52], [56, Thm. 2.1]; the frames below are the Reed—Solomon codes of this metric, and the moves
(a), (c) of Lemma 2 are isometries of it [56, Rem. 2.2]; the isometries of this metric that act
on each coordinate separately are exactly the nested scrambles of the coordinates [50], which
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dimension; base (any integer ¢ > 2, the ring Z/qZ); a prime base; b € {2,3} in
Section 7

number of digits, N = ¢™ points; number of cell levels (m = sk, or m = sk +r);
depths k = (k1,...,ks) of a graph form

cell index of coordinate ¢ (levels 0, ...,k — 1, most significant first); geometric
digit; jitter € [0, 1)

in Section 5: fine unit @ = p™*~; fine cell of coordinate ¢; centred fine
difference (Section 5.1)

blocks of a graph form; geometric layer (Definition 3)

design (target at carry depth n, i.e. level k — 1 — n); its partial sums

cell step; carry depths; change of the geometric digits; per-coordinate bounds of
the relaxation

wraps of a step: w. = 1 if the digit in question of coordinate ¢ wraps around
modulo ¢ on the step, else 0 (geometric digits in Lemma 98; last cell digits in the
proof of Theorem 46; third digits in Lemma 93)

difference of two cells, or a step; difference of two points in cell units

first-order deficit of a family of nets, ¢ = 1 — K/q + O(q™?); certified deficit of a
design (Definition 74); lower bound from two-axis steps (Definition 86)

largest digit change of a design; base from which Proposition 75 certifies

1 - K(F)/q

coordinate sum Zc n. of a cell or a step

normalized separation ¢ = §N'/%; also a coordinate index (in Proposition 77 the
coordinates are a, b, b’)

lower-triangular Toeplitz matrix of (1 —¢)~* (used in Definition 41)

Mébius map of the frame of the places 0,1, 00, and T = 5, ¥, 5, = (—1)*!, with
T?® =1 (Section 3)

the nets of Theorem 45 (Definition 41); the nets for m = 1,2 in dimension three
(Definition 53)

toroidal minimum distance (at most the Euclidean one, so lower bounds carry
over); covering radius

places of a frame (numeric indices a1, az,... in Section 5); offset and cell points
of a split frame (in Section 6.3: the last two cell digits)

diagonal magnitudes of a dominant design (Proposition 19; in Lemma 18 [a. : f¢]
are homogeneous coordinates of the places); af = max. a. for U] (Definition 23)
lattice of admissible design columns at carry depth j; leading coefficient;
generator of its values; projection length (Section 4.2)

row and column scalars and place differences of a Cauchy layer Acpia/Dea
number of skeleton coordinates; Korobov or congruence parameter; skeleton
lattice

skeleton digit; its coefficients on the full coordinates; the skeleton lattice for £ = 1
lattice minimum in the maximum norm; in the Euclidean norm; Euclidean
minimum after one fine cell of jitter per coordinate (Proposition 102)

reflection in 1+ (reflected cube HZ?’); the packing D7; Hermite constant
columns (Z/qZ)?/(1); heights of a column point set; column net (Section 6.5)
shared row a = 1(q1 4 w) of a column net and its third-digit row b

(Definition 47); w gives its drift %qwi per step; excess of a step; excess of a step
along e; without a wrap; largest excess (Section 11)

glue of a step: change of the phase (in-cell position) in cell units, modulo 1
(Lemma 98)

drift and drift plus jitter of a half-integer layer at s = 5 (Section 13.7)

phase group of a lattice (Section 12); phase subtorus of a layer at m = 3, and a
point ¢ of it (Section 13.3)

two-coset and rank-one nets; the digit read by z in Wp; € = p/(2p) with
p=2|p/48] + 1 (Sections 13.2, 13.3)

constant of Theorem 116; a digital shift (Definition 7)

TABLE 2. Notation.
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preserve t [47] but not the separation. All MDS codes of this metric with the same parameters
have the same weight distribution [56, Thms. 3.1, 3.2], so the coding data do not determine the
separation: ¢ = 0 comes for free, and the separation is decided by the geometric digit, whose
values form a single code (Remark 32 describes this code for the skeletons of Section 5).

The box matrices of a frame are Hermite matrices, so every box minor is a product of dif-
ferences of places, and ¢t = 0 holds as soon as the places are distinct modulo every prime factor
of the base. We use three frames: the Mobius frame (the frame of the places 0,1, 00, written
with a Mobius map of order three that permutes them cyclically; Theorem 42, and, after a re-
indexing, Proposition 9), the frame of s places (Lemma 10) and the split frame, which reads the
cell digits of a coordinate at one place and its offset digits at another (Section 13, Lemma 111).
Lower-triangular scrambles of the digits (1) and the gauge moves of Lemma 2 multiply every
box minor by a unit, so ¢ = 0 holds in the whole frame orbit.

3.1. The Mobius frame. Here s = 3 and m = 3k (Section 6.6 uses the frame with m = 3k+r).
Write [W],,, € Z™ for the vector of the first m coefficients ([t°) W, ..., [t™ =] W) of a power series
W € Z[[t]], and identify V € Z[t] <y, with [V].

Let ¥ act on Z[t]<p, by (¥V)(t) = (1 — )™ 'V (1/(1 — 1)), and put T = s, U with s =
(=1)F*1. A direct computation gives (V?V)(t) = (=)™ 'V ((t — 1)/t) and ¥3 = (1)1
hence 7% = s3(—1)3~! = 1. On binary forms, ¥ is the (m — 1)-st symmetric power of g =
(% 1) € SLy(Z), which satisfies > = —I and cycles 0 — 1 — oo: it is the 3-cycle of the
anharmonic group Sz C PGLy(Z) stabilizing {0, 1, co}.

The frame is the triple of readings (the digit sequences that the three coordinates read off V)

([T*V ], [V]m, [TV]m), that is, the generator matrices (T2, 1,T). Replacing V by TV shifts the
three coordinates of the point cyclically.
Proposition 9 (The frame is the Faure-Hammersley net). Let Pj; = (;) be the upper Pascal
matriz, J the reversal, Dy = diag((—1)?), and (Ap)i; = (—1)"7 (m;_ljfj) (lower-unitriangular).
Then ¥ = A, P and ¥? = D1 JP. Consequently, for each m, any net with generator matrices
(LT?,L,LT), L lower-triangular, is (after re-indexing v — DiPv) the net with generator
matrices

(=)™ 'LJ, (LD+) P, (sgLAwD2) 1),

the Hammersley net of the two-dimensional generalized Faure sequence (A1, AsP) of Tezuka
[62] with Ay = s LA, Dy, Ay = LDy, and its Hammersley coordinate scrambled by +L. Since
A1, As depend on m, the family is not the set of prefizes of one sequence.

Proof. Expand V' = 3 . w;(t — 1)/ with w = Pv. Then ¥V = > w;td (1 — )™ 177 giving
U = AP, and U2V = 3~ w;(—t)™ "'/, giving ¥? = DL JP. Finally use P! = DLPD. and
DyJDy = (-1)""1J. O

With L = I this is, up to the lower-triangular scrambles Dy and sxA,, D+ (which do not
change t), Niederreiter’s construction [46, Thm. 6.2] with 8 = (0,1) plus the reversal; in base
2 it is the Hammersley net of the first two Sobol’ coordinates [57] with the van der Corput
coordinate scrambled by A,, # I (for m =3, (A3)20 = 1).

3.2. The frame of s places. In dimension three a single scramble works because a Md&bius
map of order three permutes the places 0,1, co. One scramble shared by all coordinates, as in
dimension three (Definition 41), would need a M6bius map that permutes the s places cyclically,
of order exactly s; the finite orders in PGL2(Q) are 1,2, 3,4, 6, so no rational frame admits one
for s =5 or s > 7. For s > 4 we therefore scramble each coordinate separately. We develop
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the machinery for s places; Theorem A is the general case (Section 4), and dimension four is a
worked example in Part II (Section 9.4).

Let A = {ag,...,as—1} C QU {oo} be s distinct places, one of them oo, the others rational
numbers (integers in all our examples), and let F' = A\ {oo}. Let m = sk and V' € R|[t], for
a commutative ring R. The reading at a finite place a has digits [(t — a)]V, j =0,...,m — 1,
and the reading at oo has digits [t"17/]V. These are generator matrices over Z[1/v], v the
common denominator of the finite places (Pascal matrices and the reversal; integer matrices for
integer places). For s = 3 and A = {00, 1,0} this is the M&bius frame above up to per-coordinate
lower-triangular unimodular matrices and a re-indexing (Proposition 9).

Lemma 10 (Frame). Every box minor of the frame is, up to sign, [, pcplac — agq)dedd. In
particular, form > 2 and q coprime to the denominators of the places, the frame is a (0, m, s)-net
over Z/qZ if and only if the finite places are pairwise distinct modulo every prime factor of q.

Proof. The box matrix for the depths (d.) is the Hermite matrix of Lemma 8 for the places with
multiplicities d., which gives the value, a unit modulo a prime p if the finite places are distinct
modulo p. Conversely, if a. = ag (mod p), a box with d. = dg = 1 (it exists as m > 2) contains
the two equal rows V' (a.), V(aq) modulo p. The net statement then follows from Lemma 1. O

For the places {00,0,1,...,s — 2} the condition is Ipf(q) > s — 1 (Ipf the least prime factor),
the largest possible range: a digital (0,m, s)-net over Z/qZ reduces to one over F, for every
p | ¢, which needs s < p+ 1 for m > 2 [46, Cor. 5.11], [39, Thm. 2, Cor. 2]. Let D be
the product of the denominators of the finite places and of the numerators of their pairwise
differences, and R = Z[1/D]; Lemma 10 and the results below (Lemma 11, Propositions 12
and 13) hold verbatim over R. By Lemma 10 the (k,...,k) box is invertible over R, so the
frame has a graph form ®! with entries in R (Section 2). We write Q, = [Tyer (0 — b') for
beF, Qo =1,1I(t) = [[pep(t — b)F and II, = II/(t — b)*. A row p indexed by levels has the
generating function p(z) = Zj<k p;zF~1=9 mod z* (so the power 2™ marks carry depth n, the
level £k — 1 —n), and Toep(u) is the lower-triangular Toeplitz matrix of a power series u, with
(p Toep(u))(x) = p(z)u(z).

Row 0 of <I>fd is the dependence of the geometric digit of ¢ on the cell digits of d; the next
lemma computes it for the frame.

Lemma 11 (First offset rows of the frame). For every k > 1 and ¢ # d, row 0 of <I>51 has the
generating function
Qe
Iy(d+2x)(c—d—x)
and 1/114(d + ) for c =00, d € F.

QE TTper (1 — ba)™*

1l—cx

(c,d e F), (ce F, d=0),

Proof. The (t — b)*, b € F, are pairwise comaximal in R[t], so partial fractions give V/II =
H+ Y cp No/(t — b)F with deg H < k (as degV < sk = degIl + k) and deg N, < k; that is,
V =11H + Zb II, Ny,

Cells. For b € F, V = II,N, (mod (t — b)*) with II,(b) = QF a unit, so the cell of b and N,
determine each other. As deg ), Iy N, < m — k, the cell of co (the top k coefficients of V') is
that of IIH, which determines H as II is monic.

Digit k at ¢ € F. V =T N, + (t — ¢)*I.G. with G. = H + > bpe No/(t— b)k, regular at c. So
digit k is a term depending on N, only (the own cell) plus QYGc(c) = Q¥ (H(c) + > bte ppy(c)),
where pp, = N;,/(t — b)* is the principal part at b.

Digit k at oo, the coefficient of #™~1=% is a term from ITH (the own cell) plus, from each
I, Ny, the top coefficient of Ny, i.e. Resy(V dt/II).



QUASI-UNIFORM DIGITAL NETS IN EVERY DIMENSION 17

Column (d,j), d € F. All other cells vanish, so H = 0, N, = 0 for b # d, and pp, is the
principal part at d of (¢ — d)j_k /I14. For a function f whose only pole near d has principal
part pp, pp(c) = Resi=q f(t)/(c — t); hence ppy(c) = [ 179]1/(Ta(d + u)(c — d — u)) and
Resq(V/1I) = [u*~179] 1/ 4(d + u). Summing over j with weights =17 gives the first and the
third entry.

Column (00, j). The finite cells vanish, so V = IIH = t™~!~J modulo degree < m — k, and
H is the polynomial part of t*~17J T,(1 — b/t)~*, and > 2*1IH (e) = [1,(1 — bx) 7k /(1 -
cx) mod z¥; multiply by QF. g

Proposition 12 (Normal form). Apply the move of Lemma 2(c) with L. = diag(Q-*,1,...,1),
Uy = Toep(Ily(d + z)) for d € F and Usy = Toep([[,c (1 — ba)¥); their diagonal entries are
units of R. Then row 0 of every off-diagonal block becomes
Wed
Nog(z) = —cd
a() 1— gz
independently of k, where weq = Yeqg = 1/(ac — aq) for e,d € F; w =1,y =0 for ¢ = co; and
w=1, y=a. ford= oc.

Proof. Substitute into Lemma 11: for instance Q% - Q¥ /(I1g(d 4+ x)(c — d — x)) - Hg(d + 2) =
1/(c—d—zx). O

We call the y.q the nodes and the w.q the weights. So the k-dependence of Lemma 11 sits in
the scalars @ and in a local unit, the Taylor expansion of the other places’ factor around d,
which a Toeplitz column move absorbs exactly as C = Toep((1 —t)~*) does in dimension three.
What remains is the Cauchy kernel 1/(c—d—x): the polar part at d, evaluated at the place c. In
particular the geometric layer (Section 2) of any net obtained from the frame by per-coordinate
lower-triangular scrambles is a Cauchy matrix

Mcd = Achhd Wed (C #d),
with arbitrary units A., g and a free diagonal. In residue language, the geometric digit of a
finite place c is Q¥ times the value at c of the other places’ polar parts of V dt/II (plus H(c)),
and that of co is the sum of the finite residues; for s = 3 this is the residue description after
Proposition 43.

, i.e. the entry at carry depth n s Weq Y oy,

3.3. Designs that work for every k. For the frame of s places we use designs (Fp,..., Fs_2)
with L = s — 1 levels (Section 2): F,[c][d] is the target at carry depth n (level K — 1 — n)
of row 0 of block (c,d), the diagonal being the own blocks, all other levels are to be 0, and
MU = Fy+ .-+ F}. After the normal form of Proposition 12, what remains to be chosen no
longer involves k; we call it the residual problem. It asks for units A, € R* and, for each d, an
upper-triangular (s — 1) x (s — 1) matrix U} over R indexed by the carry depths, with diagonal
in R*, such that
Foldld) = X)) weayly Upwn — (c#d, n<s—2).
n'<n

It does not involve k. For each d let vy, = (weqy ) era € R

In words: a scramble that realizes the design at the carry depths 0, ..., s — 2 extends to every
k, by clearing all deeper levels column by column.
Proposition 13 (Scrambles for every k). Suppose the residual problem is solvable. For k > 1
put Ao = )\’CQ;’C and Uy = U(?Ucll(k), where UC? is the Toeplitz column move of Proposition 12,
and Ucll(k) agrees with U} at the carry depths < min(s — 1,k) and has, for s —1 < n < k, the
column ep, — Y icq o Bn,i - (column i of U}), where B, € R solves N © vy = 3, B[] [d]
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(rows ¢ # d). Then row 0 of LCQQUd equals the design at the carry depths < s — 1 (truncated if
k < s —1) and vanishes at the larger carry depths; all unit factors and all entries lie in R.

Proof. For n < s — 1 this is the residual problem (Proposition 12). The y.q, ¢ # d, are pairwise
distinet with unit differences (1/(a. — aq) — 1/(ae — aq) = (ag — ac)/((ac — ag)(ae — ag)), and 0

resp. the a. in the other cases), and the w4 are units, so the matrix (vy,...,vs_2) is invertible
over R, and so is (Fj[-][d])i<s—2 = A'(vo,...,vs—2)U}. Hence B, exists over R, and the new
column n has row-0 entries A,v,[c] — >, Bn,iFi[c][d] = 0 and diagonal entry 1. O

Equivalently, v, satisfies the linear recurrence with characteristic polynomial ], ;éd(X — Yed)s
of order s —2 for n > s — 1 when some y.q = 0; for s = 4 it gives v, = @, v1 + B2 (Section 9.4).

Definition 14. Let (F,,) be a design whose residual problem is solvable over R’ = R[1/D'], where
D’ collects the primes in the units and denominators of A and U’, and let ged(q, DD') = 1.
The digital net Pliq over Z/qZ is the graph form with depths (k,...,k) and blocks &/, =
L.®EU, (¢ # d; Proposition 13), ®., with row 0 equal to (Fs_2[c][c],. .., Fy[c][c]) on the levels
(k—s+1,...,k—1) (truncated if ¥ < s — 1) and all other entries 0, all entries reduced modulo
q.

Corollary 15. Every box minor of P,fq over R’ is a unit of R'; so P}iq is a digital (0, sk, s)-net
over Z/qZ for every k > 1, with one point in every cell.

Proof. The box minors of ®f are those of the frame divided by its (k, ..., k) minor, units of R
(Lemma 10); Lemma 2 and Proposition 13 multiply them by units of R’; then Lemma 1. O

So P,f 4 consists of lower-triangular scrambles of the s readings of the frame: with the new cells
nl, = U;'n., ® is the graph form of (L.CF). with L, = ((gcl L‘l) and B, = ®, Ut — L.OF.
The s scrambles differ (in dimension three one scramble serves all coordinates, Definition 41).

Remark 16 (Two-dimensional projections). Let m = sk be odd with (s,k) # (3,1), and
r* = (m — 1)/2. For any two coordinates of P,qu (Definition 14), and of Py, (Definition 41),
the digits with index r* agree up to a sign and a linear combination of more significant digits;
for 73,5 o the sign is +1 if one of the two places is oo, and (—1)"" otherwise. For the places oo
and 0 this is the reversal symmetry of the two-dimensional Hammersley set, which reads digit
r* as [tV = [t"]V; a Mobius change of variable transports it to every pair of places,
and the lower-triangular scrambles of Corollary 15 keep it, since r* > k + 1 and their diagonal
entries in the rows below the first offset row are 1. This digit relation is proved. Its visible
effect is computed, not proved: in the computed cases every two-dimensional projection lies on
parallel lines, at a dual frequency of length about \/% VN (Figure 3), which the ¢-parameter
does not see. The phenomenon is akin to the known diagonal and rank-1-lattice clustering of
generalized Faure sequences whose generator matrices coincide up to a scalar [38, 37]; there the
coincidence is in the top digits, here in the middle one. The remedy is of the classical kind:
a t-preserving left multiplication by a nonsingular lower-triangular, here diagonal, matrix, as
in Tezuka’s generalized Faure sequences [61, 62] and Matousek’s linear scrambling [43], with
per-coordinate multipliers chosen on two-dimensional projections as in [17, 38]. What is specific
here is that only row r* is rescaled, by units p.. This keeps t = 0, as it multiplies every box
minor by a unit, and, since Lemma 4 and Theorem 46 use that row only through (H2), it keeps
the proved separation bounds (of Lemma 4, Proposition 19, Theorems A(2) and 46); both facts
are proved. For a two-dimensional projection with points x let S(h) = N~! Yo e?mihr K e 72
and call the least |h|/v/N over the frequencies with |S(h)| > 3 its spectral value (about 1 for

a good two-dimensional lattice; lines at spacing N~1/2 divided by this value appear when it is



QUASI-UNIFORM DIGITAL NETS IN EVERY DIMENSION 19

" (a) (21, z2)-window, side 12N~/ (b) h=(—283,287): |S(h)| =0.78, occupied arc 0.573
=
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FIGURE 3. Lines in a two-dimensional projection (Remark 16). For odd m = sk,
(s, k) # (3,1), the middle digit 7* = (m — 1)/2 of every pair of coordinates of
P,f: o satisfies y,«(zp) = xy,«(z,) modulo more significant digits; the sign is +1
when one place is 0o, and (—1)"" otherwise (checked by computation on all pairs
of the net shown, and of U7 at ¢ = 29, k = 1, where r* = 3). This is the reversal
symmetry of the two-dimensional Hammersley set (Proposition 9), transported
by Mo6bius maps; ¢ = 0 does not see it. Shown: the frame net with the design
Ui, q =17,k = 1, N = ¢, coordinates (z1,z2) at the places (c0,0), r* = 2.
The relation, with balanced digits, gives the dual frequency h = (—283,287),
|h| = 0.338v/N, and puts h - 2 mod 1 for all N points in an interval of length
at most £ = 10/17: the points lie in bands around parallel lines with normal
h and spacing 1/|h| = 2.95 N~1/2. (a) A window of side 12N~1/2 (light grid:
N~1/2): accent: the predicted band boundaries h -z € ¢g + {0, E} 4+ Z (¢o: start
of the occupied arc); shaded: the predicted empty strips. (b) The distribution of
h-x — ¢p mod 1 over all N points (computed): it occupies an arc of length 0.572,
and |S(h)| = 0.78. A per-q scaling of the middle generator row can break the
lines without changing ¢ or the separation bounds (Remark 16).

small). With p found per ¢ by an exhaustive search that keeps an estimate of |S(h)| small for
|h| < 0.8v/N in every pair of coordinates, the least spectral value over the pairs of coordinates
at s =5, ¢ = 13-23 rises from 0.22-0.30 to about 0.80 (computed).

3.4. Reachable designs.

Proposition 17 (Reachable designs). The off-diagonal part of a design is reachable from the
frame by the gauge moves of Lemma 2(c) with row scalars X' (that is, the residual problem is
solvable with these X' ) if and only if, for every column d and every j < s — 2,

MD(][d] = N, weq gaj(yed) (¢ # d)
for a polynomial gq; € R[X] of degree j whose leading coefficient is a unit. For finite c,d this
says MD[c|[d] = N.ga.;(2ca) with zeq = 1/(ac —aq) and §a;(2) = 2 gaj(2) of degree j+ 1 without
constant term.
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Proof. A lower-triangular column move with unit diagonal is a Toeplitz move times an upper-
triangular matrix in the carry depths, so the residual problem captures all of Lemma 2(c) on
row 0. Column n of N~' ® Fg must be >, -, v (U))nrn, 1. (Weafn(Yea))e with deg fr, < n and
the coefficient of X™ a unit; as the y.q are distinct with unit differences, interpolation is unique
over R, and this is exactly the condition. Partial sums of such polynomials have the same form,
and conversely. O

At carry depth 0 the design is the Cauchy layer A ugweq; at carry depth s — 2 any column
whose interpolating polynomial has a unit leading coefficient is allowed (for instance a unit
vector). Columns are coupled only through the shared row scalars \..

3.5. Cauchy identities. By Proposition 12 the geometric layer stays a Cauchy matrix with
free diagonal under the moves of Lemma 2(a), (¢). In homogeneous coordinates a. = [a. : 5],
with co = [1 : 0], put Deg = acfq — agfe: then Doy = a. — aq for finite places, Dyg = 1 and
Do = —1, and the layer is M., = Actid/Deq (¢ # d) with units A., pg (the sign of D, is
absorbed into pis). The same holds over F, for places in P!(F,), and for the skeleton rows of
Section 5 at carry depth 0 (Proposition 27(i)). Put v. = Acpe and 7q = MogMy, = —ycz/d/ng.

Lemma 18 (Cauchy identities). Let R be a commutative ring, a, f € R®, Deg = g — agfe,
and Weq = Aeptg/Deq for ¢ # d, where all A., pg and Deq are units of R; let ve = Aepe and
Ted = WeaWe.

(C) For distinct c,d,e: WegWyeWee = —WyWeqWee. Hence, if R is an ordered field,
TedTdeTee < 0, and “c ~ d iff meq < 07 is an equivalence relation with at most two
classes.

(P) For distinct a,b,c,d let X = DaeDpa/(DapDeq) and v = DggDpe/(DapDeq). Then x —1p =
1, X2 = TapTed/ (Tacmpa) and V? = TapTea/(TaqTye); consequently (x? — ¥? — 1)? = 4qp2.
(H) If R C R: for distinct i, j, k,l, the largest of |7rij7rkl|_1/2, |7T7;k7'('jl|_1/2, ]mlﬂjk]_lﬂ 18 the
sum of the other two.
(X) For distinct i,7,1,d:
W;iiWiq . WiiWia
WiaWi — WigWy;

Proof. Everything follows from Dgy. = —D. and the Pliicker relation DgpDeq — DgecDpg +
DagDpe = 0. (C) The N, u cancel, and the D cancel up to (—1)3%; then m.mgeTec =
—(WgWegWee)?. If ¢ ~ d and d ~ e, two of the three factors are negative, so the third is
too; if ¢ £ d and d # e, then ¢ ~ e. (P) Dividing the Pliicker relation by Dg,D.q gives x — ¢ = 1.
Since gy = —umuy/D%y, we have mupmeq = ValpVeVq/(DapDeg)? and similarly for the other
pairings, which gives x2 and 1?; and x = 1+ gives 2¢) = x? —? — 1. (H) By the same formula
|Dij Dy, |DiDji|, |DyDjk| are proportional to the three numbers, and by the Pliicker relation
the products sum to zero with signs. (X) The A and y cancel, the two terms are D;qD;1/(D;jDjq)
and _DidDjl/(Diled)7 and Dy Djq— DigDj; = D;jDyq is the Plicker relation for (i,7,l,d). O

1.

Each regime meets one of these identities as its frame-orbit obstruction: (X), or (P), modulo
q excludes +1 layers in dimension four (Remark 82); (C) and (H) exclude the deficit K =1 in
dimension s > 5 for the designs of Theorem 88; (X) rules out, for £ > 3 skeleton coordinates
(Section 5), the Korobov skeleton digits that the nets B! of Section 6.6 use in dimension three,
when the faults are small (Lemma 38, Corollary 39); and (P), read 2-adically, excludes half-
integer layers (Proposition 109). The identities need the row and the column of a layer entry
to carry the same places; there are three ways out. The block scalings of Lemma 2(b), only for
s = 3, break the Cauchy form (the nets B! of Definition 53 use them); graph forms at m = s
that are written down directly, not obtained from a frame, are not subject to it (Section 13);
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on split frames the layer \.uq/(ue. — vq) has different row and column points and satisfies no
Pliicker relation (Proposition 113).

4. CuBIC CELLS, m =0 (mod s): DESIGNS FROM SHORT LATTICE VECTORS

At the resolutions m = sk the cells are cubes. A geometric layer M with bounded centred
entries puts the points locally on (I +M /q)Z*, a slightly rotated and contracted Z*® broken along
slip planes, at separation 1 — K/q+O(q~?) (Remark 5). This section proves Theorem A: a lower
bound by diagonal dominance (Proposition 19) reduces the separation to the size of the entries
of a reachable design, and the reachable design columns form a lattice whose short vectors make
the entries small (Sections 4.2 and 4.3). Dimension three, where one integer scramble works in
every base, follows in Section 6.

4.1. Diagonal dominance. We keep the notation of Section 3 and use the relaxation LB of
Lemma 4 with L = min(k,s — 1) levels; for £ < s — 1 the frame realizes the truncated design
(Fo, ..., Fr—1) (Proposition 13).

Proposition 19 (Diagonal dominance). Let F' be a reachable design whose diagonal vanishes

at every carry depth n > 1, with Fy[c][c] = —a. and
> (9) —
ae > 2 og?gf—Q‘M [][d]], a = max a.
C

Then LB > 1 —a/q for every ¢ > 5a + 4 (and every k > 1).

Proof. Since the diagonal vanishes at every carry depth n > 1, the own term of every moving
coordinate i is —q; for every carry depth j;, and dominance gives e;0; < —a; + a; = 0 and
loi| < 2a < g: every moving coordinate is backward, so b; > q¢—|o;| —jit;. An own-axis step along
chas b. = g—a. > g—a (no jitter). A step with at least two moving axes has Y b? > 2(¢g—2a—1)?,
and v/2(q¢ —2a —1) > q¢ — a holds for ¢ > (2v2 —1)a/(v/2 — 1) + v2/(v/2 — 1), in particular for
q > 5a + 4. A truncated design is dominant with the same a, and at kK = 1 the configurations
are a subset of those for k > 2 (after Lemma 4). O

So the base threshold is 5a + 4, where a measures the largest entries of the partial sums of a
reachable design. By Proposition 17 a design is reachable with row scalars X’ if and only if each
column of its partial sums interpolates a polynomial with a unit leading coefficient at the nodes
Yed; the question is how small such columns can be. The answer is a lattice problem.

4.2. Admissible design columns form a lattice. Fix s > 3, the places 00,0, 1,...,v with
v = s — 2, and the row scalars A’ = 1. Let S be the set of primes p < v and Rg = Z[1/v!], so
that the units of Rg are £ the products of powers of primes in S (the S-units); for these places
the ring R of Section 3 is Rg. Fix a column d. For the s — 1 rows ¢ # d let w, = weqg and Yo = Yeq
be as in Proposition 12: w. = y. = 1/(c — d) if ¢ and d are finite, w. = 1, y. = 0 for ¢ = oo, and
we = 1, yo = ¢ for d = co. The weights w, and the differences y. — y», ¢ # ¢/, are S-units: they
are 1/(c—d), (¢ —¢)/((c —d)(d —d)) or ¢ — ¢, with integers of absolute value at most v. For
0<j5<vput
Vi = {(weg(ye)era: g € QIX], degg <j} Q7 A =V;NZT,

and let Ic; : V; — Q map a vector to the coefficient of X7 in its polynomial g. As the s — 1
nodes are distinct and j < s — 2, g is determined by the vector, dimV; = 5+ 1, V;_1 C V} is
the kernel of lc; (V_1 = 0), and V,, = Q1. By Proposition 17 (with )’ = 1, over Rg) an integer
column (MY [c][d])crq is an admissible design column at carry depth j if it is a vector of Vj
whose polynomial has coefficients in Rg and degree j with an S-unit leading coefficient.
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Lemma 20 (The lattice of admissible design columns). (i) For E € Aj the polynomial of
E has coefficients in Rg.
(ii) 1cj(A;) = v Z for a positive S-unit ;.
(ili) An integer column is admissible at carry depth j if and only if it lies in A; and lc;(E)
is an S-unit; in particular every E € Aj with 1cj(E) = v; is admissible.
(iv) If E; € A; and 1c;(E;) = ~; for i = 0,...,7, then Ey,...,Ej is a basis of Aj, and
{E € Aj:lcj(B) =75} = Ej + Aj1.

Proof. (i) Lagrange interpolation at any j + 1 rows J recovers g = 3y ;(Ep/wp) [Tyye (X —
yp)/ (Y — yp ), and all denominators are S-units. (ii) lc;(A;) is a finitely generated subgroup of
Q, nonzero because A; spans Vj, so it is ;Z with v; > 0; by (i), 7; € Rg. The vector (wcy?). of
g = X7 has S-unit or zero entries, so some product P of primes in S makes P(w.y?). integral,
with lc; = P; hence P € 7,7, and ; has no prime factor outside S in its numerator either. (iii) is
(i) together with the definition. (iv) If v € A has lc;(v) = tv;, then v—tE; € Ajnkerle; = Aj_g;
induction on j. O

So the admissible design columns at carry depth j are the lattice vectors on the affine hyper-
planes lc; = %, - (S-unit) of A;, and the smallest ones are governed by the distance between
consecutive hyperplanes. That distance is a product of local Chebyshev constants, one for each
place of Q that matters (in the sense of number theory: the archimedean absolute value and the
p-adic ones; not the places of a frame). For the archimedean absolute value and each p € S let

Ajr =min{||E|j2: E € V; ®R, I¢;(E) =1}, Ajp = min{max |E|, : E €V}, Ic;(E) =1},
C

the least size, at that place, of the vectors (w.g(y.)). of monic polynomials g of degree j (the
minimum at p exists because these sizes are powers of p and are bounded below by Lagrange
interpolation).

Lemma 21 (Adelic Chebyshev identity). Let 7; be the orthogonal projection of R®~! onto the
line V; N le_l Then m;(A;) is generated by a vector of length

ni=Air || A and ;=[] Ajp-
peS peS

Every E € Aj \ Vj_1 has ||E||2 > n;.

Proof. The p-adic places, p € S. If E € V; has Icj(E) = 1 and max. |E.|, = p°, then p°E
is p-integral, and D'p°E € A; for an integer D’ prime to p; so D'p® € v;Z and vp(7;) < e.
Conversely, for v € A; with lc;(v) = 7; the vector v/7; has lc; = 1 and max, [v./v;|, < p*»(9).
So Aj, = p?»()and as v > 0 is an S-unit, v; = HpES Ajp. The archimedean place. On Vj,
Ic;(E) = (0, E) for a unique § € V}, and 8 L V;_;. Hence ||7;(E)|| = |1c;(£)|/||0]|, and the least
norm with le; = 1 is A;g = 1/||0|, attained at 6/||0]|%. So m;(A;) = ~;Z0/||0]|?, generated by a
vector of length v;A;r = n;, and ||E|| > ||7;(E)|| > n; if Ic;(E) # 0. O

This is the product formula at work: an S-unit scalar can move the p-adic cost of a collision
of nodes (Proposition 12) to the archimedean place, but never remove it. For the upper bounds
below it suffices to exhibit, independently at each place, one monic polynomial that is small
there. At the place p a monic polynomial is small on the nodes if its roots sit p-adically near the
nodes that collide modulo p (two finite rows ¢, ¢ collide if p | ¢ — ¢, and then y, is p-adically
large); different primes want the roots in different places, so no single closed-form basis serves
all primes, and the lattice reduction chooses the roots for each prime automatically.
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S 3 4 5 6 7 8 9 10

ay 2 5 16 43 170 543 2842 13640
largest entry of U} 1 2 6 14 86 198 1446 5364
Sar +4 14 29 84 219 854 2719 14214 68204
bound of Theorem A — 46.7 324 2716 2.67-10* 3.03-10° 3.89-10% 5.58-107

as of Us (Remark 24) 4 63 17407 5.67-10° 1.86-10'? 2.05-10' 1.34-10%% 5.57-10%

TABLE 3. The constant a} of Theorem A (exact values of Definition 23, com-
puted), the largest entry max |M )| of U¥, the base threshold 5a* + 4, the bound
2(s — 1)3/2(3/2)*=2(s — 2)! of Theorem A (truncated), and, for comparison, the
constant ag of the monomial design Us.

Lemma 22 (Babai rounding along the flag). Let E; € A; with lc;(E;) = ~; fori < j, and let
v € Aj with Ic;(v) = ;. Write the orthogonal projection of v onto Vj_1 as Zz’<j ¢ E; and put
E;j=v— ZK]- lci + %JEl Then Ej; € Aj, Ic;(E;) = v;, and

1Ejll2 < nj + 5 2 | Eill2-
Consequently, if Eo,...,E; are all obtained in this way and n; < H for every i < j, then
[Eillz < (3/2)"H for every i < j.

Proof. Ej —v € Aj_1 =kerle;NAj, and E; = m;(v) + >, ; (ci — Lei + 3]) E; with ||m;(v)]| = n;
(Lemma 21) and every coefficient in [—1,1]. For the consequence let T; = 3", ;|| Ey|. Then
To =m0 < H and T; < 37,1 + H, so T; < 2H((3/2)""" — 1) by induction, and ||E;|| <
H+3T;1 < (3/2)'H. O

4.3. The design U] and the proof of Theorem A.

Definition 23 (The design U}). Let s > 3, v = s — 2, and take the places 00,0,1,...,v and
X' = 1. For each column d let Eqq be the generator of Ay with lcy > 0, and for 1 < j < v let
Eqj be the unique E € A; with Ic;j(E) = ++; whose orthogonal projection onto V;_; has all its
coefficients in the basis gy, ..., Egj—1 in [—%, %) The design U} = (Fy, ..., F),) has the partial
sums MU [c][d] = Eq;lc (c # d, j < v), the diagonal Fylc][c] = —a. at carry depth 0 with
e =) 44, max; | Ey jlc]|, and zero diagonal at the carry depths n > 1. Let aj = max. .

By Lemma 20(iv) the set {E € A; : Ic;(E) = v;} is a coset of Aj_1 = P, ;ZEq,, so Ey;
exists, is unique, and is the vector of Lemma 22 for any v in that coset (with ties rounded up).
Only the two conventions lc; = +v; and “ties up” matter: the result does not depend on the
choice of v, of a basis of A; or of the order of the rows. The construction is deterministic and
runs in time polynomial in s: there are s(s — 1) pairs (d, j), each needs an integer kernel and
a Hermite normal form of a lattice of dimension at most s — 1 with entries of O(s?logs) bits
[31], an extended Euclid step for v, and one rational Gram solve, and the output entries have
O(slog s) bits by the proof below; it is not a closed formula. For s = 3 (places c0,0,1, S = 0)
the definition gives, in the coordinate order oo, 0, 1,

-2 1 1 0 -2 -1
=1 -2 -1, m=[-2 0 2],
1 1 -2 -1 -1 0
so a3 = 2. Table 3 lists a} for s < 10 (computed exactly by two independent implementations
of Definition 23).
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Proof of Theorem A. Reachability. By Lemma 20(iii) every column Eg; is admissible at carry
depth j, with polynomial g4; € Rg[X] of degree j and leading coefficient 7;, an S-unit; so by
Proposition 17 the off-diagonal part of U’ is reachable with ' = 1 over R’ = Rg, and the
diagonal is free (Lemma 2(a)).

(1) Every prime factor of ¢ is at least s — 1 > v, so ged(q,v!) = 1, and Corollary 15 gives a
digital (0, sk, s)-net with one point in every cell, for every k& > 1. A cell has diameter /s ¢~ % =
/s N~1/$_hich bounds h.

(2) Lower bound. (H1) and (H2) of Lemma 4 hold by Proposition 13 and Definition 14, with
L = min(k,s —1). U} is diagonally dominant by construction, with the maximum over all carry
depths, so Proposition 19 gives d¢¥ > 1 — a¥/q for ¢ > 5a’ + 4 and every k > 1.

Sharpness (k > 2). Let 4 attain a® = ;. For ¢ > 2a?* the entries of Fy are centred, so M = Fp.
By (H2) the own-axis step e; from a cell whose last digit of n; is not ¢ — 1 changes coordinate
i by exactly 1 — al/q cells if its first offset digit is at least a¥ (no wrap, no jitter), and every
other coordinate u by less than (|My;| + 1)/q if 7, avoids the |M,;| values from which adding
My wraps. For each u # i the t = 0 box with depths k£ + 1 on 7 and w and 0 elsewhere (total
2k + 2 < sk) makes (n;, 7, ny, ry,) jointly uniform (that box fixes exactly these 2k + 2 digits, so
every value of them occurs equally often), so among the cells satisfying the conditions on n; and
r; the fraction with a wrapping 7, is |My|/q; for ¢ > Dt |My;| a union bound leaves a cell.
Its pair of points lies inside the unit cube, so

s az\2 (B[l + 1)\ V2 - al -
N < (1-%) +u§- o ) =1-"2+0(7)

The bound on a}. Let s > 4. By Lemma 22 it suffices to show 1y ; < = := 2v/s — 1 (s —2)! for
every column d and carry depth j; then every entry of U is at most maxg j || Eq ;|2 < (3/2)°25,,
and a¥ < (s — 1)(3/2)°722, = 2(s — 1)%/2(3/2)*%(s — 2)!. By Lemma 21 it suffices to give, at
each place of O, one monic g of degree j.

Finite column d. Archimedean place: all nodes y. lie in [—1,1] and |w.| < 1, so the monic
Chebyshev polynomial 21797} (j > 1; g =1 for j = 0) gives Ajg < 2y/s—1. At p € S: let R,
be the finite rows ¢ # d with p | ¢ — d, ec = vp(c —d) > 1 for ¢ € Rp, let R" C R,, consist of
min(j, |Rp|) rows with the largest e., and g, = [[,cr/(X — yr) - X7=IR'l For ¢ € R’ the entry
vanishes. For ¢, 7 € Ry, |ye—yrlp = |(r—c)/((c—d)(r—d))|, < pm@*(€=er); 5o for ¢ € R,,\ R’ (then
|R/| = j and e < e, for r € R') the entry has p-adic size at most peetXrer’ & < p>=re®p " For a
finite row ¢ ¢ R, and for the row oo (y =0, w = 1), |we|p =1, |yelp < 1 and |y — yr|p < p°, s0
the size is at most p2rer’ ¢ Hence A, < pZTGRP o = pre(d (=AY "and [lhes Ajp < dl(v—a)! <
vl, since every prime factor of d!(v — d)! lies in S. So 1g; < 2v/s — 1 vl

Column oo. The nodes are y. = ¢ € {0,...,v} with w, = 1. At the archimedean place
the monic Chebyshev polynomial of [0,v] gives A;jg < 2v/s—1(v/4)). At p € S the falling
factorial X(X —1)--- (X —j + 1) takes the values j!(;), so Ajp < [j!p and [T, 4;, <1/5. So
Nooj < 2v/s —1(v/4)7 /4! < 2/s —1e"/* < 2\/s—1uv! for v > 2.

Finally, with v = s—2 the elementary bounds v¥e™ < v! < V¥ give ‘log(2(s—1)3/2(3/2)372(8—
2)!) - slogs‘ < 3s for s > 4, so the bound is e51085+0(); and a3 = 2 is the display before
Table 3. (At the archimedean place the Chebyshev polynomial even gives Ajr < /s —1 for a
finite column, since [2'77T;| <1 on [—1,1] for j > 1; the factor 2 in Ej is slack.) O

The bound is far from the computed values: 5.58 - 107 against a}, = 13640 (Table 3). The
proof shows where the size comes from: the archimedean Chebyshev constants are harmless, and
the cost sits at the primes p < s — 2, through the factorials d!(s — 2 — d)! of the place differences.
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(b) a slip of ry; grey squares: jitter boxes (side 1/q)

Uy, q=29, k=1: slab (n3, n4) = (11, 20), (z1, z2)
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FIGURE 4. Theorem A at its threshold: the net Pg ;* of the lattice design Uj
(af =5)at ¢ =5a; +4 =29, k=1, N = ¢* in cell units (side N=14). (a)
The elementary slab of the cells (n3,n4) = (11,20), a 15 x 15 window of cells
(n1,n2), projected to (z1,x2); one point per cell. Open circles: the lattice image
n+r/q, r = Fyn mod ¢ ((H1) of Lemma 4); dots: the points; grey segments: the
jitter of the two deeper digits, inside [0,1/¢)*. Accent arrows: the projections of
(I+Fy/q)er and (I+ Fy/q)es; dashed: slips, where r1 or ro wraps; crosses: lattice
sites the net skips there. (b) Zoom on one slip of 71 (dotted box in (a)), with the
jitter boxes of side 1/q: across the slip the step is 1.828 instead of |(I + Fy/q)e1].
Proved: SNY/4 > LB = 24/29 = 0.8275, the relaxation of Lemma 4 at k = 1
(here equal to the bound 1 — a}j/q of Theorem A). Measured (computed, exact):

¢ = 0.8287; the lattice minimum is A\ (I + Fp/q) = 0.8297.

Whether other row scalars )\, other places or another lower-bound argument bring the base

threshold down to a polynomial in s is open.

Remark 24 (The monomial design Us). The every-dimension theorem also holds with the

monomial design Us: put Ls = lem(1,...,s—2)*"! X, = L, for finite ¢, A\, = 1, and F,[c][d]
= [n = 0], F[dJ[oo] = Lg(%), with a diagonal that is

Ls/(c — d)"* for finite ¢, d, F,[o0][d]

dominant in the sense of Proposition 19. Its increments are monomials in the nodes, and the
proof of Theorem A applies verbatim with its constant as = max. a. in place of a® (for k > 2 the
net property, the separation bound for ¢ > 5as+4 and the sharpness are formally verified for this
(1+0(1))s?: for finite ¢, a. > |Fo[c][oo]| = Ls, and log Ly = (s —1))(s —2)

design). But logas =
with Chebyshev’s function v, while as < L,(s% 4 2°72); so a, = €2") already by Chebyshev’s

bounds ¥ (x) < x, and the constant 1 uses the prime number theorem [21, 12]. In the language
above the reason is p-adic: a monomial has all its roots at 0, so at a collision of nodes it is as
large as possible, |y’ |, = p’ vp(c=d) at every carry depth and in every column, and the single row

scalar \" must clear all of it. Theorem A puts the roots near the colliding nodes, separately for
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each prime, and so replaces (%) by the upper bound eslogs+0(s) (Table 3: a5 = 17407 against
at = 16).

5. LATTICE SKELETONS: m = sk +r

For N =p™, m = sk+r with 1 <r < s—1, the boxes with one point each cannot all be cubes
(regime II of Section 2, Figure 8). We give r coordinates k + 1 cell digits (the full coordinates)
and the other £ = s — r coordinates only k (the skeleton coordinates). The first offset digit of
a skeleton coordinate, its skeleton digit, places the point, along that coordinate, in one of the p
sub-intervals of side p~(**1) of its cell. So we measure positions in fine cells, the cubes of side
p~ (1) g cell (with the depths above) consists of p? fine cells, and each point lies in one of them.
A coarse block is a cube of side p~*, fixed by the first k digits of every coordinate; it consists of
p® fine cells and holds p” points. The skeleton digits build the lattice (the ‘skeleton’) on which
the occupied fine cells lie: inside each coarse block they form a coset of a lattice of index p, a
Construction A lattice of an MDS code (Remark 32). From one block to the next this coset is
shifted by a small vector, a fault; the faults come from the coefficients g;; of Lemma 26(N2). So
the separation, in fine cells, is at least the lattice minimum minus the largest fault minus one fine
cell for the deeper digits (Lemma 25). One skeleton coordinate needs no faults (Theorem 33);
two force them (Theorems 35 and 56). For three or more, a Pliicker identity satisfied by every
net in the frame orbit (Section 3) rules out the Korobov skeleton digits of the nets B! when the
faults are small (Corollary 39); these residues are open for all large primes.

Conventions. Here p is a prime, s > 3 and £ = s — r. The r full coordinates x1, ..., x, have
depth k + 1, the ¢ skeleton coordinates z1,..., 2, depth k, and S, denotes the skeleton digit of
z. Level [ of the cells is x4, 2j; (level 0 is the most significant; the letter  has nothing to do
with the variable z of Lemma 11). As in Section 2, the depth of a coordinate is its number of
cell digits, and the last level of a coordinate of depth k. is at carry depth 0, the level k. — 1 —n
at carry depth n. In dimension three (m = 3k + r) the coordinates are (z,y,z), with depths
k=(k+1,kk)forr=1((=2)and k= (k+1,k+1,k) for r =2 (£ = 1), and cell levels z;,
Y, <.

5.1. Fine cells and the separation reduction. Fine cells have side p~*+1) in every coordi-

nate, and the fine unit is @ = p™ ¥~ integer units. Put P, = n, for a full and P, = pn. + S,
for a skeleton coordinate, where n,. is the cell index as an integer. So P, is the position of the
point along axis ¢ measured in fine cells: for a full coordinate its k + 1 cell digits, for a skeleton
coordinate its k cell digits followed by the skeleton digit. Then P. € [0,p**!) is the fine cell of
coordinate ¢, and the integer coordinate is X, = P,w+6, with 0 < 6. < w. Since n. = | P./p] for
skeleton coordinates, P determines all cell digits, hence the index: distinct points have distinct
P. For a full coordinate, level k — j is | P./p’ | mod p; for a skeleton coordinate, level k — 1 — j
is | P./p’™!] mod p, and P. = S. (mod p).

Lemma 25 (Separation reduction). Let v # w be two points, and let a. be the centred residue
(—p**t1/2 < a. < pF*t1/2) of P.(w) — P.(v) modulo p**1; we call a the fine difference of v and
w.
(i) The toroidal distance of X.(w) and X.(v) modulo N is at least (|a.| — 1)w. Hence,
if laloc = M for every pair of distinct points, the toroidal minimum distance satisfies
SNYs > (M —1)p~ /5.
(ii) If |ac] < p and 1 < j < k, then |P.(w)/p’] — [P.(v)/p’] = &.; (mod p*F177) with
&.j € {0,sgnac}, and & ; # 0 implies & j—1 # 0 for j > 2.

Proof. (i) N = p**lw, so X .(w) — X.(v) = z := a,w + (¢’ — 0) (mod N) with |¢ — 0| < w.
If |z| < N/2, the distance is |z| > |ac|ow — (w — 1). Otherwise it is N — |x| > N — (Ja.| +
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Do +1 > (! — |a] — Do > (Jac] — Dw, as |a] < p*1/2. So 6N > (M — 1)w, and
wNs /N = pm/s=k=1 = p=/s (i) Write P.(w) = P.(v) + ac + ep*! with e € {~1,0,1}. The
difference of the floors is [(Pe(v) + ac)/p’| — | Pe(v)/p? ] + epFT177. As |a| < p < p?, the first
part lies in {0,sgn a.}, and it is nonzero only if a multiple of p/, hence of p’ !, lies between P.(v)
and P.(v) + a.. Neither part uses that p is odd or prime; p > 2 suffices. ]

Part (ii) says: if two points are less than p fine cells apart along axis ¢, the cell digits above
the fine one change only by one carry or borrow in the direction of a., and a change at a level
implies a change at every less significant level. So along each coordinate the changed levels are
the last j levels for some j, all changed with the same sign sgna. (a sign-consistent prefix).
Every lattice A C Z® of index p’ has a nonzero vector with |- |, < |p%/*| (pigeonhole: the cube
{0,...,[p"*]}* has more than p’ points, so two of them are congruent modulo A). So when all
fine differences lie in one lattice of index pf, as for £ = 1 (Theorem 33), the bound of (i) is less
than 1. For £ > 2 only differences within one coarse block are lattice vectors, so there this ceiling
is a heuristic, not a theorem.

5.2. Necessary conditions, forced faults and completion.

Lemma 26 (Necessary conditions on the skeleton digits). Let a graph form with the depths
above be a (0,m, s)-net over IF,,. Let A € IFI{XT hold the coefficients of the skeleton digits on the
last levels xqy, and, for k > 1 and i # j, let g;; be the coefficient of S.;, on zj ;1.

(N1) Every square submatriz of A is invertible.

(N2) (Forced faults.) If £ > 2 and k > 1, then g;; # 0 for all i # j.

(N3) For every full coordinate xq and every set I of j skeleton coordinates, the coefficients of

the S.,, i € I, on the levels xqp,...,Tqk—j+1 form an invertible matriz; for a skeleton
coordinate z. ¢ I the same holds on the levels ze—1,..., % k—; (whenever these levels
exist).

Proof. All three follow from Lemma 2 for suitable boxes. For (N1) take depth k& 4+ 1 on the
skeleton coordinates of a set I, depth k on the full coordinates of a set J with |J| = |I|, and
k. elsewhere: the over coordinates are those of I, by one digit (their skeleton digits), the under
coordinates those of J, by one level (the level k), and the minor is det A[I, J]. (N2) is the box
with depth £+ 1 on z; and k — 1 on z;; (N3) the box with depth £+ 1 on I and k. — j on the
coordinate e. O

In words, (N3) says that any j of the skeleton digits together depend invertibly on the last
Jj cell levels of each other coordinate. We call the coefficients g;; the faults. By (N2), for £ > 2
every skeleton digit depends, with a nonzero coefficient, on the last cell digit of every other
skeleton coordinate: when the last cell digit of z; changes, the skeleton digit of z; shifts by g,
and with it the lattice coset of the occupied fine cells. So the occupied fine cells form a lattice
coset only inside each coarse block, shifted by the faults between neighbouring blocks (as for
B!, Section 6.6). In our constructions the faults are bounded integers (centred), so at the lattice
scale p’/% they cost a bounded number of fine cells.

Fix s distinct places in P}(F,) (so p > s — 1) and assign them to the coordinates. Lemmas 10,
11 and Proposition 12 hold verbatim over I, since their proofs use only that the differences of
the finite places are units. By Lemma 10 the frame has a graph form ®% with depths k, all of
whose box minors are units.

The key observation behind the next proposition: the points of the frame with s(k + 1) digits
whose skeleton coordinates start with the digit 0 form, after these coordinates are rescaled by
p, the frame with m digits, and a skeleton digit is the old first offset digit.

Proposition 27 (Completion). Let the frame and ®F be as above.
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(i) (Normal form.) After the moves of Proposition 12, applied to the restricted frame as
described in the proof below, row 0 of every block (z;,d), d # z;, of ®¥ has the generating
function wiq/(1 — y;qx) of Proposition 12, where x™ marks carry depth n, the level
kg — 1 —n; this holds for every k. For a column block d let £4 be the number of skeleton
coordinates other than d (g = £ if d is full, bg = € — 1 if d is a skeleton coordinate).
Then Propositions 17 and 13 hold for the skeleton rows, with the £y skeleton rows z; # d
of block d in place of the rows ¢ # d, and g — 1, £q in place of s —2, s — 1 (the carry
depths n < €3 —1).

(ii) (¢ =1.) For every k > 0 and all units k1, ..., Kk, the moves of Lemma 2 turn ® into a
graph form whose skeleton digit is S, =) kaqxax (all other entries of row 0 of z, own
block included, are 0). It is a (0, m, s)-net over F,.

(iii) (¢ =2.) Let k > 1 and prescribe skeleton digits

Su=> Aiatak+ Y Biatak-1+ 9525k +oiziea  ({ij}={1,2})
d d
satisfying (N1)—(N3), with arbitrary own coefficients o;. For a suitable choice of the
places they are reachable for every k > 1, and they complete to a (0,m, s)-net over F).

Proof. (i) Restriction. Let m' = s(k + 1) and V' € F,[t]| <. The first digit of the reading at a
finite skeleton place a, vanishes iff (¢t —a,) | V, and at oo iff degV < m' — 1. So the points of
the m/-frame whose skeleton coordinates have first digit 0 are given by V' = [], g0 (t — az) V'
with deg V’ < m, and their readings are those of V' times a unit power series, shifted by one
digit at a skeleton place. Hence this point set, with the skeleton coordinates rescaled by p, is
the m-frame up to per-coordinate lower-triangular scrambles, i.e. up to the moves of Lemma 2;
each new elementary box is an old one with one more leading digit on each skeleton coordinate.
In the graph form of the m/-frame with depths (k+1,...,k+ 1) the restriction is the vanishing
of level 0 of the skeleton cells, and the old first offset row of z becomes its skeleton digit. The
move of Proposition 12 is lower-triangular in the levels and only scales level 0, so it commutes
with deleting the level-0 columns of the skeleton blocks; this gives the normal form, with carry
depth n at level kg — 1 —n. The proofs of Propositions 17 and 13 use only this normal form and
the distinctness, with unit differences, of the y.; on the rows involved, so they apply to the {4
skeleton rows of a column.

(ii) For each full x4, the entry of S, on x4y is the box minor with depth £ + 1 on z and
k on x4, hence a unit. Subtract multiples of level £ from the levels [ < k (move (c) with Uy,
lower-triangular) so that S, vanishes there, scale level k£ to k4, and set all diagonal blocks to 0
(move (a)). By Lemma 2 every box minor stays a unit, and Lemma 1 applies. This is the recipe
of Definition 53(8%) in s dimensions; it needs no normal form.

(iii) By (i), the only constraints are these. On a full column d (¢4 = 2): at carry depth
0, Aig = Aipqwiq (a generalized Cauchy column); at carry depth 1 Proposition 17 only asks
that the interpolating polynomial have a unit leading coefficient, and for two rows this is the
determinant det[A.q4, 8.4], which is (N3). On a skeleton column (¢4 = 1): g;; # 0, which is (N2).
Larger carry depths are set to 0 by Proposition 13, for every k, and the own terms by move (a).
It remains to realize the ratios Agg/A14. Put 21 at oo and zy at a finite place ag; then wig =1
and wyg = 1/(ag — by), with by the place of x4, and the condition is by = ag — AA14/Asq with
A = Xa/A1. Take A =1, A\; =1 and pg = Ay4. The by are finite, differ from ay because A1 # 0,
and are pairwise distinct because the 2 x 2 minors of A are nonzero (N1). The net property
follows as in (ii). O

With Lemma 26, part (iii) is sharp. Here a graph form is reachable from the frame if the
moves of Lemma 2 produce it from ®F.
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Corollary 28 (Reachable skeletons with two skeleton coordinates). Let ¢ = 2, and fiz skeleton
digits of the form in Proposition 27(iii), with coefficients that do not depend on k. For a suitable
choice of the places they are reachable from the frame for every k > 1 if and only if they satisfy
(N1)-(N3). The necessity holds for each single k > 1: every graph form with these skeleton digits
that is a (0,m, s)-net over IF, satisfies (N1)-(N3).

Proof. For skeleton digits of this form, (N1)—(N3) say: every entry and every 2 x 2 minor of A is
nonzero (N1, which contains (N3) for j = 1 on a full coordinate); gi2 # 0 and g21 # 0 (N2, which
is also (N3) for j = 1 on a skeleton coordinate); and det[A.4, B.4] # 0 for every full coordinate x4
((N3) for j = 2; for £ = 2 no skeleton coordinate lies outside a set I of size 2). These conditions
involve only the coefficients, not k. If: Proposition 27(iii). Only if: let k > 1, and let a graph
form with the given skeleton digits be reachable from the frame for some choice of the places.
All box minors of ® are units (Lemma 10, over F »), and the moves multiply every box minor
by a unit (Lemma 2), so the graph form is a (0, m, s)-net over [F,, (Lemma 1). Lemma 26 applies
to every such net and gives (N1)—(N3). O

For ¢ > 3 the carry depths 5 < £ — 2 of the full columns are constrained, and a three-term
identity holds at carry depth 0 (Lemma 38); for ¢ > 3 it is open whether every skeleton satisfying
(N1)—(N3) completes to a net for every k by some construction not based on a frame.

5.3. Lattices. For A € Z*" let Ay = {(x,2) € Z" x Z' : z = Az (mod p)}, a lattice of
index p?, and Ao (A4) its minimum in the maximum norm. By the pigeonhole argument above,

Aoo(Aa) < [p7%].
Lemma 29 (Short vectors). Let Ay be as above.
(L) (¢=1.)Ifp>2,p°<pand A= (p,p*...,p° "), then Aoo(Aa) = p. For p = |p'/*|
this is the largest minimum of any lattice of index p.
(L) (r=1)1Ifp>2,p"(p+1) <pand A= (p,p*,....p"), then Aoo(An) = p".

(T) (b=r=2.)Ifp>2,p*—4<pand A= (’1’/1)), then Aoo(Aa) > p—1.

(G) (¢=2,r>3.)Let B> 1 andletv; > V2B and vs, ..., v,_1 be integers with Vl2+1 > B.
Put g =v;+i and Q = (1 -+ € Z]i], and define A € Z>*" by
r—2
Aiz +1 Ay = Zml Q+ (wp—1 +izy) Q1.
=1
If B+ ||Ajll1) <p for j =1,2, then Aoo(Aa) > B + 1.

Proof. (L) If 0 < |uleo < p—1, then |2 =Y p%q| < (p— 1)1 +p+--+p 1) =p°—1<p,
so z = p(x1 + pra + ---) exactly. Then p | z and |z| < p give z = 0, then |z1]| < p and p | =1
give x1 = 0, and so on: v = 0. The vector x = e;, z = p shows equality, and p = Lpl/sj
attains the pigeonhole bound. (L1) Let v = (x, 21,...,2¢) # 0 and B = |u|. If B(p+ 1) > p,
then B > p/(p+ 1) > p’. Otherwise |21 — pz| < B(1 4 p) < p gives z; = px, and for i < ¢,
Ziv1 — pzi = pHla — p e = 0 with |21 — pzi| < p gives zi41 = pzi; s0 20 = plo. As u # 0,
x # 0,50 B > |z > p% the vector (1,p,...,p") shows equality. (T) If 0 < |u|oo < p — 2, then
|21 — pr1 — 22| < (p—2)(p+2) < p, so z1 = px1 + x9, and likewise z9 = z1 + pro. f x =0
then z = 0. Otherwise, say |z1| > |x2|, and |z1| > (p — 1)|z1] > p — 1, a contradiction. (G) Let
0 < |u|oo < B. Since |z; — Ajz| < B(1+ [|A4j]|1) < p, the relations are exact. Then Z = z; + iz
is divisible by ¢; in Z[i], and |Z| < V2B < |(1], so Z = 0. Dividing by ¢; shows that ¢y divides
the rational integer ;. For a rational integer n, n/C2 = n(ve —i)/(v3 +1), 50 G2 | n iff v3 +1| n;
as |r1| < B < v2 + 1, x1 = 0. Continuing with (3,...,(_1 gives 1 = --- = 2,5 = 0 and then
Ty—1 + iz, =0, 50 u=0. O
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For s = 3, (L) and (L1) are the lattices Agz = {a : a, = pa,+p?a,} of B? and Ag = {u : uy =
Pz, u, = pPug} of B! (Definition 53); with p ~ p'/* both are sharp to first order. (L1) keeps
the optimal order p*/* by comparing z;,1 with pz; rather than with p**'z; inside the frame orbit
it is not reachable with small faults once ¢ > 3 (Corollary 39). In (G) the row sums are of order
V2B - B'=2)/2 50 the largest allowed B is of order (p/v/2)%/*, again the optimal exponent: the
last factor €2,_; multiplies x,_1 + ix,, so one Gaussian ‘digit’ carries two coordinates, whereas
the naive choice Ao = pA; plus a small correction is capped at B” < p, and splitting the z’s
into two groups, one per row, reaches the optimal exponent only for even r. For 3 </ < s—2
we have no explicit family, but such lattices exist by counting. If 0 < |u|o, < p then x # 0
(otherwise z = 0 forces z = 0), so for A uniform in IFI‘;XT the vector u lies in A4 with probability
p~t. The expected number of nonzero u € A4 with |u|o, < L is thus below (2L +1)*p~*, at most
1if 20 41 < p®/%, s0 some A has Ao (Aa) > (p/° — 1)/2; this says nothing about (N1)~(N3) or
reachability.

Definition 30. Let s > 5, r = s—2 and B > 1. Let A(B) be the matrix of Lemma 29(G) with
v = |V2B]+1and vy = |[VB| +1for 2 <1 <r—1, and, for a prime p, let B(p) be the largest
integer 8 > 1 with 5 (1 + max; [|A;(8)|l1) < p. This B(p) is nondecreasing in p.

Lemma 31 ((N1) for the Gaussian matrix). Let s > 5, B > 1, A = A(B) and B(1 +
max; ||Aj]l1) < p. Then:
(a) I/J2 + 1 < p for every j;
(b) if Z;;% arctan(1/v;) < m/2, every entry and every 2 x 2 minor of A is nonzero modulo
p, i.e. A satisfies (N1);
(c) the hypothesis of (b) holds if s < 8 and B > g* + 1, where g* = 1+ [r/2], and, for every
s, if B> (2(r —1)/m)2.

Proof. (a) Columns r—1 and r of A are (ReQ,—1,ImQ,_1) and (—ImQ,_1,Rey_1),s0 || 4] >
|Q_1| = Hj(yj2 + )2 > V5w +1)Y2, as r > 3 and v > 2. Hence p > Bv/5 (17 +1)1/2. Since
v < V2B + 1, we have v? +1 < 2B%2 +2\/2B +2 < 5B?for B> 2,and v} +1 =5 = 5B
forB=1.Sop>vi+1> 1/]2 + 1. (b) The arguments of all ; lie in (0,7/2), so the entries
are nonzero integers, of absolute value < p by the hypothesis. The 2 x 2 minor of the columns
<l <r—1isIm(Q Q) = |?Im(¢y1--- (), and that of the columns [ < 7 — 1 and r is
|2 Re((py1 -+ ¢—1). Here |]? is a product of the factors VJZ + 1 < p, so it is prime to p. The
second factor is a nonzero integer of absolute value at most |(a--- (1] < Q21| < p. (¢) The
vj are nondecreasing in B. At B = g* + 1 they are (6,3), (6,3,3), (8,3,3,3), (8,3,3,3,3) for
s = 5,6,7,8, with arctangent sums below 0.487, 0.809, 1.090, 1.412, all < 7/2. For every B,
v; > /B (Definition 30), so the sum is < (r — 1)/v/B. O

For s > 9 part (c) gives no threshold of the form B > ¢g* 4+ 1: at B = ¢g* + 1 the sum is
1.7194... > w/2 for s = 9, and larger for s > 10.

Remark 32 (Codes). The lattices of this section are Construction A lattices [9, Ch. 5] (stated
there for binary codes; the p-ary version is the same): with the systematic [s,r] code Cyq =
{(z,Az) : x € F} C T, of the skeleton digits, Ay = Ca + pZ°. For every prime p the nonzero
vectors of pZ® have maximum and Euclidean norm at least p, and the centred lift of a codeword
is a shortest lift in every coordinate. So Aoo(A4) is the least largest centred entry of a nonzero
codeword, and A\z(A4)? = min(p?, we(C4)), with wg the least Euclidean (squared Lee) weight.
We call skeleton digits pure if they depend only on the last levels x4, of the full coordinates (as
in Definition 34). For pure skeleton digits, P,, = 24 and P, = S, (mod p) constrain only the
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lowest fine digit, so the occupied fine cells lie in A4 (for £ = 1 they fill it, Theorem 33(2)); the
faults shift C4 to cosets that vary between coarse blocks. In this language:

(a) Condition (N1) of Lemma 26 says that C4 is MDS [45, Ch. 11, Thm. 8], which says
nothing about the Lee or Euclidean minimum: A = (1,...,1) is MDS with Ax(A4) = 1.

(b) Inside the frame orbit the layer at carry depth 0 is a generalized Cauchy matrix in the
places (Proposition 27(i)), so C4 is a generalized Reed-Solomon code [51] (doubly extended if
s = p+ 1). This restricts the code only if » > 3 and ¢ > 3, since every MDS code of dimension
or codimension at most two is generalized Reed—Solomon; for r < 2 or £ < 2 the restriction
comes instead from the faults: the code and the faults must be realized with the same row
scalars A\’ (Proposition 17), which ties their values together. Lemma 38 is the Pliicker relation
(Lemma 18(X)) applied jointly to the code and the faults; Corollary 39 concerns the Korobov
column with bounded faults, not other codes.

(¢c) For ¥ =1, Ay ={a € Z° : h-a = 0 (mod p)} with the (parity-)check vector h =
(K1,-..,kr,—1) is the dual of the rank-1 lattice Z° + Zh/p [55], and Aa(A4) is its spectral test
[5], [32, Sec. 3.3.4]; for kg = p? (Definition 34) it is Knuth’s spectral-test lattice of the multiplier
p in dimension s, after a, — —a,. For p = |[p'/*| the normalized minimum (A 4)p~* lies
between pp‘l/ Sand y/p?+1 p~ Y% and tends to 1, against the upper bound /75 valid for every
h (Remark 124). So kg = p? is optimal in the maximum norm but not for the spectral test,
which Proposition 102 (Part II) exploits.

5.4. One skeleton coordinate.

Theorem 33 (One skeleton coordinate). Let s > 3, let p be a prime, let p > 2 be an integer

with p* < p (one exists iff p > 2°), and let k > 0. The net S,;p?p of Definition 34, whose skeleton

digit is S, = >, pxak, with N = p*t5=1 points, is a digital (0, sk + s — 1, s)-net over F,, and:

(1) its toroidal (hence also Euclidean) minimum distance satisfies SNY* > (p—1) p~1/5; for
p = |p'/*] the bound exceeds (p—1)/(p+1), so it is > 1/3 for every prime p > 2°, > 1/2
for p > 3%, and tends to 1;

(2) its occupied fine cells are exactly the cells of a lattice of index p with minimum As = p,
which for p = Lpl/sj is the largest minimum of any lattice of index p;

(3) for p = |p'/*| its covering radius satisfies ANY/® < /s (u+1)p~ Y with p = [p/p*~ '] <
p(L+1/p)* + 1, so the mesh ratio h/§ < \/s(u+1)/(p — 1) is bounded uniformly in p
and k, and is at most \/s (1 + o(1)) as p — oc.

Definition 34. Let s > 3, p > 2 with p® < p, £ > 0 and m = sk + s — 1. Take the frame that
assigns the places 00,0,1,...,s — 2 to the coordinates z1,...,xs_1, 2, respectively, the depths
(k+1,...,k+1, k) with the skeleton coordinate z last, and the recipe of Proposition 27(ii) with
kg = p®. The result is the digital net S,;p’ p over [Fp. Its skeleton digit is

s—1
d
SZ = Zp Tdk-
d=1

Proof of Theorem 33. Net. Proposition 27(ii): p > 2° > s — 1, and the prescribed coefficients p?
are units since p*~! < p.

(1) Since z4x = Py, and P, = S, (mod p), every point satisfies P, = >, p?P;, (mod p).
This congruence passes to the differences modulo p**1, so every difference a # 0 lies in A4 of
Lemma 29(L), and |a|s > p. Lemma 25(i) gives NY/* > (p—1)p~'/5. There are no faults. With
p = |p'/*| we have p < (p+1)*, so the bound exceeds (p —1)/(p + 1), which is > 1/3 for p > 2
(p>2%) and > 1/2 for p >3 (p > 3°).
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Theorem 33 (r = s — 1) Theorem 35 (r = s — 2)
po 37 101 1009 10007 10°+3 po 101 1009 10007 10°+3 10°+3

VA

3 11 .600 .644 .897 .928  .989

4 17 405 .630 .709 .899  .948 23 597 849 959 986  .995
5 37 485 .397 501 792 .883 137 0 .440 .652 .759  .796
6 67 - 463 .631 .646 .899 443 0 299 556 .689  .769
7 131 - - 372 536 .833 2179 0 0 287 484 617
8 257 - - 421 632 711 6101 0 0 199 449 632

TABLE 4. The lower bounds of Theorems 33 and 35 for §N/#, with p maximal
(Theorem 33: p = |p/*|; Theorem 35: p resp. B(p) maximal), at the primes
shown, and the least prime py from which on they are positive; truncated (not
rounded) to three digits. Both bounds are sawtooth functions of p. For s > 5 the
bound of Theorem 35 tends to 27/* by a heuristic estimate (Remark 125).

(2) There are N = p***+D=1 points with distinct P, all in A4, and A4 has p***+D /p = N
classes modulo p**1Z*. So the occupied fine cells are exactly the cells of A,. Optimality is
Lemma 29(L).

(3) Let @ € {0,...,p*"t — 1}® be the fine cell of a point y € [0,1)*. We look for a cell
a=Q —v € Ay in the same range with |v|s < p:= [p/p*~1]. Prescribe the sign €. of v.: —1 if
Q. < pFTt1/2, else +1. Since u < p/4 + 1 < p*+1/2, any v with these signs and |v]o < p keeps
a in range. With T'= Q. — >, p%Q., (mod p), the vector a lies in Ay iff v, — >od plvg, =T.
Choose the representative 7" of T' in [0, p) or in (—p, 0], and expand T" = Zf;& tip’ in base p
with signed digits: o, ..., ts—2 are taken one at a time from the window [0, p—1] or [-(p—1),0],
according to the sign of 7", and t,_1 is the rest. Put v, = tg and v,, = —t;; the windows give
the required signs of v,,vs,,..., Vs, ,. The lower digits contribute less than p*~! in absolute
value, so ts_1 has the sign of T’ (which we choose) and |ts_1| < p/p*~! 4+ 1. So |v|s < p, since
also p — 1 < p/p*~1. The point in the cell a differs from y by less than (u + 1)p~*+1) in every
coordinate, so

) p—1
For p = |pY/*|, u < p(1 +1/p)* 4 1, so both bounds are bounded in p for fixed s, and h/§ <
Vs(1+40(1)) as p — . O
For the toroidal covering radius, balanced digits |t;] < |p/2] and |T'| < p/2 give pu <

[p/(2p°1)], and the resulting bound on the toroidal mesh ratio tends to /s/2.

The bounds of Table 4 hold for every net with the given skeleton digits, and for Theorem 33 the
lattice bound is attained: some two points have a fine difference with |a|oc = p (Theorem 33(2)
and Lemma 29(L)).

5.5. Two skeleton coordinates.

Theorem 35 (Two skeleton coordinates). Let s > 4, let p be a prime and k > 1, and let S}%,p
be the net of Definition 36, with N = p**+5=2 points.
(1) (s =4.) For every prime p > 5, S%m is a digital (0,4k + 2,4)-net over F, with SN'/* >
(p —4)p~ /2, where p = max{p : p> < p+ 4}; the bound is positive for every prime
p > 23 and tends to 1.
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(2) (5 < s <8.) For every prime p > 137, 443, 2179, 6101 (s = 5,6,7,8), S,ip is a digital
(0, sk+s—2, 5)-net over By, with SN'/* > (B(p)—g*) p~%/* > 0, where g* = 1+[(s—2)/2]
and B(p) < p?/* is defined in Definition 30.

(3) (s >9.) The same holds for every prime p with B(p) > g* and Zj;i arctan(l/v;) < m/2
for the vj of Definition 30 at B = B(p); this holds if B(p) > max{g*, (2(s — 3)/m)?}, in
particular for all sufficiently large p.

Definition 36. Let s >4, r=5—2, k> 1, m = sk+s— 2. For s =4 let A be the matrix of
Lemma 29(T) with p maximal such that p?> — 4 < p, and put I} = {2}, I = {1}. For s > 5 let
A = A(B(p)) (Definition 30), and let I1 U Iy = {1,...,7} with |I;| = |r/2]. The net S,gyp is the
completion (Proposition 27(iii)) of the skeleton digits

S = A1z + § Tdj—1 + 22,51, S., = Agw. ) + E Tdk—1 — Z1,k—1,
dely dels

with no dependence of S;; on the cell of z; itself (own coefficients 0), and z. , = (1,4, ..., Zr k).

The faults g12 = +1 and go; = —1 have opposite signs (they are skew); this excludes the case
u = 0 in the proof below. (N3) holds: det[A.q4, e1] = —Agq and det[A.4, ea] = Ay4 are nonzero by
(N1).

Proof of Theorem 35. (N1).For s = 4 the entries p, 1 are units, and det A = p>—1 = (p—1)(p+1)
with 0 < p—1 < p+1 < p, since p> < p+4 and p > 5. For s > 5 use Lemma 31: in (2),
B(p) > g* + 1 exactly for p > 132, 440, 2170, 6095 (s = 5,...,8), which gives the primes 137,
443, 2179, 6101. These four numbers are I'(¢* + 1) for I'(B) = B(1 + max; [|A;(B)|1), and I'
is increasing on B > ¢g* + 1 (below), so some B > ¢g* + 1 has I'(B) < p iff I'(¢* + 1) < p. In
(3) the hypothesis is that of Lemma 31(b), and the closed-form sufficient condition is that of
Lemma 31(c). Net. Proposition 27 (iii).

Monotonicity of T'. Let 5 < s < 8 and ¢* +1 < B < B’. The v; do not decrease from B
to B', and >, arctan(l/v;) < m/2 at B by Lemma 31(c). The absolute values of the entries
of A(B) are the real and imaginary parts of Qq,...,Q,_1 (proof of Lemma 31(a)). Raise the
vj one at a time from their values at B to those at B’. If v; is a factor of = P (v; + i),
the other factors have arctangents no larger than at B, so P = a + ib with arg P € [0,7/2),
ie.a > 0,b > 0; and P(y; +1i) = (avj — b) + i(bvj; + a), so raising v; by A > 0 raises
the real part by aA and the imaginary part by bA. All parts stay positive, so every |A;q| is
nondecreasing, ||A;(B’)|l1 > ||4;(B)]||1, and T'(B’) > I'(B). (The thresholds are also verified in
Lean, by a different route: I' is evaluated exactly for ¢* + 1 < B < By, By = 7,7,9,9, and
(Bman HA](B)Hl)Q > QBS, from ||A]||1 > ’Qr,1|, covers B > Bl)

Separation. Let a # 0 be a difference and M = |a|oo. If M > p — 1, then M > Aoo(Aa) — g*
below holds, since Aso(Aa) < [p?/*] < p — 1. Otherwise let &, = &1 be the floor changes of
Lemma 25(ii); they give the changes of the level-(k — 1) digits modulo p. Put

U= (ax, a, — Z Exg — 2oy A2y — Z Sy +fz1>-

dely dels

By the skeleton digits, the change of S,, is A;a, plus the contributions of the level-(k — 1)
changes &; subtracting these, as in u, leaves a vector of As. So u € Ay, and |u|e < M + ¢*
with ¢* = 14 [r/2]. If u # 0, then M > Ao(Aa) — g*. If u = 0, then a, = 0, so every
&, = 0, and ay, = &y, azy = =&, &, = 1 then a,, > 0 and a;, = 1, so &, € {0,1}
and a, = —&,;, < 0, a contradiction. The case £,, = —1 is symmetric, and &,, = 0 gives
a, =0,&, =0, ay, = 0, contradicting a # 0. Here the opposite signs of g12 and g1 give the
contradiction, so no dependence of S,, on its own cell is needed. So M > Aso(Aa) — g%, and
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Lemma 25(i) gives SN/* > (Ao (Aa) — g* — 1)p~2/5. With Ayo > p—1 and g* = 2 (s = 4), resp.
Aso > B+ 1 (Lemma 29), this is the claim. For s =4, p > 5iff p > 23, and (p—4)/\/p = 1. O

Since B(p) and p(p) are nondecreasing, the bounds are positive for every p > py (Table 4);
their limits and the growth of pg(s) are discussed in Remark 125.

Remark 37 (Comparison with m = 0). Seen one digit deeper, the case m = sk fits this picture
as the case ¢ = s: every coordinate is a skeleton coordinate whose skeleton digit is its geometric
digit, the occupied fine cells are a translate of all of pZ*, and the geometric layer M plays the role
of the faults; so 1 — K/q is the analogue of “A, minus faults” (up to the one fine cell more that
Lemma 25 loses). Since pZ® attains the pigeonhole bound, only the scale of the faults differs:
K/q at r = 0 against g* p~¢/* for r # 0. This is why the thresholds (p > 2° for r = s — 1; p > 23,
137, 443, 2179, 6101 for r = s —2, s = 4,...,8) are far below the threshold 5a} +4 < eslogs+0(s)
of Theorem A, while at a fixed large p the constants for » = 0 are larger: the skeletons gain in
the range of p, not in the constant (heuristic comparison).

5.6. Three or more skeleton coordinates. For £ = 2 the frame orbit imposes nothing beyond
(N1)-(N3) on skeleton digits of the form in Proposition 27(iii) (Corollary 28). For ¢ > 3 it
constrains the skeleton beyond (N1)—-(N3).

Lemma 38 (A Pliicker identity for skeleton digits). Let £ > 3, let a graph form be obtained
from a frame over F), by the moves of Lemma 2, and let d be a full coordinate. Let k; be the
coefficient of S, on xqy, gij that on zjr—1, and 1; = 1/k;. Then, for distinct i, j,1,

95i 915 Vi + 9ij 9 Vi = i 915 Vi
Proof. The moves only scale the entries of the first offset rows on the last cell level, so by Propo-
sition 27(i) these entries form a Cauchy layer Wee = Acpte/Dee in the places (Section 3), with

Wiz, = gij and W2, = k. Lemma 18(X) for the coordinates z;, zj, 21, 74 reads gjiry/(kj91:) +
gijki/(kigi;) = 1; multiplying by gi;915/+; gives the identity. O

Corollary 39 (Korobov skeleton digits need large faults). Let £ > 3, k > 1, let d be a full
coordinate, and let p, G > 1 be integers with G* < p and p > G*(2p? +1). Then no graph form
obtained from a frame over IF, by the moves of Lemma 2 has, in the notation of Lemma 38,
K1, k2, k3 = p, p*, p° and centred g;; with |gi;| < G fori # j <3.

Proof. Suppose such a graph form exists. The moves multiply every box minor by a unit, so
it is a (0,m, s)-net, and g;; # 0 by (N2). Multiply the identity for (i,j,1) = (1,2,3) by p*:
9219320+ 9129310° = g31932 (mod p). The difference of the two sides is at most G2(p?+p+1) < p
in absolute value, so the congruence is an equality of integers. Hence p | g31932. But 0 < |g31932| <
G? < p, a contradiction. O

The corollary is about nets in the frame orbit, about the coefficients on the last cell level (carry
depth 0), about faults bounded by G, and about the Korobov vector (p, p?, p®), the analogue of
the skeleton digits of B!, or any unit multiple of it (the identity of Lemma 38 is homogeneous
in ). Other Korobov vectors, faults growing with p (harmless while o(p®/#)), and nets outside
the frame orbit are not excluded. Lemma 38 and Corollary 39, with the same proofs, hold for
every depth vector with all depths at least 1 and any four distinct coordinates in the roles of
21, 72,23 and x4, with x; and g;; the entries of the first offset rows on the last cell level; this is
the form verified in Lean (Appendix F).

For individual primes, other Korobov vectors with faults +1 do give nets. Proposition 40
works out one instance in dimension four. Designs of the same kind, found by a finite search,
give such nets in dimension four for m = 1 (mod 4) at every prime 7 < p < 83, and in dimension
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five for m = 2 (mod 5) at seven primes 31 < p < 199 (computed; these designs are not printed
here; they are included in the software deposit, Appendix G, whose scripts do not rerun these
checks). So the obstruction of Corollary 39 is specific to the Korobov vector (p, p?, p*); a family
for all large primes with ¢ > 3 skeleton coordinates is open.

Proposition 40 (A Korobov skeleton with faults £1; computer-assisted). Let p = 13, s = 4
and m = 4k + 1 with k > 1, with one full coordinate x of depth k + 1 (we write x; for its level
1) and three skeleton coordinates z1, z2, z3 of depth k, and take the frame with the place oo for x
and the places 0, 1, 3 for z1, z2, z3. The skeleton digits

Sz = 4Tk — 201 + Th—2 — 21 k-1 — 22k—1 T 22k—2 — 23 k—1 T 23 k—2,
Sz = Txp — Tp—1 — 21 k=1 + 21,k—2 — 23,k—1,
Sey = 8T — Tp—1 — 21k-1 T 22k-1

(terms with nonezistent levels omitted) are reachable from the frame for every k > 1, so they
complete to digital (0,4k + 1,4)-nets over Fi3. Every graph form over Fi3 with the depths
(k+1,k, k, k) and these skeleton digits, net or not, satisfies SN'/* > 3.1373/* > 0.438 (toroidal).

Proof. Write k = (4,7,8), 8 = (—2,—1,—1) and n = (1,0,0) for the coefficients of the S, on
Tk, Th—1, Th—2, gij and H;; for those of S, on z; 1 and z; 2 (1 # j), and a = (0,1, 3) for the
places of z1, 29, 23; all faults g;; are &1.

Reachability. By Proposition 27(i), Propositions 17 and 13 hold for the skeleton rows: column
x carries the three rows S, and the levels k, k — 1, kK — 2 (the carry depths 0, 1,2), and column
z; carries the two rows S, ¢ # j, and the levels k — 1, k — 2; one vector A of row scalars is
shared by all columns. The coefficients of S, on its own cell are diagonal entries, free by move
(a). By Proposition 17 (with w = 1, y = «; on the column at oo, and w =y = 1/(o; — ;) on the
column z;), the digits are reachable, with all deeper levels 0, if there are units X}, p, pz; such
that, modulo 13: (R1) k; = Npia; ki + B; = Ni(co + c1;) with ¢; # 0; and k; + 5; + 1 = NG ()
with deg G = 2; (R2) gij = Nz, /(i — aj), and gij + Hij = Nj(oi — ;)7 (¢ + ¢} /(i — o))
with ¢} # 0, for each j and the two i # j. Take A = k and p, = 1. For (R2) at level k — 1 each
column must give one value of Pzy = gij(a; — o) /k; for both @ # j: column 2z; needs 7Ty = —1
and 8u = —3, column 2y needs 4 = 1 and 8y = 2, column z3 needs 4 = 3 and Tu = 2,
and indeed (pz,, fzy, fhzg) = (—2,—3,4) solves all six. For (R1), (k; + 5i)/ki = (2/4,6/7,7/8) =
(7,12,9) = ¢o + c1; with (co, c1) = (7,5). The remaining conditions say that leading coefficients
of interpolation polynomials are nonzero: three values \;G(«;) at distinct «; always come from a
G of degree at most 2, and since det[N, N ® (co + c1a), N © G(a)] is NjA5A5 ¢1 times the leading
coefficient of G times a Vandermonde determinant, deg G = 2 is equivalent to det[k, 5,7n] # 0;
here det[s,,n] = 7-(—1) — 8- (—1) = 1. Likewise ¢| # 0 in column z; is equivalent to
9i;Hyj — Hijgi; # 0 for {i,1} = {1,2,3} \ {7}, and these are 1, —1, 1 for j = 1,2,3. The places
0, 0,1,3 are distinct modulo 13. So Proposition 13 gives, for every k£ > 1, moves of Lemma 2
that turn the graph form ®f of the frame into one with these skeleton digits (truncated for
k = 1). The box minors of ® are units (Lemma 10), the moves multiply them by units, and
Lemma 1 gives the net property.

Separation. Let a be the centred difference of the fine positions of two distinct points
(Lemma 25). If some |a.| > 13/2, then |a| > 7. Otherwise, as P, = zj and P, = 5,
(mod 13), Lemma 25(ii) gives

az; = Kig + Bile1 + 0ike2 + Z(gz’jfsz + H;jés,0) — [i=1]&,1  (mod 13),
J#
with sign-consistent prefix patterns (&.1,&c2) € {(0,0), (sgnac,0), (sgnac,sgnac)} (and & =0
for missing levels). We enumerate |a,| < 6 and all patterns (4625 combinations, with both signs
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for the patterns of the z; before the sign check; rerun by the scripts of Appendix G), take the
centred a, and keep the sign-consistent solutions: the least |a|~ of a nonzero solution is M3 = 4.
Lemma 25(i) gives INY/4 > (M3 — 1) 1373/4 = 0.4381 .. .. O

Without the faults the occupied fine cells of a coarse block would lie on the Korobov lattice
{u:u,, = kjuy (mod 13)}, whose minimum is Ao, = 5, against the pigeonhole bound [133/4] =
6; the faults +1 cost one fine cell. The vector & is not a unit multiple of (p, p?, p3) (as ka/k1 =
5 # 3 = k3 /K2 modulo 13), in accordance with Corollary 39.

6. DIMENSION THREE, EVERY RESOLUTION

In dimension three the cells can be cubes only for m = 0 (mod 3), and a frame needs only three
places, 0, 1 and co. For m = 0 one lower-triangular scramble, applied to all three coordinates
of this frame, gives ¢ = 0 in every base ¢ > 2 and the separation 1 — 1/q for every ¢ > 8
(Theorem 45). The scramble is the Toeplitz matrix of (1 —)~*  followed by a matrix that
differs from the identity in three rows. It is one integer matrix whose box minors are all 1
(Theorem 42), so t = 0 holds in every base at once. The other resolutions use the other two
regimes of the lattice picture (Section 2): at m = 3 one geometric digit shared by all three
coordinates (regime III, the column nets, Theorem 49), and for m = 1,2 (mod 3) skeleton digits
on cells of unequal depths (regime II, Theorem 56, Remark 55). Corollary 57 puts them together.

6.1. m = 0: the scramble. Here s = 3, kK > 2, m = 3k, and ¥, T are the maps of the M&bius
frame. Let K be the lower-triangular Toeplitz matrix of (1 —t)7%: K;; = (i_{:’;_l) (i > j), so
KWl = [W(l - t)_k]m. The three rows of the second matrix are chosen so that the digit
with index k, the first offset digit, depends only on the last two cell digits of each coordinate,
through two small matrices (Proposition 43 and the paragraph after its proof). Let £ be the

identity except in three rows: for a digit vector d,
(Ed)g—2=do+dy+ -+ dg2, (Ed)g—1 = —dj-1, (Ed)y, = dg—1 + dy,
and put L = EK, lower-triangular with diagonal (1,...,1,—1,1,...,1) (=1 at position k — 1).

Definition 41. Py, is the digital net over Z/qZ with generator matrices (LT2, L, LT). For V €
(Z/qZ)[t) <3k the point has coordinates ¢ (d(W)) for W = T2V, V, TV, where d(W) = L [W],,:
di=[PIWA-t)" (j¢{k-2k=1k}),  dea=[""]W1L-t)""",
dp_1 = —[tF ) W@ —t)7F, dp =[tF] A+ t)w(@ —t)~*

The same L is applied to all three readings, so Py, 4 inherits the cyclic symmetry of the frame.

Definition 41 also makes sense for £ = 1 (row k — 2 of £ is absent); then k = 1 is covered by
Theorem 42 but not by the separation bound, and Figure 16 shows it.

6.2. The net property.

Theorem 42. For every k > 1, every box minor of (LT?, L, LT) equals =1. Hence Prq is a
(0,3k, 3)-net in base q for every q > 2.

In words: a box with all its prescribed digits zero asks one binary form of degree m — 1 to
vanish to total order m at 0, 1 and oo, which forces it to be zero. After the re-indexing of
Proposition 9 this is Lemma 8 [46, Thm. 6.2]; we give the direct proof, which is also the one
formalized.
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Proof. From (¥V)(t) = Y, v;(1 — )™ 1= one reads off, over any commutative ring: (F1) if
7 | V then deg OV < m — j; (F2) if degV < m — j then (1 —t)7 | WV. Let dq +da + d3 = m and
suppose that, over a field, the first dy,ds,ds digits of T2V, V, TV vanish: t% | W2V, ¢4 | V|
t% | WV, Since V = +¥(¥2V), (F1) gives degV < m — dy = d + d3; and (F1) applied to ¥V
gives deg U2V < m — d3, whence (1 — )% | V by (F2). As 1 =t + (1 —t), the factors t92 and
(1 —t)% are coprime, so their product, of degree dy + d3, divides V; hence V' = 0. So every box
minor of the frame is nonzero modulo every prime, i.e. +1; the scramble multiplies it by +1 (1),
and Lemma 1 concludes. g

What is specific here is L: it does not change ¢, but it decides the geometry.

6.3. Cells and the geometric digit. By Theorem 42 with (dy,d2,ds) = (k,k, k) (or directly
by the proof of Proposition 43), the first k& digits of the three coordinates determine the point.
Let n. € {0,... qF — 1} be the integer with base-q digits d - - - df,_; (the cell index of coordinate
c; the cell is the box with the indices (ng,ny,nz)), ue = dj,_, and v, = df_, its last two digits,
and r. = df, the geometric digit. In cell units (the cell side ¢ " as unit), coordinate c of the point
is

Ne + 7“c-(|]-fc7 fe=72",51(dj mod q) "7 €[0,1).

Proposition 43. The geometric digit of each coordinate depends only on the last two cell
digits of the three coordinates, and the deeper digits of a coordinate do mot depend on its own
cell. Precisely, for every V', writing d*,dY,d? for the digit vectors of the three coordinates: (a)
dy = —df_y —dy_| +dj,_; —dj_5; (b) for j >k, d¥ is a function of the cells (ny,n) alone; (c)
the same holds after the cyclic shift (x,y,z) — (y,z,x). Consequently r = Mu + Jv (mod q)
with

-1 -1 1 0o 0 -1

M=|l1 -1 -1}, J=|-1 0 0],

-1 1 -1 0 -1 0

and f. does not depend on n..

Proof. For deg F < N put UnF = (1 —t)NF(1/(1 — 1)), s0 ¥ = U,, 1, and ¥, ,(FG) =
U, F - ¥,G whenever deg F' < a, deg G < b (on binary forms, ¥y is the N-th symmetric power
of the matrix g of Section 3). Moreover WitF = 1, Up(t — 1)¥ = ¥, U (1 — )k = (—t)F,
Ul = (1 —t)k, and for deg F' < k, with U/ = W;_: (U2F)(0) = Fy_; = (V'F)(1). Partial
fractions of V/(t*(t — 1)*) (over Z: divide by the monic t*(t — 1)¥, then use a Bézout identity
1 = at® + B(t — 1) in Z[t], obtained by expanding 1 = (¢t — (t — 1))2k~1) give
V=At-1*+Btr+QtF(t— 1)k, degA,degB,degQ < k,

and multiplicativity gives

WV =VA-t*Q-t)F + VB (1 -t)F + Q- ¥,

VAV = ()" UPA+ ()" (1 = )* ¥ B + (1 - 1)* ¥"Q.
Write (W) = (K[W]m); = [/]W(1 —t)7F, so that d(W) = & (;(W)),;.

Cells and (b). Modulo t*, V = A(t — 1)k and ¥V = ¥'B (1 — t)¥, so the y-cell determines A
and the z-cell B (L is lower-triangular with diagonal +1, (t + 1)* are units modulo ¢*, and W’
is invertible). For j < k, 1;(¥2V) = [t/] ¥2Q, so the z-cell determines @, and the three cells
determine V. For j > k, ¢;(¥2V) = [t/] (—t)* (¥"2A (1 — t) "% + U2 B) depends on A, B only; as
& changes only rows k — 2,k — 1, k, this is (b).

(a). From the displays, ¢ (V2V) = (=1)*(Ax_1 + Br_1), Yr_1(V) = (—=1)*A;_; and, as
YV(1—1t)"F = ¥'B (mod t*), 33, ;. 1;(¥V) = (¥'B)(1) = Bj_1. By the definition of £ (and
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T? =02 T =,V), df = —df_, + (=1)*(Ag_1+ Bg_1), dj_| = —(—=1)kA;_; and di_o—dj_; =
sxBg_1; with (—1)¥s; = —1 this is (a). Part (c) follows from 7% = 1. O

Among the ¢ cells that agree in all but their last cell digit (so that v is fixed), the points
sit at n 4+ ((Mu 4+ Jv) mod q)/q up to a jitter f/q: this is the lattice picture of Section 2 with
the geometric layer M = M, the matrix by which the geometric digits change when the last cell
digits move by one step without a carry (Remark 44). The coefficients A;_; and By_; are the
residues at 0 and 1 of the differential V dt/(t*(t — 1)¥), so by (a) the geometric digit is, up to
the sign (—1)* and the own term —d¥_,, the sum of the two finite residues of this differential.
K absorbs the partial-fraction coefficients of 1/(t*(t — 1)*), rows k — 2, k — 1 of £ express the
two residues in the last two cell digits, and row k installs the diagonal —1 of M.

Figures 5(a) and 16 show slabs of cells with n, fixed. Up to the jitter, and up to a shift by
+1/q where a last cell digit wraps (the carry term w in (2) below), the points form patches of
the square lattice spanned by the (z,y) parts of (I + M/q)es, (I + M/q)e,. The patches are
separated by staircase-shaped slip lines, the traces of the slip planes where a geometric digit
wraps (more views in Appendix E).

Remark 44 (Lattice reading). Figure 5 shows the lattice picture for P ,. On a patch where
no geometric digit wraps, the points form, up to the jitter, a piece of a translate of the lattice
Ay = (I+M/q)Z? (in cell units). Since M = —I+[1]y, where [1]x E = 1 x E is the cross product
with 1 = (1,1,1), A, is Z3 rotated by arctan(v/3/(q — 1)) about 1, scaled by 1 — 1/q along 1
and by ((1—1/q)%+3/¢*)"/? across it; det(I + M/q) < 1. Its shortest vectors are +(I 4 M/q)e;,
eg. I+ M/qes = (1— %, %, —%), of length A\ (Ay) = (1 —2/q+3/¢*)"? =1—-1/q+ O(¢™?):
for E€Z% |(I+ M/q)E]?> = (1 —1/9)?|E|*> + (3/¢*)|EL|* with E| the component orthogonal
to 1, which is at least 2(1 — 1/¢)? > 1 — 2/q + 3/¢*> when |E|?> > 2 and ¢ > 3. The own-axis
term 1 —1/q of ¢(q) is its component along the moving axis. The proof of Theorem 46 uses only
this component: the transverse parts +1/q are of the size of the jitter, which may cancel them,
so the certified ¢(g) is below A\1(Ag). A4 has covolume det(I + M/q) < 1, so it has slightly more
than one site per cell; reducing Mwu modulo ¢ skips the extra sites at the slip planes, so that

each cell keeps exactly one point. Theorem 46 bounds the steps coordinatewise and does not use
A1 (Aq)-

6.4. The separation bound.

Theorem 45 (Dimension three, m = 0). Let ¢ > 4 and k > 2, and let Py 4 be the digital net of
Definition 41, with N = ¢** points. Then:

(1) Prgq is a (0,3k,3)-net in base q (Theorem 42; this holds for every q > 2);

(2) every cell [;[nig™%, (n; + 1)g™%) contains ezactly one point, so hp < V3N~3,

(3) the toroidal (hence also the Euclidean) minimum distance satisfies 6p > c(q) N~/3,

where , ) , ,
(@ =min{ (1= )%, (1-2)"+ (1-4)% 3012},
In particular ¢(q) =1 —1/q for all ¢ > 8 (Theorem 46).

The constant is close to sharp for this net: for ¢ = 8,...,13 and 16 the exact minimum distance
at m = 6 exceeds c(q) by less than 4 - 10~* (Table 12), and for odd prime g the first-order term
1—1/q cannot be improved by any digital (0, 3k, 3)-net over Fy, k > 3, whose geometric layer has
bounded entries and a negative diagonal entry (the first-order ceiling, Corollary 78). Compared
with Theorem A at s = 3 (aj = 2), the net Py, has SN'/3 > 1 — 1/q against the 1 — 2/q
of Theorem A, half the loss, and needs no threshold beyond ¢ > 4. Part (3) is the following
theorem, which we state on its own (it is also a separate formal statement) and prove now.
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(a) P2, 11: z-slab n, =60, (I +4)7*

(b) deficit-two design, s =4, ¢=17: zy-slice, (I+ <z
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FIGURE 5. Regime I, small-entry layers (m = sk). (a) P211 (¢ = 11, k = 2,
N = 11% Theorem 45) the 196 points with z-cell n, = 60 and (a: Y)- cells in a
14 x 14 window, projected to the zy-plane in cell units. Open circles: the lattice
image n + r/q, with r = Mu + Jv mod ¢ the geometric digit of Proposition 43;
dots: the points; grey segments: the jitter (< 1/¢q per coordinate). Arrows: the
(x,y) parts of the shortest vectors (I + %)ex, (I + %)ey of Ay = (I + %)Zg’,
A1(Ay) = 0.918 (Remark 44). Dashed: slip edges, where a geometric digit wraps

dotted: cell boundaries where the last cell digit wraps (the term Jv enters); x
skipped sites. As in Figure 1, A, is too dense, det(/ +

%) =073 ~1— %:
35 skipped sites against the density surplus 38.8, up to boundary effects. (b)
Dimension four: a (0,8,4)-net over Fi7 (k = 2, N = 17%) whose row 0 is the
deficit-two design over Z[1/2] (places 00,0, 1,2; Section 9.4), zy-slice with n, =
144, n,, = 96 fixed; arrows: two of the eight shortest vectors +(I + %)ec of
(I + %)Z4 (A1 = 0.888). Despite the larger base, the entries of size two of Fp
(Remark 82) make the patches smaller and the slips denser than in (a): 68 against
58 slip edges in the same window, and 46 x against a planar density surplus of
53.5, up to boundary effects. The separation bound of Section 9.4 uses only row 0

Theorem 46. For ¢ > 4 and k > 2, the toroidal minimum distance of Py q is at least c(q) qg*
with ¢(q) as in Theorem 45.

Proof. Work in cell units, with two points in cells n and n + e (toroidally). If some |e;| > 2, the
i-th coordinates differ by at least 1 > ¢(g); e = 0 is impossible. So let e € {—1,0,1}3\ {0}, and
let v be the number of moving axes

The step. For a moving axis d, uq changes by e4 modulo g, and vy changes by eq if ug wraps

(wg = 1; this includes the step across the torus boundary, ng from ¢

k _1 to 0 or back, where
all cell digits wrap; since k > 2, vy then still changes by exactly e4) and is unchanged otherwise
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(wg =0). Hence 7’ — r = o (mod ¢) with
(2) 0; = —e; — €11+ (1 —wit2) €42 (indices mod 3, z — y — 2),

loil <3,and A; = e;+ ((ri —ri)+ (f] — fi))/q, where r; —r; € {0;, 0; —qsgno;} ({0} if o; = 0),
|fl — fil <1, and f/ = f; if only axis ¢ moves (Proposition 43(b)).

Per-coordinate bound. Call a moving coordinate backward if e;o; < 0 and forward otherwise.
For a backward coordinate, r, — r; = o; gives |A;| > 1 — (|oy| +1)/q and 7} — r; = 0; + ge; gives
|Ai| > 2~ (Joi| +1)/q; as ¢ > 4 > |0, both give [A;] > ¢q, 141 With ¢j :=1 —j/q > 0. Forward
coordinates, and coordinates that do not move, are only bounded by 0.

Signs. From (2): (i) If e = +e; then 0; = —e; and there is no jitter, so A; € {e;(1—1/q), ei(2—
1/q)} and |A| 2 C1. (ii) €;0; = —1— €i€i4+1 + (1 —w”g)eiei“ is pOSitiVG iff €i+1 = —€4, €i42 = €4
and w; 12 = 0. So a forward coordinate exists only if v = 3, and it is unique; then 0,11 = (1—w;)e;
(backward, |o| < 1) and 0492 = —(3 —wj+1)e; (backward, |o| < 3). (iii) |o;| = 3 forces e;+1 = e,
€ira = —€;, wiro = 0, and then 0,19 = (1 — w;y1)e;: backward with |o| < 1. (iv) If v = 2 with
moving axes {i,7+ 1}, both are backward by (ii); either ;11 = ¢; and |o;41]| < 1, or €41 = —e;
and o; = 0; the other value is at most 2 in absolute value.

Cases. v = 1: |A| > ¢ by (i). v = 2: [A]?2 > 2 + ¢Z by (iv). v = 3 with some backward
los| = 3: |A]2 > ¢2 + ¢2 by (iii). v = 3 with a forward coordinate and all backward |o| < 2:
|A|2 > c3+c3 by (ii). Otherwise three backward coordinates with |o| < 2: |A|> > 3c3. As ¢3 > ¢4,
the minimum is ¢(q)?. For ¢ > 8, c3 + ¢ > ¢? (as 1 — 10z + 1922 > 0 for = 1/q < 1/8) and
33 >c2, s0c(q)=1-1/q. O

For s = 3 and the layer (M, J) of Py, the quantity o of (2) is the o of Lemma 4, and the
proof above is that lemma together with the sign analysis (i)—(iv).

The three terms of ¢(q) come from an own-axis step, a twisted diagonal e = +(1,1,—1) and

the body diagonal; for ¢ > 8 the own-axis step binds. Dimension three is the largest in which
one integer family has ¢t = 0 in every base (Remark 59).
6.5. Resolution m = 3: column nets. At m = 3 a cell is a cube of side ¢~ !, and each coor-
dinate has one cell digit and two offset digits. The nets of this section give all three coordinates
the same two offset digits. Then every point is the corner of its cell moved along the body diag-
onal of the cell, and the net is a union of ¢? lines of points parallel to 1 = (1,1,1), its columns
(Figure 6). For such nets the minimum distance can be computed exactly.

Throughout this subsection ¢ > 2 is an integer, 1 = (1,1, 1), ¥n = ngy+ny+n. (the coordinate
sum, also for steps: ©E =, E.), and we work on the torus (Z/q3Z)3, the integer scale at which
a cell has side ¢%; so 6N'/? is the toroidal distance divided by ¢2. Let T = (Z/qZ)?/(1), a group
with ¢? elements; the class [n] € T of a cell n € {0,...,q— 1}3 is its column. A column point set
is a set of ¢% points of the torus, one for each cell, at

X(n)=¢*n+e(n)1, ¢:T—={0,...,¢* =1}

(the heights). The first base-q digits of X (n) are n, so every cell holds exactly one point, whatever
the heights. The ¢ points of a column [n] are ¢?(n +t1) + ¢([n])1,t =0,...,q — 1: they lie on a
closed line of the torus parallel to 1, ¢>v/3 apart, and projected along 1 the columns stand over
the triangular lattice ¢%I1,Z3, 11, =1 — %11—r (the projection along 1).

Definition 47 (Column nets). Let ¢ > 5 with ged(q,6) = 1, let w = (=2,1,1) if ¢ = 2
(mod 3) and w = (—1,-1,2) if ¢ = 1 (mod 3), and let a = (g1 + w), an integer vector with
ay + ay + a; = q (w is forced modulo 3, w = —q1, by the integrality of a, and w-1 = 0). The
column net C, is the digital net over Z/qZ whose point with index n € (Z/qZ)? has, in every



QUASI-UNIFORM DIGITAL NETS IN EVERY DIMENSION 41

coordinate ¢, the three digits
Ne, r(n) =a-n, Jj(n) =ny — ng,
i.e. the generator matrices with the rows e., a and b := (—1,1,0).
Soa= (%2, %1, qT) forg=2anda = (5, L —2) for g =1 (mod 3), and the geometric

30 3

layer is M = 1a': one geometric digit, shared by all three coordinates, with entries between %

and %. Because all three coordinates read the same two offset digits, each point lies on the
main diagonal of its cell, and the distance between two points depends only on their cells and
the difference of these shared digits (Theorem 48). Since a-1 =¢ =0 and b-1 = 0, both shared
digits are functions of the column, and the integer coordinates are X (n) = ¢*n + ¢([n])1 with
¢ = qr+j: Cq is a column point set. The first theorem computes the minimum distance of every
column point set.

Theorem 48 (Minimum distance of column point sets). Let g > 2, let X be a column point set,
and for a direction i € {x,y,z} and a celln let A;([n]) = ¢([n+€;]) — p([n]). Then the toroidal
minimum distance d of X at integer scale ¢ satisfies

2 2
d> = Z¢* + 34> = min dist ( A; P+ 27
S0 T35 g min IS( ([n]), S0 Ta )

and it is attained by two points in neighbouring columns [n), [n+e;]. In particular SNY/? > /2/3.

Here %qQ is the worst height step: two neighbouring columns whose heights differ by %qz
modulo ¢? hold points only 1/2/3 cells apart, and g measures how far every step stays from it.

Proof. Let n # n/ be cells and D a representative of X (n’)—X (n) modulo ¢®. Then D = ¢? E+A1
with an integer vector E =n’ —n (mod ¢) and A = ¢([n']) — ¢([n]); every such E occurs, and
the toroidal distance of the pair is the least |D|. With ¥E = E, + E, + E.,

|PE+ALP = ¢ |PE? + L ($SE+3A)%, |PE]® = (B, — Ey)* +(By— E.)*+(E. — E,)?).

The three differences F, — Fy, E, — E., I, — E, are integers with sum 0. If they all vanish,
E = t1 with ¢t € Z; then n’ = n + t1 lies in the column of n, A = 0, t Z 0 (mod ¢), and
|D|? = 3t2¢* > 3¢*. If one of them has absolute value at least 2, the other two sum to its
negative, so the three squares sum to at least 6 and |D|? > 2¢*. Otherwise they are +(1,-1,0)
up to order, i.e. E = +e; +t1 for some i and t € Z. For E = e; +t1 we get D = ¢’e; + U1 with
U= A+tq* and

l¢%e; + UL]* = (* + U)* +2U° = 2q +3(U+ 2)2,

As t runs over Z, U runs over A + ¢*Z, so the least such value is 2¢* 4 3dist(A, —%qQ + ¢*7.)?,
and — 3q2 = ng (mod ¢?); it is at most 3 +3(2 12 <24 A palr W1th E = —e; +1t1 is, read
backwards, a pair with F = e; — t1. Every pair of neighbouring columns occurs (take any cell n

and n’ =n + e;), so the minimum over all pairs is %q‘l + 3g°. U

Theorem 49 (Resolution m = 3). Let ¢ > 5 with ged(q,6) = 1, and let C, be the column net of
Definition 47, with N = ¢ points.

(1) C4 is a digital (0,3,3)-net over Z/qZ; up to sign, its box minors are 1, az, ay, a, and

ag + ay (the last two modulo q; as integers the minors of the boxes with depth 3 on x,

y and z are, up to sign, a, a, and ay + ay). Every cell of side g~ ! holds one point, so

h<+3N-13,
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(2) Its toroidal minimum distance d at integer scale ¢°, and also its Euclidean one, is

39_{q2—q—3 ifq=2 (mod 3),

2
& = 24t 4 342,
1 g 7 —2q ifg=1 (mod 3),

3
with g as in Theorem 48, that is, d*> = ¢* — %qg’ — ng +2g+ 3 resp. ¢* — %qS + %qz, and
1 8 2 4
SNY3=1- - — = +0(¢7° LN =1- 24 1 0(¢7?).
30 0 (™) resp 30 o T ()
Two points are closest on the torus if and only if they differ by =D modulo ¢3, where
D=3(-2¢*-q-3),¢+q+3,-2¢> —q—23)) for g =2 and D = 3(—(2¢* —
29), —(2¢*> — 2q), ¢° +2q) for =1 (mod 3).
(3) Within each residue class of ¢ modulo 3, OSN3 increases with q. It is 0.9059. .. at ¢ =5
and 0.9147 ... at ¢ = 7, so SNY3 > 0.9059 for every such q, and SN'/3 > 0.9823 for
every such q > 37.

Proof. (1) The first rows are e, ey, e;, so C, is a graph form with the depths (1,1,1), and
we use Lemma 2. The box of shape (1,1,1) has determinant 1 and puts one point in every
cell. A box with depth 2 on ¢, 1 on ¢ and 0 on ¢’ has, up to sign, the determinant a.r; as
3agr = q + wer = wer € {£1,£2} and ged(q,6) = 1, it is a unit. A box with depth 3 on ¢ has,
up to sign, the 2 x 2 minor of the rows a and b on the two columns other than c. Both rows
sum to 0 modulo ¢, so in each of them column ¢ is minus the sum of the other two modulo ¢,
and modulo ¢ all three such minors equal £u with @ = azby — ayb, = a, + a, (as integers they
are a, + a, and +a,); and 3p = 2¢ + w, + wy = —w, € {—1,-2} (mod ¢), a unit. Lemma 1
concludes.

(2) We apply Theorem 48. Let b; € {0,...,q — 1} be the residue of b-e;, so b = (¢ — 1,1,0).
A step from the cell n to n + e; changes r by a; and j by b; modulo ¢, so

Ai([n]) = a(ai — qlr(n) +a; > ¢]) + (b — q[j(n) + b = q]).

The map [n] — (r(n),j(n)) is a bijection from T onto (Z/qZ)?, because u is a unit; so the two
wraps occur independently, in all four combinations (two if b; = 0). Modulo ¢? the values of A;
are therefore s; and, if b; # 0, s; — q, where s; = qa; + b;, and 3 dist(A;, —%q2 + ¢*7) is the least
value of |3U +¢?| over U € s;+{0, —q} +¢*Z. Here 3s; + ¢* lies between 2¢? — ¢+ 3 and 2¢° +2q,
so the least value is attained at U = s; — ¢® or U = s; — ¢°> — q, where 3U + ¢®> = —(2¢® — 3s;)
resp. —(2¢% — 3s; + 3q); every other U gives at least 2¢°> — 4q + 3 > ¢ + ¢. The values 2¢% — 3s;
for i = x,y, z are

¢ —q+3, ¢¢—q-3, ¢—q (¢=2), ¢ —29+3, ¢+q-3, ¢¢-2¢ (¢=1),
all positive, and adding 3¢ only increases them. So 3g is the least of them, ¢* —q — 3 resp. ¢* —2q,
attained only at i = y (resp. i = z) with U = s; — ¢%, and Theorem 48 gives d? = %q‘l +3g°%. The
closest differences are then 4(g%e; +U1) = +D modulo ¢®. The Euclidean minimum distance is
at least d, and it is attained without a wrap: ¢([1]) = 0 and ¢([e;]) = qa; +b; = s;, so the points
of the cells 1 and e; differ by ¢?(e; — 1) + s;1 = ¢?e; + (s; — ¢*)1 = D exactly. The expansions
follow from (JN'/3)2 = 2 + 1(39/¢%)2.

(3) 3g/¢®> =1 — % — q% resp. 1 — % is positive and increases with ¢q. The values at ¢ = 5 and
7 are v/513/25 and v/2009/49, and at ¢ = 37 (the least ¢ > 37 coprime to 6, in the class ¢ = 1;
the least in the other class is 41, with 0.9913...) it is 0.9823.. .. O
Locally a reflected cube. In cell units the point of cell n is n + %1: it lies on the body

diagonal of its cell. As a/q = %1 + %qw, two points whose cells differ by a bounded F differ, in
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(a) Cs: 125 points on 25 columns parallel to (1,1,1)

¥ (b) C1y along (1,1, 1): deviation from HZ3

height ¢(n) deviation (turns)

—0.5 0.0 0.3
0 12 24

FIGURE 6. Column nets (Definition 47), in cell units. (a) The 125 points of C5 on
the torus [0,5)3. Each lies on the body diagonal of its cell, and the points of one
column lie on a closed line parallel to (1,1, 1) (grey; the 25 columns wrap around
the torus). Shade: the height p(n) = gr(n) + j(n). Accent: a closest pair; every
closest pair differs by D, D = (—14,11, —14) at integer scale ¢3, |D|?> = 513,
OSN3 =0.9059. .. (Theorem 49; checked against all pairs). (b) Cy; viewed along
(1,1,1), one period: every column projects to one site of the triangular lattice
P73 (a hexagon each). The points of a column are V/3 apart, and their common
height modulo v/3 is, in turns, %En for the reflected cube HZ? plus the deviation
shown, % + Jé—’;) for the cell n = (z,y,0) of the column, a linear ramp (the drift)
with a small ripple (the jitter of the third digit; checked for every column). Across
one period the ramp gains %wc of a turn along e., which is not an integer, since
31 ¢: an ideal reflected cube cannot close up on the torus, and the drift spreads
the mismatch (Section 11). Black: a closest pair of C11, |D|?> = 13577, between
neighbouring columns. Interactive version: explainers/anatomy.html (Sec-
tion 1).

cell units, by

for an integer z (the wrap of r) and the change Aj € (—q, ¢) of the third digit. This is an O(1/q)
perturbation, along 1, of the point E + %ll, 2/ = XE + 3z, of the set {F + %/1 2 = YF
(mod 3)} = HZ3, where H = I — %ll—r (forv=F — “%1 one checks Hv = E + %ll) Here
—H is the rotation by 180° about the main diagonal, so HZ? = —HZ3 is the cubic lattice turned
half a turn about 1; we call it the reflected cube. It has covolume 1, minimum 1 and minimal
vectors +He, = +(e. — 21).

Stacking. Seen along 1, both Z3 and HZ? are the triangular lattice IT1, Z3 (a copy of As) with
lines of points of period /3 over each site. In Z? the line over the neighbour II | e; is raised by
% of the period, in HZ3 by %, i.e. lowered by % (in crystallographic terms, the stackings ABC
and ACB of triangular planes). If neighbouring columns had equal heights (the stacking AA),


https://lgruen.github.io/separated-nets-lean/explainers/anatomy.html

44 LEONHARD GRUENSCHLOSS

points would be only 1/2/3 apart. In the notation of Theorem 48, the height steps of Z3 and
of HZ? are A =0 and A = %qQ (mod ¢?), both at distance %qQ from this worst step %qg; the
theorem measures every step by its distance from it.

Drift and jitter. The two perturbations are a drift %, linear in £ and zero on 1, and a

jitter Aj/q? of the third digit. Both are along 1, so the columns are exact and only the heights
deviate from the ideal, by O(1/q). Section 11 shows that the losses 3% and 3% of Theorem 49(2)
are forced, and that C, is optimal among all column nets: going once around the torus along an
axis takes ¢ steps, the ideal step of HZ? is a third of the period, and ¢/3 is not an integer when
31 q, so the heights must deviate somewhere. Globally the set is not a lattice, since ¢He, ¢ Z3:
at the wraps of r the points jump back into their cells, and these are the slip planes of the
column nets (Figure 7). The drift vanishes on 1 because a -1 = ¢, the condition that ¢ steps
along 1 close up; this is what makes r a function of the column.

The column structure is special to m = 3. The following box count, which holds for every net,
digital or not, shows that at every other resolution not even two coordinates can share the first
offset digit (the geometric digit).

Lemma 50 (Shared digits). Let P be a (0,m,s)-net in base q, digital or not, j >0, and a # b
two coordinates. If 2(j+1) < m, then the pair of the digits with index j of a and of b takes every
value in {0,...,q — 1} at evactly g™ 2 points of P. In particular, if f is a map of digits such
that for every point of P the digit with index j of coordinate b equals f of the digit with index j
of coordinate a, then 2(j +1) > m.

Proof. Let 2(j + 1) < m and choose the depths d, = j+1,d, = m—j—1 > j+ 1 and
d. = 0 for the other coordinates. Prescribing the digits 0, ..., j of a and of b fixes the coordinate
a of an elementary box of this shape and the first j 4+ 1 digits of its coordinate b, and leaves
¢ 20+ choices for the other digits of b; by ¢ = 0 each such box holds exactly one point. So
each prescription is met by ¢™~%~2 points, and each value of the pair of digits with index j
by ¢% - ¢m"272 = ¢™=2 points. A map [ as stated would leave the values (a,3), 8 # f(a),
unmet. ]

For s = 3 and m = 3k the geometric digit has the index k, and 2(k + 1) > 3k only for k = 1;
so for k > 2 no two coordinates of a (0, 3k, 3)-net can read the same geometric digit, let alone all
three, and column nets exist only at m = 3. At the other resolutions m > 4 the lemma likewise
excludes two coordinates that agree at the digit with index |m/3], since 2(|m/3] +1) < m. So
once 2(j + 1) < m the lemma excludes every relation between the digits with index j of two
coordinates, functional or not; it says nothing about relations among three coordinates, such as
the rank-one layers of Section 13.3 (Remark 123(7)).

At m = 3 the third digit does not matter at first order: with the shared second digit of a
reflected-cube layer and an arbitrary third digit in each coordinate, SN/3 =1 — O(1/q).

Proposition 51 (Arbitrary third digits). Let ¢ > 2, let w € Z3 with w, + wy +w, = 0 and
we = —¢q (mod 3), a = %(ql +w), and B € Z. Let P be a set of ¢ points of the torus (Z/q37)3,
one for each celln € {0,...,q—1}3, at

X(n)=¢’n+qr(n)1+j(n),  r(n)e0,q), r(n)=a-n+pF (modq), j(n)ecl0,q)?’
(integers; j arbitrary). Then any two distinct points of P have toroidal distance at least ¢* —

(ol +3)g = 3)/v/3.

Proof. Let n #n' and let D = ¢?E + ¢ Ar1 + Aj be a representative of X (n’) — X (n) modulo
¢>, with an integer vector E = n’ —n (mod q), Ar € (—q,q) and Aj € (—q,q)3. If some |E.| > 2,
then |D.| >2¢*> —q(g—1) — (¢ —1) > ¢* Solet E € {-1,0,1}*\ {0} and XE = E, + E, + E..
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(a) Ci3: 3% cells, diagonals (b) Ci3, 5° cells: along (1,1,1) (c) H‘;*p, m=s=5, p=10007: D,*
@ one plane up (+1/V/3)
O same plane ® C ® ®
o e} O one plane down @ @ ® ®
® ® ® ® ®
o & ® ® ® O
o ¢ S ©® ® ® ® ® ®
® ® (O] ® O] ®©
o oo “ © @ ® ®
© O] i ® O}
o @ ® O]
O] ® ® % O] O]
® - O] O}
I 2 b, b, La Vs
ZEN . o | B3 3 ®
© ® ® ® ®
® ¢ ® ® ® ® ® ®©
\l/ ® ® ® ©
@® one site per cell ® ® ® ®
€z ‘«mu site per cell: no skips; drift + jitter O(1/p)
one lattice site per cell: no skipped \'it(“‘
cell grid O lattice image ® actual point —— jitter shortest lattice vectors

FIGURE 7. Regime III, large-entry layers (m = s). (a) The column net C13 (The-
orem 49, a = (4,4,5), w = (—1,—1,2)): the 32 cells around n = (8,8,3). All
three coordinates read the same two offset digits, so each point lies exactly on
the body diagonal of its cell (dotted), at the fraction ¢(n)/p? of it, which changes
by %—l—% from cell to cell, up to the jitter Aj/p?. Open circles: the reflected cube

HZ7? H=1- %11—'—, anchored at the central point; accent: its six minimal vec-
tors +He; grey segments: drift and jitter, both along (1,1, 1). (b) The same net,
the 53 cells around n, viewed along (1,1, 1): the lattice points within one plane
spacing 1/+/3 of the centre along (1,1,1) (fill: the plane x + y + z = const). The
three neighbours one plane up, —He,, project opposite to the cell axes e, (grey),
whereas in Z3 they are the e, themselves: HZ? is Z? turned half a turn about
(1,1,1). Drift and jitter run along (1,1,1) and are invisible here: every drawn
point projects exactly onto its site, and differs from its site of the anchored lattice
by less than 0.15 of a cell in each coordinate. (c) Dimension five: the net Hi”'}, of
Proposition 122 with £k = 1 (m = s = 5), p = 10007, a (0,5, 5)-net over F,: the
xy-slice of an 8 x 8 window of cells, the other three cells fixed. Its layer Fj lies in
% + Z, so by the parity of ¥n the point sits at n + ¢ or, in the shaded cells, at
n+co+ 31, for one fixed ¢y € [0,1) (here g ~ 0.10 in z and y), up to drift and
jitter below 0.04 of a cell: locally the packing D7, whose minimum v/5/2 > 1 (a
step to a cell of the other parity) exceeds the cubic value 1; a diagonal step within
one parity has length v/2 (Proposition 115 with & = 1). In all three panels the
limit lattice has covolume 1 and one site in each drawn cell: no site is skipped,
and the net departs from the lattice only by the O(1/p) drift and jitter.

The constant 5 cancels: Ar =a-FE (mod ¢), and 3a-E = ¢XFE+w- E, so 3Ar = w- E + zq with
an integer z = X F (mod 3). Hence v = E — @1 is an integer vector with Hv = F'+ 1, and

3D =3¢*E +q(w- E + 2q)1 + 3Aj = 3¢>Hv + R, R=gq(w-E)1+3Aj,
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with |Re| < gllwll1 + 3(q — 1), since |w - E| < |Jw||;. If v # 0, then |D| > ¢*|Hv| — |R|/3 >
¢*— ((||w]l1 +3)g—3)/V/3, as H is orthogonal. If v = 0, then E = ¢1 with 3t = 2+ 2XE = z+6t,
so z = —3t and, asw-1 = 0, Ar = —tq; then |Ar| < g forcest = 0,i.e. E = 0, a contradiction. [J

For C,, ||w|1 = 4, and the bound is §N'/3 > 1 — (7¢ — 3)/(v/3¢?) whatever the third digits.
The constant 5 is what a digital shift with equal second digits in the three coordinates adds
to the shared digit; since ( is arbitrary, the proposition also covers these shifts. Shifts whose
second digits differ change the picture:

Proposition 52 (Every digital shift at m = 3). Let ¢ > 5 with ged(q,6) = 1, let 7 be a digital
shift of Cq (Definition 7) with the digits 1.1, 72, Te,3 in coordinate c (the first, second and third
digit), and put W =2 if g =2 and W =4 if ¢ = 1 (mod 3) (W/(3q) is the largest distance
of ai/q or 2a;/q from % or % that occurs; see the proof), and amax = maxca.. The toroidal

minimum distance of Cq ® T satisfies:

(1) if Tup = Ty2 = T2 and Ty 3 = Ty3 = T» 3, it equals that of Cq (Theorem 49(2));
(2) if Ty = Ty2 = T2, then SNL3 >1— (7q — 3)/(\/§q2);
(3) for every T,

SNV/3 > i(l—MJr%),

V3 q q

which exceeds 0.4693 for every q > 37; and if 7p2,7y2,T.2 are not all equal, then

ONYE < V3 (qamax + = 1)/a* = 5 (14 555 = ), Wi = maxc v

The lower bounds of (2) and (3), and the value of (1) as a lower bound, hold for the Euclidean
minimum distance too, which is at least the toroidal one; so does the upper bound of (3), which
1s witnessed by a pair that does not wrap.

Proof. Shifted digits. By Lemma 67, after re-indexing by the cells, the point of cell n of C; ® 7
has, in coordinate ¢, the digits ne, re(n) = a-n+ e and je.(n) =b-n+ . with e =710 —a -7
and B, = 7.3 —b- 71, 71 = (Ta,1,Ty,1,72,1). So the B, are congruent if and only if the 7. are
equal, and likewise for S, and 7. 3.

(1) Then X (n) = ¢*>n+¢'([n])1 with ¢’ = qr+j,r = (a-n+8) mod ¢, j = (b-n+ ') mod ¢:
a column point set. The map [n] + (r,7) is still a bijection onto (Z/qZ)?, so in the proof of
Theorem 49(2) the same values A; occur, and Theorem 48 gives the same d.

(2) Proposition 51 with [Jw||; = 4.

(3) Lower bound. Let n # n' and D = ¢*E + q Ar + Aj a representative, now with Ar =
(A1) € (—q,q)3. If some |E.| > 2, then |D.| > ¢°. Solet E € {—1,0,1}3\ {0}, and let ¥ € [0, q)
be the residue of a - E. The constants . cancel: Ar, = a - FE and |Ar.| < g, so Ar. = 9 — quw,
with w, € {0,1} (w = 0 if ¥ = 0). Hence D = ¢?u + Aj with u = E —w + 61, § = 9/q,
and |D| > ¢®lu|l — V3(¢ — 1). Every u, lies in 6 + Z, so |uc| > ||0||, the distance from 6 to the
nearest integer, and 0 = (a - E)/q (mod 1). If ¥E = 0, then F = +(e. — e4), the two moving
coordinates of u are (0 + {0,1}) and £(6 — {1,2}), and |u|? > 62 + (1 — 0)? > . If E = +1,
then ¥ = 0 and |u| = v/3. Otherwise, up to sign, E = e; or E = 1 —2e; or E = 1 — e;,
with a - E = a;, —2a;, —a; respectively. As 3a; = ¢ + w; with 0 < a; < 4, [la;/q|| = %;“i and
12a:/q|| = min(q_gzqwi, 2‘1’;(3%); over the entries w; € {—2,1} resp. {—1,2} the least of these is
%. So |u| > V30|l > (¢ — W)/(v/3q) in these cases, which is also less than % and /3.
Therefore |D| > q(q — W)/V3 — V3(qg — 1) = (¢* — (W + 3)q + 3) /V/3 for every pair, which is
the bound. It increases with ¢ within each residue class; for ¢ > 37 its least value is 0.4693. ..
at ¢ =37 (W =4), and 0.5079... at ¢ = 41 in the class W = 2.
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Upper bound. Put b, = —f. (mod q); they are not all equal. Along e, the shared digit changes

by a., and r4 wraps if and only if ¥ = a-n mod g lies in the cyclic interval Jc(lc) ={bg—ac,...,bg—

1} of a. consecutive residues of Z/gZ. We find ¢ and a residue ¢ that lies in JC(C) and in no J, éc))

d # c. If the by are distinct, let g. > 1 be the distance from b, forward around Z/qZ to the next
of them. The gaps sum to ¢ = a; +ay+a., so g. > a. for some c; then ¥ = b, — 1 lies in Jc(c), and

it lies in J(gc) only if by is at forward distance at most a. — 1 from b,, which no by is. If exactly

two of them are equal, by = by # b., then Jéc) and Jc(lc) = JC(;) are two different cyclic intervals
of the same length a. < ¢, so neither contains the other. Take a cell n with n, =0 and a-n =19
(possible, as the entries ag4, d # ¢, are units) and n’ = n + e., so that the pair does not wrap in
the cell digits. Then Ar. = a. — ¢ and Ary = a. for d # ¢, so the representative with F = e, is
D = ¢®e. + q(ac1 — ge.) + Aj = qa.1 + Aj, and |D| < V3 (qamax +q — 1). O

So the exact minimum distance of C, survives exactly the digital shifts whose digits agree
in the three coordinates on the two shared digits, the first-order value 1 survives those that
agree on the geometric digit, and the others give 1/4/3 at first order. Unequal second shift digits
make the three coordinates wrap at different cells, so the shared digit no longer moves all three
coordinates together, and a step across a wrap of one coordinate alone is short; Remark 99
explains why the value then drops to 1/v/3. The constants of Corollary 57 below survive every
shift (Section 8).

6.6. m = 1,2: lattice skeletons. For s = 3 the residue m = 2 (¢ = 1 skeleton coordinate) is
the case s = 3 of Theorem 33. The residue m = 1 (¢ = 2 skeleton coordinates, 7 = 1) needs a
different lattice, since Theorem 35 needs s > 4: here the occupied fine cells form, in each coarse
block, a coset of the Korobov lattice with generating vector (1, p, p?) modulo p. We realize both
on the Mobius frame (W2, I, ¥) of Section 3 (Definition 41 used 7' = +V; the sign does not
matter here). It is defined for every m, and the proof of Theorem 42 does not use 3 | m (only
(F1), (F2) and W3 = +1), so all its box minors are &1 and it has an integer graph form ®* with
depths k.

Notation. The column block x consists of the blocks ®.,, ¢ € {z,y, 2z}, which multiply the cell
index ng; its columns are the levels z;, 0 < 1 < ky, of n, (level [ of n,). We write Y 0|z; for the
entry of the first offset row of y on the level I of n,, and so on, and “box (d,dy,d.)” for the
elementary box with these depths. We modify & modulo p by the moves of Lemma 2: inside
a column block, adding multiples of less significant levels to a level or scaling a level by a unit
(move (c)); scaling single off-diagonal blocks (move (b)); and setting diagonal blocks (move (a)).
Every pivot used below is a nonzero entry or 2 x 2 minor, because by Lemma 2 it is the box
minor of the frame for the box indicated, which is 1.

Definition 53. Let p be an integer with p Z 0 (mod p).
(B?) k = (k+ 1,k + 1, k); the recipe of Proposition 27(ii) with x = (p, p?). In column block
x: Z0lzk # 0 (box (k,k + 1,k + 1)); subtract multiples of level x from every level x;,
l < k, so that Z0|z; = 0, then scale level x so that Z0|z; = p. In column block y the
same, with pivot Z0|y (box (k+1,k,k+1)) and target p2. Set all diagonal blocks to 0.
The result is the digital net B%,p, , over [Fp; its skeleton digit is

S.=pax+p*y (mod p).

(B') k = (k+1,k,k). The goal is a graph form whose skeleton digits are S, = pxy, + 251 and
S, = p®xp + Tp—1 + Y1 — Zh—1 (mod p), with every box minor a unit; the steps are as

YOle Yo‘wk’l) is invertible (box (k—1,k+1,k+1));

follows. Column block z: the matrix ( 200z, Z0Jek 1
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call its determinant A; use the levels xj, x1_1 to make Y0 and Z0 vanish on the levels
I < k —1; then add a multiple of 2} to zx_1 so that Y0|zg_1 = 0. Now Y 0|z # 0 (box
(k,k+1,k)), ZO|z # 0 (box (k,k,k+1)) and Z0|zk—1 = A/YO0|z) # 0. Scale the block
@, so that ZO0|zg_1 = 1, the level z) so that Z0|z, = p?, and the block ®,, so that
Y 0|zy = p. Column block y: with the pivot Z0|yx_1 # 0 (box (k+ 1,k —1,k+ 1)) make
Z0ly; = 0 for I < k — 1 and scale @, so that Z0|y,—; = 1. Column block z: the same
for Y0|z (box (k+ 1,k + 1,k —1)). Diagonal blocks: Z0|z;_1 = —1 and all other entries

0. The result is Bli,p, o its skeleton digits are

Sy = prg + 21, S.=p* @k + Tp-1 + Ye-1 — 2k—1  (mod p).

The levels and blocks not mentioned keep the values of ®¥ modulo p. Each net is obtained
by finitely many explicit elementary operations on the explicit integer matrix ®, and only the
skeleton digits matter for the separation proofs below.

Proposition 54. For every prime p, every k > 1 and every p # 0 (mod p), B2 is a (0,3k +

k,p,p
2,3)-net and B,ip’p is a (0,3k + 1,3)-net over IF),.

Proof. Every box minor of ® is 41, and each move multiplies every box minor by a unit of Fp
(Lemma 2; the targets p, p?, 1 and the pivots are units). Lemma 1 completes the proof. O

Remark 55 (Dimension three, m = 2 (mod 3)). For s = 3 the recipes of Definitions 34
and 53(B?) coincide (Proposition 27(ii) with k = (p, p?), skeleton digit S, = pxy + p?yx), and
Theorem 33 uses only the skeleton digit. So for every prime p, every k > 1 and every p > 1 with
P <o, Bi,p,p is a (0, 3k + 2, 3)-net over F,, (Proposition 54) with toroidal SN'/3 > (p — 1) p~1/3
(Theorem 33(1) for p > 2; the bound is 0 for p = 1); its occupied fine cells are exactly the cells
of the index-p lattice Ag: = {a : a; = pa, + p?a, (mod p)}, of minimum p (Theorem 33(2),
Figure 8(a), (b)); and for p = |p'/3] its mesh ratio is bounded uniformly in p (Theorem 33(3)).
With p maximal, p < (p + 1)3, so the bound exceeds (p — 1)/(p + 1) and tends to 1. It is a
sawtooth in p (it drops each time |[p'/3| increases), first exceeds 0.9 at p = 1361, and stays
above 0.9 for every prime p > 6863 (p > 19). The bound is sharp for the method: the bound
of Lemma 25(i), which allows a jitter of one fine cell in every coordinate, equals (p — 1)p~1/3
exactly, attained at the step (—p, 1,0).

Theorem 56 (Dimension three, m = 1 (mod 3)). Let p be a prime, k > 1, and let p > 2
with p*(p + 1) < p. The digital net Bi,p’p of Definition 53 is a (0,3k + 1,3)-net over F), whose
toroidal minimum distance satisfies SNY/3 > (p? —4) p~2/3. With p the largest integer such that
p2(p+1) < p, the bound tends to 1 as p — oo; it exceeds 0.9 once p > 27, i.e. p > 27%-28 = 20412,
so for every prime p > 20431.

Proof of Theorem 56. The net property is Proposition 54; the hypotheses give 2 < p < p, so
p Z= 0. Let v # w be two points, a # 0 the centred difference of their fine positions, and
M = |a|eo. If M > p — 1 we are done, since p — 1 > p? — 3. Otherwise let & = &.1 be the floor
changes of Lemma 25(ii) and u = (az, ay — &, a; — & — & + ;). By the displayed relations,
u € Agi, and |u|oo < M + 3. If u # 0, Lemma 29(L1) gives M + 3 > p?. If u = 0, then a, = 0,
hence & =0, ay =&, and a, = & —&.. f §, = 1 then a, > 0, so & > 2, impossible; if {, = —1
then a, < 0 and &, < —2, impossible. So {, =0, ay = 0, §, = 0 and a, = 0, contradicting a # 0.
Hence M > p? — 3, and Lemma 25(i) with £ = 2 gives SN/3 > (p? — 4)p=2/3.

Constants. Let ¢1(p) = (p> —4)p~2/3 be the bound with p maximal. Then p < (p+1)%(p+2),

hence
(p=2%(p+2)

ci(p)® > Glp) = (p+ 1)
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(a) Bi43,3 (=8', s=3): slab P, = 1000 (b) p=3 slabs; squares of side p (c) 81’37'3: Korobov (1, p, p?), z2-view
9251 Lamw S 925+ & WP 1000
[ P. =1001
[[] P.=1002 I3
920 3 .
CIRP] @
< : d o
9151 & 413) 101 g
& ) shift —1 | shift 0
= o N
R 910 & & o shift 0 shift +1
35+ (1,9)

905 » 3 ARRn J g‘ 5‘

(53, ) 301 &
900+ no faults, no skips: (—4,1) faults = coset shifts by +1

exact lattice Ag ‘ fine cell between blocks
I T T T T i I T T f T T i 25 + 7 S 7 T
700 705 710 715 720 725 730 700 705 710 715 720 725 730 25 30 35 40 45
P, (fine cells) P, (fine cells) P, (fine cells)
cell grid O lattice image ® actual point —— jitter shortest lattice vectors === slip / fault

FIGURE 8. Regime II, lattice skeletons (m = sk+r), in fine-cell units. (a) 8%74373
(p =43, p =3, m = 5; Remark 55): the slab of fine cells P, = 1000 over a 30 x 30
window. Shaded: the occupied fine cells, which are exactly the cells of the index-p
lattice Az = {a : a, = pa; + p?ay, (mod p)}: no faults, no skipped sites. Open
circles: their corners (the lattice image); dots: the points, displaced by up to one
fine cell of jitter; arrows: a reduced basis (=3, 1), (4, 13) of the lattice section. (b)
The three slabs P, = 1000,1001,1002 (shades): the squares of side p about the
occupied cells have disjoint interiors, so two points of these slabs differ by at least
p fine cells in z or y (Lemma 29(L)), and §N/3 > (p —1)p~ /3 after one fine cell
of jitter. (c) Bj 373 (m = 4; Theorem 56): xz-view of the points with y-cell index
5 over the four coarse blocks around (37,37) (black lines). Open circles: the coset
of the Korobov lattice Agi (generating vector (1, p, p?) modulo p), continued from
the lower-left block (projected basis (—4,1), (1,9)); dashed arrows: the faults. In
each coarse block the occupied cells are exactly a Korobov coset, shifted by +1
fine cell from block to block (dark where shifted): the faults are coset shifts, like
stacking faults, not skips. The separation is the shortest vector minus faults and
jitter (Lemma 25).

G increases for p > 3, since (logG)' =9/((p —2)(p+1)) — 1/((p+ 1)(p + 2)) is positive, and
tends to 1. Since p > 27 iff p > 20412, and G(27)'/3 = 0.9033. . ., the bound exceeds 0.9 from
this prime on. O

The case u = 0 uses the own-coordinate term —zj_1 of S,: with +2z,_1 or 0 there and equal
signs of the faults this argument does not apply. Like that of Remark 55, the bound is a sawtooth
in p.

Lattice reading. For B! the skeleton digits give, with P. the fine cell of coordinate ¢ (Sec-
tion 5.1),

Py =pPr + L P./p], P, = PQP:E + [ P:/p] + LPy/pJ — |P./p] (mod p),

so inside each coarse block the occupied fine cells (one in p?) form a coset of A1, the Korobov
lattice with generating vector (1, p, p?) and modulus p [34, 55], shifted by unit faults between
neighbouring coarse blocks (Figure 8(c)). The choice p ~ p'/3 makes the shortest (primal)
vector as long as possible for a lattice of index p?, up to a constant (the pigeonhole bound after
Lemma 25). For integration it would be a poor Korobov generator: (p, —1,0) lies in the dual
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lattice, so its Zaremba index is at most p. Separation (primal) and integration (dual) favour
different generators.

6.7. Every resolution. Together, the nets of this section cover every resolution m > 3 for
every large prime.

Corollary 57 (Every prime p > 37, every m > 3). For every prime p > 37 and every m > 3
the nets of Theorems 49 (m =3), 45 (m =0, m >6), 56 (m = 1) and 33 with s =3 (m = 2;
the nets B% of Remark 55), with p maximal, are explicit digital (0,m, 3)-nets over F), with

SNY? > 0.2715, and OSN3 > 0.4250 if p > 83,

uniformly inm, and the lower bound tends to 1 as p — co. Their covering radius satisfies hNY/3 <
V3 for m = 0, ANY3 < pt/3./2 4+ p=2 for m = 1, and hN'/? < min{p?/3\/1 + 2p~2, 4.264}
for m =2 (mod 3). So for each such p the mesh ratio h/§ is bounded uniformly in m: the nets
are quasi-uniform along every N = p™, m > 3. For m = 2 the mesh ratio is moreover at most
7V3 < 12.2 for every prime p > 11 and every m > 5 (Theorem 33(3)).

Proof of Corollary 57. Take C, for m = 3 (Theorem 49; for p > 37, SN/3 > 0.9823, and its
covering radius is at most v3N ~1/3 because every cell holds a point), Py, for m = 3k > 6, B,;p’ o
for m = 3k+1 > 4 and Bi,p,p for m = 3k+2 > 5, with p maximal: p; and pa, the largest integers
with p?(p; +1) < p and p3 < p. For p > 37, p; > 3 and py > 3. If 37 < p < 79 then p; = 3 and
the bound of B! is 5p=2/3 > 5.7972/3 = 0.27157. .., the bound of B2 is > 2-61"/3 > 0.508,
and 1 —1/p > 0.97. If p > 83 then p; > 4 and ps > 4, and the bounds exceed G(4)1/3 =
(48/625)1/3 > 0.4250 and (p — 1)/(p + 1) = 3/5 at p = 4 (Remark 55). All bounds tend to 1.
For the covering radius: by ¢ = 0 the elementary box with depths k (resp. (k, k, k)) around any
point of the torus contains a net point, and its diagonal is p~%/2 + p=2 = p*/3\/2 + p~2 N=1/3
for m = 1 and p*\/1+2p=2 = p*/3\/1+2p=2 N~'/3 for m = 2. For m = 2, Theorem 33(3)
with s = 3 gives ANY? < /3(u + 1)p~'/3 and h/§ < V3(u+1)/(p — 1), u = [p/p?]; over
all primes p > 11 the maxima are 4.2633... < 4.264 and 7v/3, both at p = 23 (for p > 4 use
p<p(l+1/p)3+1). O

For m = 1 the mesh ratio obtained in this way grows like p!/3. Whether a bound uniform
in p holds is open (Remark 123(5); for m = 2 it is Theorem 33(3)). (Heuristic for one: the
cosets of Az have reduced bases of about p? fine cells, i.e. O(N~'/3); a proof has to handle the
faults between coarse blocks, and we have not given one.) The separation bounds and the lattice
reading use only the skeleton digits: the bounds of Theorem 56 hold for every graph form over
[F, with the depths k and the skeleton digits of Definition 53, net or not.

At m = 3 the constant can exceed 1 (Part II). If two coordinates share the geometric digit and
the third reads it with the factor % modulo p, the points lie locally on two cosets of a lattice, with
the limit v/66/8 = 1.0155. .. (Proposition 103). If all three geometric digits are multiples of one
digit, the three coordinates wrap together, and SN/3 > 1 for every prime p > 17, with the limit
V/281/16 = 1.0476. .. (Proposition 104). For small primes, the per-prime nets of Remark 58 give
larger constants and close most of the remaining gaps:

Remark 58 (Per-prime designs). For small primes, computer-found designs give larger con-
stants. They are graph forms with the depths k, built by the same moves from the frame, in
which the skeleton digits and the next offset digit of each coordinate (which controls the jit-
ter) are prescribed on the last three or four levels; their skeletons are index-p? Korobov-type
(m = 1) and index-p congruence lattices (m = 2). A finite computation analogous to Lemma 4
(it enumerates the steps between nearby fine cells, all carry patterns and both representatives
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of each digit difference) certifies the constants of Table 10 for every m = 3k + 1 > 10 resp.
m = 3k 4+ 2 > 8, since the prescribed rows do not depend on k; they exceed 1 for p = 47,
53, 59, 61, 71, 73, 79 (m = 1) and p = 41, 43, 59, 61, 79 (m = 2). This separation bound is
Proposition 131, and it holds for every digital shift as well (Remark 132). The existence of such
a (0,m, 3)-net for every k (Propositions 128 and 129, Appendix C) rests on quantities that the
moves of Lemma 2 do not change and that do not depend on k (Lemma 127: five for m = 1, two
for m = 2), and on finitely many exact checks per design (proofs in Appendix C; formalization
status in Section 14).

Together these results give, for every prime p > 5, explicit digital (0,m, 3)-nets over F, at
the following resolutions. At m = 3, Theorem 49 gives 6N'/3 > 0.9059, and Theorem 45 covers
every m = 0, m > 6. For m = 1, m > 10, SN'/3 > 0.4250 (Theorem 56, and for p < 79 the
per-prime certificates of Remark 58). For m = 2, m > 8, SN2 > 0.5 (Remark 55, and for
p < 79 the per-prime certificates); for p > 11 the nets B2 of Remark 55 also cover m = 5. Not
covered are m € {4,7} for 5 < p < 31 and m = 5 for p < 7; finitely many resolutions do not
matter for the question of Dick, Goda and Suzuki (Remark 72). In the bases 2 and 3 every m is
covered (Theorem 64).

7. BASES TWO AND THREE: THE DEEP-SHIFT LIFT

The constructions so far need large bases. The net of Theorem 45 is a (0, 3k, 3)-net in every
base, but its separation bound needs ¢ > 4; the other residues need large primes (Corollary 57).
The bases two and three, the most common ones in practice, need another idea.

Remark 59 (Why s = 3, and base two). A (0,m, s)-net in base 2 with m > 2 requires s < 3
[46, Cor. 5.11]; for digital nets over rings see [39, Thm. 2]. So s = 3 is the largest dimension in
which one set of integer generator matrices can give t = 0 in every base (for dimension s see
the text after Lemma 10). In the frame language of Section 3: ¢ = 0 in every base needs places
whose pairwise differences are £1; {0, 1} is the largest set of integers with this property (in the
language of exceptional units [36]), and the place oo gives the third coordinate.

In base b € {2,3} we therefore build the nets recursively, m — m + 3, from a finite seed. Each
step adds one digit at the top of every coordinate and two at the bottom. The three new top
digits form a (0,3, 3)-net in base b, so they split the cube into b> top bozes of side 1/b. Every
top box receives a copy of the old net, and the two new bottom digits are jitter. Neighbouring
copies differ by digital shifts that change only the lower half of the old digits. The upper half of
every old point therefore never changes (it is frozen), and the separation that the old net has at
the scale of its upper half survives every later step. This is the mechanism of the introduction
again, with the old net in the role of the lattice and the shifted lower digits as jitter (Figure 9).

Setting. Let b be a prime and mo > 1. A digitally shifted digital (0,mg,3)-net over Fy is
aset P={{(n) =Cn+7:nelF"} with C = (C;,Cy,C;), Cc € F"0™ and a shift
TE Fgmo; a point has the three digit vectors {.(n) € F;", most significant digit first. For a pair
of coordinates (¢, ) € {(y,2), (,y), (z,2)} let Pow = {(Cen,Con) :n € F)0} CFY x F™, an
mo-dimensional subspace (a digital (0,mqg, 2)-net). For 1 < e < mg let Z, C Fy" x F}" be the
vectors that vanish on the first e digits of ¢ and on the first mg+ 1 — e digits of ¢’. Since the map
from P, to the first e digits of ¢ and the first mo — e digits of ¢’ (the box of shape (e, mg —e)) is
injective, P.o. N Z, =0, so H. = P.. @ Z, is a hyperplane; let )\gcl be a nonzero linear functional
with kernel H.. A point of P.. +ts, t # 0, and a point of P, fall into the same elementary box
of shape (e,mo+1—e) only if s € H; so )\EC/(S) # 0 says that adding multiples of s to the pair
(¢, ') creates no collision in boxes of that shape.
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Definition 60 (Deep-shift lift). Let P be as above, 0 < D, and let s4,sp € Fgmo vanish on the
first D digits of each coordinate, i.e. change only the deep digits, those of index > D. They are
separating if, for every 1 < e < my,

NE(E) #0, AY(sE) #0, A (s —sa)™) £0,

where s° is the restriction of s to the coordinates ¢, ¢. The lift Lp (P) is the set of b™0F3 points
with index (n,a, 81, B2) € Fm0+3 whose coordinates have the mg + 3 digits

r: « } ( +Sﬂ } /625 ﬁlu
y: a+pB | (&n )+5,8y | B1+ B2, P, sg = B1sa + B28B,
Z a+ﬁl+52 } +Sﬂ ‘ /Bla BQa

one top digit, mqg block digits and two ]ztter digits. The shift 7 of P stays in the block digits, so
Lp(P) is again a digitally shifted digital net over F,.

Lemma 61 (Lift). Let P be a digitally shifted digital (0,mg,3)-net over Fy.
(A) If sa,sp are separating, then Lp(P) is a digitally shifted digital (0, mg + 3, 3)-net over
F,.
(B) If 2D < my, separating s4, sp exist.

There are mg conditions for each pair of coordinates, one for each e. Each A, involves a deep
digit, and 2D < mg makes these deep digits distinct, so the conditions can be met independently.

Proof. (A) Let (ds,d,y,d.) be a box shape with > _d. = mo + 3; by Lemma 1 it suffices that
the box map, from the index to the prescribed digits, is injective. All d. > 1. The top digits
(a,a + B, + By + B2) determine («, 3). The remaining depths d. — 1 sum to mg and are at
most mg each, so no jitter digit is prescribed, and what remains is an mg-box of the shifted net
P + sg, which is injective. Ezactly one d. = 0, say d, = 0 (the cases d, = 0, d, = 0 are the
same with the pairs zz and xy). The top digits of y and z fix @ 4+ 81 and 32, and the remaining
index is (n,¢) with ¢ = (;; the block digits of (y, z) are those of P, + const +¢s% . If d, —1=e
and d, — 1 =mg+ 1 — e with 1 < e < my, injectivity on (n,t) is injectivity of the projection to
the first e resp. mg + 1 — e digits on P, + Fys’’; it holds on P,. by the (e, mg — €) box, and
for ¢ # 0 a collision would put s in H, = ker A¢*, which the separating condition excludes. If
dy, = 1 or d, = 1, the other coordinate reads all of its block and one jitter digit, 51 for z and
B1+ B2 for y, which determines ¢, and then the block determines n. For d, = 0 the pair is (z, z)
with the line sp — s4 and the jitter digits (2, 51; for d, = 0 it is (z,y) with sp and B2, 51 + Po.
Two d. = 0. One coordinate carries all mg + 3 digits: its top digit, its block (a bijection in n
for fixed 8 = (f1, 52)) and its two jitter digits, which are a bijection of F% onto (B1, f2) in every
coordinate.

(B) The functional A\, = A%’ vanishes on Z., so it is supported on the first e digits of ¢ and the
first mgo + 1 — e digits of ¢. Its coefficient on digit e of ¢ is nonzero: otherwise A, would live on a
window of e — 1 plus mg+ 1 — e digits, onto which P, projects bijectively (the (e—1,mg+1—e¢)
box), and vanish on P, hence be 0. Likewise its coefficient on digit mg+ 1 — e of ¢ is nonzero.
If e > D, digit e of ¢ is deep (index > D); if e < D, digit mo+1—e>mog+1—D > D of ¢ is
deep. So each A, has a nonzero coefficient on a deep digit, its own: digit e of ¢ if e > D, digit
mo+1—eof ¢ if e < D. In any vanishing linear combination, the term with the largest e > D
(or, if there is none, the smallest e) is the only one that sees its own digit, so its coefficient is
0; by induction all coefficients are 0. Hence the restrictions of Aj,..., Ay, to the deep digits are
linearly independent, and the deep parts of s?f can be chosen with \Y*(s Zf) =1 for all e, those
of s3 with \e¥(s%) = 1; the conditions on (sp — s4)"* involve the still free deep digits of (s4)y
and (sp)., and are solved in the same way. O
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A deep-shift chain is a sequence Pp,, — Ppo43 — -+ of lifts Ppy3 = Lp,(FP) with 2D, < ¢,
where P, has b’ points (the resolution ¢); its canonical continuation from a resolution £, on
uses Dy = |£/2]. For a resolution L write A = bl/2) (the number of values of the top |L/2]
digits) and W = bL—LL/2] | read the coordinates of a point of P, as integers X, € [0,b%), and let
tc = | Xc./W] be the integer of its top |L/2] digits. Put

o 2 —
v = mll’l Zmax |tC ) - tc(p/)|A - ]-) ) gL = W\/ vy, b 2L/3a

with |- |4 the distance to the nearest multiple of A; v} is an integer, computable from Py, alone.
It is the smallest squared toroidal distance between the top halves of two points of Py, in units
of W, after one unit per coordinate is subtracted for the unknown lower half; g7 is the same
quantity normalized like SN'1/3.

Lemma 62 (Freezing and separation). Let P, — Pri3 — --- be lifts whose depth parameters
satisfy D350 > | L/2] + j' for every j' > 0 (for instance the canonical continuation). Then for
every j > 0 the toroidal (hence also Fuclidean) minimum distance of Ppy3; satisfies

N3 > min(gL, bL/?’—Wb_QL/?’).

Fach lift prepends one digit, so the old top half moves one digit down; this is why the depth
must grow by one per step. In the bound, the first term covers two points that come from
different points of Pr, and the second two copies of the same point, which differ in a top digit.

Proof. Freezing. By induction on j, Pry3; is the set of points whose coordinate ¢ has the digits
me(uw) | (p+n(u))e | lowe(u), where u € IF,?;] collects the new index digits, u — w(u) = (m.(u)). €
Fg’j is a bijection (j top digits per coordinate), p runs over Pp, n(u) is a digitwise shift of the
L block digits, and low(u) has 2j digits per coordinate. The lift at resolution ¢ = L + 3j’
shifts only digits of index > D, of its own block, in which the block of P, occupies the indices
j" 4+ 1,...,7 + L; so it touches block digits of index > D, — j' > | L/2] only, and never the j’
top digits before them. Hence n(u) vanishes on the top |L/2] digits of every coordinate: these
are frozen, equal to those of p.

Separation. Measure in units of b=(L139)p27 5o that the torus has period bt/ and a point
has coordinates 7.(u)b” + t.(p)W + e. with e. € [0,W). Two points with different p # p':
reducing modulo b%, which divides the period, does not increase toroidal distances, and modulo
bY = AW the difference in coordinate c is (t.(p) — to(p'))W + (e. — €), of toroidal size more
than W (|te(p) — te(p')|a — 1); so their distance is at least W/v}. Two points with the same p
and different u: some 7. differ, while t. agree, so coordinate ¢ differs by (7. — 7.)b" + (5c —el)
with 7. # 7. (mod b/), of toroidal size more than b* — W. A distance of x units is b~ %~7 in
[0,1)3, and N3 = pL/3+7 5o §N1/3 is the distance in units times b—25/3, O

The bound does not depend on j, nor on the shifts chosen after resolution L: one exact
computation at the resolution L certifies every larger m = L (mod 3), and finitely many exact
computations certify the resolutions between the seed and L.

For the every-shift part of Theorem 64 below we need the same certificate for every digital
shift. A digital shift adds digits without carries, so it can change the integer difference of two
digit vectors; the following lemma computes the worst case exactly.

Lemma 63 (Every digital shift). Ford € F} let uy(d) be the least toroidal distance | X' — X|pn
(the distance to the nearest multiple of b™) over the integers X € [0,b"), where X' has the digits
of X plus d, digit by digit modulo b. Let H = |L/2].
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(a) Under the hypothesis of Lemma 62, for every j > 0 and every digital shift T of Pr43;
(Definition 7),

(Pr43; &) N3 > min(W\/ng—QL/?’7 pL/3 _ Wb_ZL/?’),

where v§ = mina >, max (0, up(Ac) — 1)2, the minimum over the differences A =
(Ag, Ay, A;) of the top H digits of two distinct points of P, (A =0 allowed, with weight
0).

(b) For every digitally shifted digital (0, m,3)-net P over [y,

min§(P @ 7)? = b~ 2™ mAin S bm(Ae)?,

the minimum over the digital shifts T and over the nonzero digit differences A of two
points of P (toroidal distances).

Proof. For a pair of points with digit difference A, coordinate ¢ of the shifted pair has the digits
X and X.+A., where X is coordinate c of the first point plus 7.. As 7 varies, (X, X,, X,) runs
over all triples of digit vectors, independently in the three coordinates, so the minimum over 7 of
the squared distance of the pair is " miny, | X/ — X.|%. This gives (b). Since ¢ — max(0,¢—1)?
is nondecreasing, the same argument gives v§ = min. v} (P, & 7’) over the digital shifts 7’ of
Pr,. For (a), write the points of Ppri3; as in the proof of Lemma 62. A digital shift 7 keeps
u +— 7(u) + 7 a bijection, where 7, are its digits on the top j digits, and adds the same
vector Tp to the block digits of every point. So Pry3; @ 7 has the structure used in that
proof, with P, replaced by the digitally shifted copy Pr, @ T the top H block digits of every
point are those of a point of P, @ Ty, and the proof applies verbatim. The first term is then
W\/vi (Pr, @® Thlk) b2L/3 > W\/qg b—2L/3 and the second term does not involve the shift. O

The quantity s, has a simple description. Write dj, for the digit of d of weight b*. Each
nonzero dj, contributes db* or (dj, — b)b* to X’ — X, according to whether digit k of X is below
b — dj, or not, and both occur. So p,(d) is the distance, modulo b", from the integer with the
digits d to the nearest number ), g bFt1 S C suppd; the numbers b*t1, k € suppd, are super-
increasing, so the nearest such sum is found greedily. Thus v} is the minimum weight, under an
additive weight, of a linear code of length 3H: the top H digits of the differences of points of
Pr, of dimension L when the top-digit map is injective (as at all resolutions used below). It is
computed exactly by enumerating the code words of small weight, in milliseconds even at 23°
points. It vanishes if and only if two distinct points of Pj, share their top H digits or the code
contains a nonzero vector whose coordinates are each 0 or £+(0,...,0,1,...,1). The reason is
the mechanism of Remark 70 in another guise: without a shift, two points whose digits differ
by 0---01---1 are close only if they happen to sit on a carry chain, as d(b—1)---(b— 1) and
(d4+1)0---0 do; a digital shift can put any such difference on a carry chain, and then the two
coordinates differ by one unit.

Theorem 64 (Bases two and three; computer-assisted). Let b € {2,3}. For every m > 1 there
is an explicit digital (0,m, 3)-net Py, over Fy and a digital shift 1., € (F{*)® (Definition 7) such
that the toroidal (hence also Euclidean) minimum distances satisfy

(1) 6(Py, ® Tn) N3 > 0.4129 for b =2 and > 0.3538 for b = 3;

(2) 6(Py) NY3 > 0.1718 for b= 2 and > 0.0770 for b= 3;

(3) (P, @ 7) N3 > 0.1718 for b = 2 and > 0.0770 for b = 3, for every digital shift

T e (F)3.

Per residue m = 0,1,2 (mod 3) the constants are those of Table 5. For m > 9 (b = 2) resp.
m > 6 (b= 3) the nets come from a finite seed by deep-shift lifts: along a fized chain up to the
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b mmod 3 seed resolution certificate resolution L (1) shifted (2) unshifted (3) every shift
2 0 9 30 4250 .4050 .4050
2 1 10 28 4129 4129 4129
2 2 11 20 4209 1718 1718
3 0 6 18 4699 .4699 .1047
3 1 7 22 .3538 .2586 .1651
3 2 8 20 .3676 .0770 .0770

TABLE 5. Theorem 64: lower bounds for N'/3 per residue class, for all m in
the class (including the explicit nets below the seed resolution, whose values
are larger), truncated. One certificate resolution L serves all three columns. The
certificates of (1) and (2) were reproduced exactly by two independent imple-
mentations, one of which the scripts of the software deposit (Appendix G) rerun,
and so were the integers v} of (3). Columns (2) and (3), apart from the entries
14699 and .2586, are also checked in the Lean kernel, with the nets and the cer-
tificates v ; column (1) is checked by these programs only (Section 14). The nets
at the certificate resolutions have up to 23° points; v} is computed by grouping
the points by their top digits, using that the groups are digit translates of one
linear set (the structure in the proof of Lemma 62), and v} as a minimum code
weight (after Lemma 63).

certificate resolution of Table 5, then by any continuation with Dy = |£/2]. For smaller m they
are explicit nets with exactly computed minimum distances.

Proof. For the lifted resolutions: Lemma 61(A) gives the net property at every resolution,
Lemma 61(B) the existence of the continuation, and Lemma 62 the bound §N/3 > g; for
every m > L in the residue class of a certificate resolution L, once the finite certificate v} is
known and the proviso g < bL/3 — Wb—2L/3 holds. The finite part is an exact computation
on explicitly given nets: the ¢ = 0 property of the seeds and of the nets at the certificate reso-
lutions, the integers v} (with the proviso, which holds by a wide margin), the exact minimum
distances at the finitely many resolutions between the seed and L, and, for m below the seed res-
olutions, explicit digital (0,m, 3)-nets with their exact minimum distances (all above the stated
constants). The constants are the minima of these exact values, truncated. Without the shift
the same matrices are used: Lemmas 61 and 62 never use the shift, and only the certificates
change. For (3), Lemma 63(a) gives the bound for every digital shift and every m > L from
one integer v}, computed at the same certificate resolution L (the proviso holds again); at the
finitely many resolutions below L, and for the explicit nets below the seed, the exact minimum
of §(Py, @ 7)N'/3 over all 7 is computed by Lemma 63(b). O

The shifts in (1) are explicit, one per m: the shift of the seed, carried into the block digits
by each lift. The definitions of [11] need only a family indexed by m, so the shifted nets are
well-separated families of digitally shifted digital nets in their sense (Corollary 71). Part (3)
holds for every digital shift (Lemma 63). Its constants are those of (2) in base two and, for
m = 0, 1, lower in base three, where a shift can place a digit difference 0---01---1 of two points
on a carry chain. Digital (0,m, 3)-nets in base 2 were classified by Hofer and Suzuki [30]; here we
need only explicit seeds and the lift. Propagation rules for digital nets [14, Sec. 4.2, 4.4] control
the quality parameter ¢, not distances; the lift is a propagation rule m — m + 3 at ¢t = 0 that
also carries a separation certificate.
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(a) b=3, m=9: slab z€ [1, 1), (z,v)

(b) one top box, (a, 81, 32) =(1,1,2)

(c) digits of the marked point
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FIGURE 9. The deep-shift lift (Definition 60) in base b = 3: the digitally shifted
(Definition 7) (0,9, 3)-net of Theorem 64(1) for m = 0 (mod 3), one lift of the
m = 6 seed. A point has one top digit per coordinate, 6 block digits (a copy of
a seed point shifted below block depth [6/2] = 3) and two jitter digits; the top
digits (cv, v 4+ 1, + B1 + B2) select one of 27 top boxes (side 3). (a) The slab
z € [%, %) projected to (z,y): 729 points, one in each box of side 373; the nine top
boxes (thick) carry the same frozen pattern. (b) The top box («, f1, 82) = (1,1, 2)
(dashed in (a)): each point (dot) lies in the frozen box of side 37* (shaded; open
circle at its corner) of exactly one point of the seed copy (plus signs), i.e. the box
fixed by the top digits of that point, which later lifts never change; grey segments:
the jitter, i.e. the deep block digits and the two jitter digits. (¢) The nine digits of
the marked point of (b). Computed, exact: the net is a (0,9, 3)-net over Fg, and
its toroidal JN'/3 is 0.5291, above the floor 0.4699 of Theorem 64(1) for m = 0
(mod 3) (0.3538 for all m; the seed has 0.5562).

Remark 65 (Why every-shift certificates vanish at some resolutions). Along the chains the
every-shift certificate v] vanishes at many resolutions (for b = 3, m = 0, at every resolution
below 18; computed), and it is positive at the six certificate resolutions of Table 5, all of them
even. Two facts explain the pattern. (i) Parity. If L is even and v} = 0, then v} 5 = 0 for every
lift Pr3 of Pr. Indeed, the indices (n,0,0,0) of the lift (Definition 60) give points with top digit
0, block digits those of Pr, and jitter digits 0, so the top |(L + 3)/2| = H + 1 digits of their
differences are 0 followed by the top H digits of the differences of Pr. For such differences the
toroidal ppy1 of the extended vector is at most the plain (non-toroidal) value of the original
one, and a vector +(0,...,0,1,...,1) has plain value 1; so a vanishing certificate at L gives one
at L + 3. For odd L the window of Pr 3 gains one more block digit, so a certificate can first
become positive only at an even resolution. (ii) Dichotomy. If v7 = 0, then along every lift chain
from Py, every m > L in the class has min, 5(Pm697')N1/3 < 2¢/3bL/21-2L/3 Indeed, the indices
whose new digits are all 0 embed Py, into P,,, with top and jitter digits 0, and a difference whose
top window is 0 or £(0,...,0,1,...,1) in each coordinate can be shifted to have each coordinate
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below 2W in the units b~ &+ of the proof of Lemma 62, m = L + 3j. So, for a chain frozen
from every resolution, a floor kN~/3, k > 0, that holds for every shift from some resolution
on exists if and only if v7 > 0 for some Lj; if the certificate vanished at infinitely many L, the
every-shift separation would tend to 0. For the nets of Theorem 64 the certificate is positive at
every certificate resolution (Table 5), so no shift makes their separation decay.

The six seeds are printed in Table 14 (Appendix D); the chains, shifts and small-m nets are
data of the deposit, whose scripts rerun the certificates of Table 5 (Appendix G).

8. THE QUESTION OF DICK, GODA AND SUZUKI

This section relates the results of Part I to the definitions of [11]: low discrepancy, separation
in their sense, digital shifts, and the maximum norm.

Remark 66 (Low discrepancy). All nets in this paper are (0, m, s)-nets in base ¢: every elemen-
tary box of volume ¢~ contains exactly one point (Lemma 1). This is a property of the point set
alone, whatever ring the net is digital over, so Niederreiter’s discrepancy bound for (¢, m, s)-nets
in an integer base [46] applies: D} < C;4(log N)*™1/N + O, 4((log N)*72/N) for N = ¢™, with
Cs,q independent of m. So all our nets have low discrepancy in the sense of [11, 10], and the
question of Dick, Goda and Suzuki reduces, for these nets, to separation. The same holds for
digitally shifted nets, which are again (0, m, s)-nets (Lemma 67).

8.1. Digital shifts.

Lemma 67 (Shifted graph forms). Let P be a graph form over 7Z/qZ with depths k and blocks
®, and T = (r¢N, 7% @ digital shift (Definition 7), split into its digits on the cell digits and
on the offset digits of each coordinate. Then P & T is the set of points whose coordinate ¢ has

the digits n. followed by >, ®cana + Ye, n € [[.(Z/qZ)ke, where v, = 7% — 3", ®eqrsel. In
particular n is the cell of the point, every cell holds one point, P & 7 is a (0,m,s)-net if P is,
and for two points in the cells n,n' every offset digit difference is congruent to the corresponding
entry of ®(n’ —n) modulo q, as for P.

cell

Proof. Substitute n = n—7°" and index the shifted point by 7. The shift maps every elementary
box of shape d bijectively onto one of the same shape, since it shifts the first d. digits of coordinate
c. ]

So a shifted net is an affine graph form: offsets ®n + v with a constant v. Lemma 4, Proposi-
tion 115 and the skeleton lemmas of Section 5 hold for affine graph forms with the same proofs,
since they use only differences of digits.

Proposition 68 (Every digital shift). Lemma 4 holds verbatim, with the same bound, for every
digital shift of a graph form that satisfies (H1) and (H2). Consequently the lower bounds on the
separation in Theorems A, 45, 33, 35, 56 and 116 and in Propositions 19 and 115 hold for every
digital shift of the respective nets (in Theorem 33(2) the occupied fine cells form a coset of the
lattice), and so does the first-order sharpness in Theorem A(2).

Proof. By Lemma 67 the shift only adds the constant v to the offsets. The proofs use the cells
(the step and its carries), the residues of digit differences, the facts that a digit difference lies in
(—q, q) and vanishes if its residue does, and |f’ — f| < 1; the constant cancels in every residue,
and in Lemma 4 the deeper digits of a coordinate whose own axis alone moves are still equal,
by (H2). Theorem 35 does not even need the re-indexing by the shifted cells: its proof uses
only differences of the skeleton digits. The sharpness argument prescribes the cell digits and the
first offset digits of a pair; in the shifted net these are digits of the unshifted net prescribed in
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translated sets of the same size, so the joint uniformity of the digits of the unshifted net, given
by its t = 0, suffices. O

The nets of Theorem 64(1) carry one explicit shift by construction. Proposition 68 does
not apply to them, because their bounds come from the lift certificates (Lemma 62), not from
Lemma 4; Theorem 64(3) covers every digital shift instead. The per-prime nets of Remark 58 keep
their constants under every digital shift as well (Remark 132). In dimension three, Proposition 68
gives every resolution under every digital shift:

Corollary 69 (Corollary 57 under digital shifts). Let p > 37 be prime. For every m > 3 and
every digital shift, the shifted nets of Corollary 57 satisfy its separation bounds, with the same
constants 0.2715 and 0.4250, and its covering bounds; so they are quasi-uniform along every
N =p™, m > 3, as the Larcher—Pillichshammer nets in [11, Thm. 3.11]. For m > 4 the lower
bound still tends to 1 as p — oco. At m = 3 the nets are the column nets C,, whose three
coordinates share the second and third digits, and the bound depends on whether the shift keeps
them shared:

(a) for every shift, SN'/3 > 0.4693;

(b) if the shift digits of the three coordinates agree at the second and at the third digit, the
exact value of Theorem 49(2) holds;

(c) if they agree at the second digit, SN'/3 > 1 — (Tp — 3)/(V/3p?);

(d) otherwise 1/v/3 —7/(v/3p) < SNY3 < 1/v/3 +5/(\/3p).

Proof. A digital shift keeps one point in every cell and keeps t = 0 (Lemma 67), which is all
the covering bounds use, except for the mesh-ratio constant 4.264 of Corollary 57, which comes
from Theorem 33(3); at m = 3 this gives h < V3N~1/3 1In the shifted net the occupied fine
cells form a coset g + Ay (Proposition 68), and the proof of Theorem 33(3) runs with its target
residue moved by g, — >, 0%, ,; this is not a translation of the unshifted construction, since the
target cell must stay in range. For m > 4 the separation bounds of Theorems 45, 56 and 33 used
in Corollary 57 hold for every shift by Proposition 68. For m = 3 Proposition 52 gives the lower
bound 0.4693 > 0.4250, the exact value and the bound for agreeing shift digits, and otherwise

the two bounds %( — % + 1%) and %(1 + 3““% — 1%) with W < 4 and wpax < 2, which
lie in the stated interval. O]

So only the limit changes, and only at m = 3: with unequal shift digits at the geometric digit
SN'/3 lies within 7/(v/3p) of 1/v/3. The reason: a digital shift adds a different constant to the
shared digit in each coordinate, so the three coordinates no longer wrap at the same cells, and
a step across a wrap of one coordinate alone has length about 1/v/3 (Remark 99).

Remark 70 (Shared digits under shifts). So the exact value of Theorem 49 does not extend to
all shifted nets: if the shift digits of the three coordinates of C, at the second digit are not all

equal, then for every ¢ > 11, prime or not, the shifted net has N1/3 < %(1 + SJF“’% — q%),

below the value of Theorem 49 (Proposition 52(3)). For each coordinate, the set of values of the
shared digit at which a step wraps (its wrap window) is translated by that coordinate’s shift
digit; unequal shift digits give distinct windows, so some cell wraps in exactly one coordinate,
and its step along that axis gives the pair qa.1 + Aj at integer scale. In general a digital shift
translates the wrap windows independently in each coordinate. Bounds certified with arbitrary
wraps (Remark 99) therefore survive every shift; bounds that use locked wraps, wraps that are
correlated across coordinates, need not. The nets 7, and W, of Part II are of the second kind
(Remark 108).
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8.2. Well-separated families. In [11] a point set is k-separated (k as in [11]) if no (toroidal)
shifted elementary interval with s digits in every coordinate contains two of its points [11,
Defs. 3.1-3.3], and a family (P,,)mer on an infinite set I of resolutions is well separated if Py, is
Km-separated with k,, < m/s+ O(1) [11, Def. 3.8] (in [11] the dimension is d).

Corollary 71 (Well-separated families in the sense of Dick, Goda and Suzuki). Let s > 2 and
q > 2 be integers and I C N infinite, and for m € I let Py, C [0,1)% be a (0,m,s)-net in base
q whose toroidal minimum distance satisfies & > cq~™*, with ¢ > 0 independent of m. Then
every Pp, is km-separated and toroidally k,-separated in base q [11, Def. 3.3], with
Km = [E+logq£-| < E+logq£—|—l,
s c s c
50 (Pm)mer is a well-separated and toroidally well-separated family on I [11, Def. 3.8]. In
particular:
(1) the nets Py q of Theorem 45, for every integer ¢ > 4, are (k + 1)-separated, i.e. Ky, =
m/3+1onl={3k:k>2};
(2) the nets of Theorem A(2) are (k+ 1)-separated on I = {sk : k > 1};
(3) the nets Hj , of Theorem 116 are (k+1)-separated for every prime p > max(2s,2B;+4)
(two more than in Theorem 116; see Step 3 of the proof) and every k > 1;
(4) the nets St of Theorem 33, with m = sk+s—1, are (k+1)-separated, i.e. K, = [m/s],

k.p,p
if (p—1)2 > s (for p= |p'/*] this holds when p > ([\/s] +1)%), and (k + 2)-separated
otherwise;
(5) for every prime p > 37 the nets of Corollary 57 are (|m/3] + 1)-separated for every
m > 3.

All of these hold toroidally as well, and for every digital shift (Definition 7) of the respective
nets. For prime q the nets are digital nets over F, in the sense of [11, Def. 2.1]; this covers
(3)-(5) entirely and the prime instances of (1) and (2). For composite q the nets of (1) and (2)
are digital over Z/qZ, which is not covered by [11, Def. 2.1]; Definitions 3.1 and 3.2 of [11] are
stated for every integer base b > 2, and we read Definitions 3.3 and 3.8 in the same generality.

Proof. Step 1 ([11, Lemma 3.7], with strict inequality). Let P C [0,1)° be finite and x > 0,
and suppose every two distinct points of P have toroidal ¢*°-distance at least ¢~ ". A toroidal
shifted elementary interval jqa’e with £ digits in every coordinate, ¢ = (k,..., k) [11, Def. 3.2],
is contained in a product of sets I; mod 1, where I; = [, oj +¢") is half-open. If z,y € jc,w,
then for each j there are z,2’ € Z with x; + 2z, y; + 2’ € I;, so min(|z; — y;|,1 — |z; — y;]) <
|(z; +2) — (yj + /)| < ¢7", and hence = y. So P is toroidally k-separated. A non-toroidal
interval Je 4 gives the same bound for |z; — y;|, which is at least the toroidal distance, so P
is also k-separated. This sharpens the contrapositive of [11, Lemma 3.7] to the strict bound
doo(P) < 1/(2¢") for non-separated P, where ¢oo(P) is the separation radius of [11] in the
maximum norm; the strictness comes from the intervals being half-open.

Step 2. For distinct x,y € P, the toroidal coordinate distances t; satisfy Zj t? > 82, so
max;t; > §/\/s > (c/y/s) g ™/* > ¢~"m by the choice of k. Since toroidal distances are at
most 1/5/2, we have cq~"™/% < \/5/2, 80 Ky, > 1. Step 1 gives the separation, and i, — m/s <
1 +log,(y/s/c) is bounded, which is the condition of [11, Def. 3.8].

Step 3 (the families). By Step 2 a net with § > ¢~ " is k-separated as soon as 6 > /s. (1)
m = 3k and 6 > c(q)qg~* (Theorem 46); with x = k + 1 we need qc(q) > V/3, i.e. min{(q —
1)2,(¢ — 2)% + (¢ — 4)%,3(g — 3)?} > 3, which holds for ¢ > 4 (with equality at ¢ = 4). (2)
§ > (1—a¥/q)q~*; with k = k+1 we need ¢—a® > \/s. From ¢ > 5a* +4 we get g—a’ > 2(q+1),
and from Ipf(q) > s—1weget ¢+ 1> s,s0q—al> %52 Vs for s > 2. (3) § > c,p~ " with

(S
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¢p = min(v/s(2 — ), V2(1 — ¢)) and €, = (Bs + 1)/p; with k = k + 1 we need pc, > /5. If

p > 2B, +4, then V51 —)p = 4 (p— 2B, —2) > /5 and v2(1 — 6,)p > p/v2 > V25 > /5,
since €, < 2 and p > 2s. (4) m = sk+s—1and § > (p— 1)p~*+Y (Theorem 33(1)); k = k + 1
needs p — 1 > /s, and otherwise k = k + 2 needs (p — 1)p > /s, which holds as p > 25. If
p> ([v/s]+1)% then p = [p*/*| > [\/s]+1. (5) m = 3: 6 > \/2/3p~" (Theorem 48), and x = 2
needs p\/% >+/3,ie.p>3/vV2.m =3k, k> 2:part (1). m=3k+1:6 > (02—4)p_(k+1) with
p maximal subject to p%(p + 1) < p (Theorem 56), and p > 37 gives p > 3,50 p> —4>5> /3
and k = k + 1. m = 3k + 2: part (4) with s =3 and p = [p'/3| > 3,50 (p —1)> =4 > 3 and
k =k + 1. In every case k,, = |m/3]| + 1.

Digital shifts. By Proposition 68 the separation bounds used in (1)—(4) and, for m > 4, in (5)
hold for every digitally shifted net. For m = 3, Proposition 52(3) gives 6 > %( — % + z%) p!
with W < 4, and k = 2 needs p? — (W + 6)p + 3 > 0, which holds for p > 10. O

The nets of Theorem 64, with their shifts, are digitally shifted digital nets over Fy, b € {2, 3}, in
the sense of [11, Def. 2.2], so the corollary applies to them as well, with &, = [m/3-+log,(v/3/c)]:
for every digital shift with the constants ¢ of part (3), and with the larger constants of part (1)
for its explicit shifts. Likewise the per-prime nets of Remark 58, with the constants of Table 10,
are well separated under every digital shift (Remark 132).

Remark 72 (Finitely many resolutions). Definition 3.8 of [11] constrains only m € I, and finitely
many further resolutions can be added at no cost. If @ C ¢7™Z*N[0,1)® is a (0, m, s)-net in
base ¢, the elementary boxes of shape (m,0,...,0) each hold one point, so the first coordinates
of the points are distinct elements of ¢~™ZN[0,1) and any two of them have toroidal distance at
least ¢=™; by Step 1 of the proof of Corollary 71, Q is m-separated and toroidally m-separated.
Adding finitely many such m to I changes the O(1) of [11, Def. 3.8] by a constant. In dimension
three digital (0,m,3)-nets over Z/qZ exist for every integer ¢ > 2 (over I, for every prime p)
and every m > 1: by Lemma 10, whose proof does not use m = 0 (mod s), every box minor of
the frame of the places 00,0, 1 is £1, a unit modulo every g, so the frame is one (Lemma 1; see
also [46, Thm. 6.2, Cor. 6.3] and [14, Sec. 8.2]), and trivially for m = 0. Together, Theorems 45
and 49, Corollary 57, Remark 58 and Theorem 64 cover all but finitely many m in each prime
base with a constant independent of m; with the frame nets for the remaining m they give well-
separated families on all of N, in every prime base. The same holds under every digital shift: the
constants survive every shift (Proposition 68, Corollary 69, Remark 132 and Theorem 64(3)),
and a digitally shifted (0, m, s)-net is again a (0,m, s)-net on the grid ¢~"Z° (Lemma 67), so
the argument above applies to it.

8.3. The maximum norm. [11] measure separation and mesh ratios also in the maximum
norm. Since ||z||oo > ||z||2/Vv/3, the Euclidean bound gives do > (1 — 1/q)q*//3 for the nets

of Theorem 45; the sign analysis in the proof of Theorem 46 gives more:

Proposition 73 (Maximum norm). Let g > 4, k > 2. For every digital shift T, any two distinct
points of Prq ® T have toroidal {>°-distance at least (1 —3/q) q *. Hence the (> mesh ratio of
Pr.q © T in the sense of [11], toroidal or not, is at most 2q/(q — 3), and Prq ® T is toroidally
(k + 1)-separated [11, Def. 3.3].

Proof. By Proposition 68 the proof of Theorem 46 applies to Py 4 @ 7. In its sign analysis every
step has a coordinate with |A;| > 1 — 3/q (= B3 in that proof): an own-axis step has (31; for
v =2, (iv) gives a backward coordinate with |o| < 1 or o = 0; for v = 3, a forward coordinate or
a backward one with |o| = 3 forces a backward one with || < 1 by (ii), (iii), and otherwise all
three are backward with |o| < 2. One point per cell gives hoo < g%, and (1 — 3/q)qg™* > ¢~+1
for ¢ > 4; the separation statement is Step 1 of the proof of Corollary 71. O
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The constant 3 is the exact £°° value of the relaxation of Lemma 4 for this geometric layer,
attained at the step e = 1 with three carries. For a dominant design (Proposition 19) every
moving coordinate is backward with |o;| < 2a, so the same argument gives d» > (1 — (2a +
1)/q) ¢~ % and an £ mesh ratio at most 2¢q/(¢ — 2a — 1) for every ¢ > 2a + 2 and every digital
shift, in particular below 10/3 for the nets of Theorem A(2).

The sequence question. All nets here depend on m; they are not prefixes of one sequence, and
the question of [11] for sequences (a sequence whose first ¢ points are well separated for every
m, [11, Def. 3.8]) remains open in dimension s > 3 (Remark 123(10)).

Part II. Separation constants

Part I proves bounds 6N/5 > ¢ with explicit constants c. Part IT asks how large ¢ can be. At
the resolutions m = sk the bounds of Part I have the form 1 — K/q, and for a family of nets
with ONV* =1 — K/q+ O(q~?%) as ¢ — oo we call K its first-order deficit, or simply its deficit.
Sections 9 and 10 bound the deficit from above for given designs and from below for whole
classes of nets. Section 11 explains the deficits é and % of the column nets, whose geometric
layers have entries of size about ¢/3. Section 12 shows why the cubic value 1, the value of Z*
with one point per cell, is a natural barrier when the cells are cubes, and Section 13 goes beyond

it.

9. THE FIRST-ORDER DEFICIT: CERTIFICATES AND CEILINGS

This section works with designs. Its first subsection turns the one-digit relaxation into a num-
ber, the certified deficit K(F') of a design F', and shows how a finite computation (a certificate)
proves the bound 1 — K(F)/q at every admissible base (defined after Proposition 75). The
second subsection proves ceilings: upper bounds on 6N/ that hold for a whole class of nets.
The remaining subsections give the designs with the smallest certified deficits that we have, in
dimension four and at k = 1. Section 10 shows why the deficit must grow with s.

9.1. The certified deficit of a design. Remark 5 expands the relaxation LB of Lemma 4 for
a fixed design as 1 — K/q+ O(q~?); we now define this K precisely. Let F = (Fp,...,Fr_1) be a
design with integer partial sums MU). A configuration (e, j) is a step e € {—1,0,1}* \ {0} with
carry depths jg € {0,...,L — 1} on its moving axes, with o; = 3., eaMU4)[i][d] and jit; as in
Lemma 4. A moving coordinate is backward or forward as in Remark 5: a backward coordinate
(e;o; < 0) has its geometric digit move against the step, so its point lands about one cell away;
a forward one has it move with the step, so its point may land almost on that of its neighbour.

Definition 74 (Certified first-order deficit). The cost of a configuration is |op| + jit,, if exactly
one moving coordinate b is backward, 0 if at least two are, and +oo if none is. The certified
deficit K(F') is the maximum of the cost over all configurations, and oyax(F') is the maximum
of |o;| over all configurations and all .

The cost counts, in units of 1/q of a cell, by how much the step falls short of a full cell at first
order. A one-axis step along a with carry depth j has cost af) = —MO [a][a] if this is > 0, and
+o0 otherwise. For a dominant design (Proposition 19) every moving coordinate is backward,
so K(F) = max, a,, the number a of Proposition 19. Both K (F') and omax(F') are maxima over
the (2L + 1) — 1 configurations, and oyax(F) = max; >, max; [M[i][d]|. The certified deficit
is an upper bound for the deficit of every family of nets that realizes F' (Proposition 75); it need
not equal it.
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Proposition 75 (Certificate for all large q). Let F' be a design with K = K(F) < oo and
Omax = Umax(F), and put

V2(Omax + 1) — K'D
V2-1 ’

Then LB > 1 — K/q for every q > quait(K, 0max), where LB is the relazation of Lemma 4 for F

or for any truncation (Fy,...,Fr_1), L' < L.

Qtail(K’ Umax) = max (Umax + 1’ ’V

Proof. Fix a configuration and let ¢ > gtail, SO ¢ > omax > |o;| for all i. For a moving backward
coordinate i the bound b; of Lemma 4 is ¢— |o;| —jit; > 0: fore; = 1 and —¢ < 0, < 0, 7; = q+0;
and the two options give |¢+t| € {29 — |oi|, ¢ — |oi|}; for o; = 0 the only option gives ¢; e; = —1
is symmetric. If at least two coordinates are backward, Y, b7 > 2(q — omax — 1)? > (¢ — K)?,
because \/i(q — Omax — 1) > ¢ — K is the second condition on gy (and K < opmax + 1 < ).
If exactly one coordinate b is backward, Y. b7 > (¢ — |os| — jit,)? > (¢ — K)?. No backward
coordinate is excluded by K < oo. So every configuration gives (3°,0%)1/2/q > 1 — K/q. The
configurations of a truncation are among those of F', with the same o (Lemma 4, capped carry
depths), so its LB is at least that of F'. O

For a dominant design K = a and opay < 2a, and giapn < [((2v/2—1)a+v2)/(v2-1)] < 5a+4
for a > 1: Proposition 75 is the proof of Proposition 19 without the dominance hypothesis. It
turns every statement “LB > z for every admissible ¢ > ¢¢” about a fixed design into a finite
computation (a certificate): K(F') and opyax(F'), and the exact value of LB at the finitely many
admissible ¢ < max(qai, K/(1 — x)). Here the admissible bases of a design are those for which
Corollary 15 gives a net, ged(q, DD’) = 1 (Definition 14); on the places 00,0, 1,...,s — 2 they
satisfy Ipf(q) > s — 1. This is how the thresholds below are certified.

The relaxation never certifies a deficit below 1:

Lemma 76 (The relaxation stops at one). Let F' be a design with some nonzero off-diagonal
entry Fyla][b]. Then K(F) > 1.

Proof. Write M = Fy and consider the carry-free steps e = e, + cep, € = £1, along which only
a and b move, with o, = My, + My, and €0y, = My, + e My, . If for some € at most one of a, b is
backward, that configuration costs at least jit = 1, or +00. Otherwise My, + My, < 0 for both
signs, so My, < —|Mg| < —1, and the one-axis step along a without carry costs —My, > 1. O

By Lemma 98(ii) (Section 12) the off-diagonal entries of the geometric layer of a digital
(0, sk, s)-net are units modulo ¢, hence nonzero. So for every design with |Fy| < ¢/2, whose
geometric layer is Fp, the bounds of Lemma 4 and Proposition 75 certify at most 1 — 1/q at
first order. This concerns what the relaxation certifies, not the true distance; ceilings for the
true distance are Corollary 78 and the results of Section 10. Deficits below 1 need layers whose
entries grow with ¢; for the column nets of Section 6.5 the minimum distance is determined in
closed form instead (Theorem 49, Section 11).

9.2. The first-order ceiling. The idea of the ceiling: a step to the neighbouring cell along
an axis a moves coordinate a by about 1 + My, /p cells and every other coordinate u by about
Myq /p, unless a digit wraps; the t = 0 property lets us count cells and find one where the digits
behave as required.

Proposition 77. Let p be an odd prime, k > 2, and let P be a digital (0, 3k, 3)-net over F), with
normalized minimum distance ¢ = SN'/3 (toroidal or not). Let a, b, ' be the three coordinates
T, Yy, z in some order.

(i) If Myo < =1, then ¢ < (1 — 1/p+p' )2 + ((|Mpa| + 1)% + (| Myq| +1)2) /p%.
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(ii) If Maa > 1, then C2 < ((Maa + 1)2 + (|Mba‘ + 1)2 + (|Mb’a| + 1)2)/1)2'

Proof. Let p € {1,...,p — 1} be the least nonnegative residue of (®4q)0 k-1, S0 t = p + Mg
in (i) and p = My, in (ii). Take a cell n with n, = 0 and its neighbour n + e4; only the last
digit of n, changes, so each offset digit of each coordinate changes by a constant modulo p, the
first one of coordinate u by (®yuq)oxr—1. Require (A) the first k — 1 offset digits of a all equal
p—1, and (B) for u € {b,V'}, the first offset digit of u is not in the set W, of the |M,,| digit
values on which adding M, leaves {0,...,p — 1}. Under (A) the first offset digit of a becomes
1 — 1, the next k — 2 (all p— 1) can only decrease, and the remaining digits contribute less than
p7F. So in cell units A, = pu/p + 6 with —1/p < 6 < p'=*. Under (B), the first offset digit of
u changes by exactly Myq, 50 |Ay| < (|Mya| +1)/p. In (i), 0 < A, < 1 —1/p +p*~*; in (ii),
0< Ay < Maa/p—i-pl_k < (Maa+1)/p since k > 2. It remains to find such a cell. The p?* indices
with n, = 0 are parametrized by (ngp, ny ). By the ¢ = 0 boxes (2k—1,k+1,0) and (2k—1,0,k+1)
(order a,b,b'), exactly pF*! of them satisfy (A), and among these the first offset digits of b and
of b each take every value exactly p* times. Hence at most (|[W;|+ |[Wy|)p® < (p — 1)pF < pF+!

of them violate (B), since |Myq| < (p—1)/2. The pair n, n+ e, lies inside the cube, so it bounds
the toroidal and the Euclidean distance. O

Corollary 78 (First-order ceiling in dimension three). Let p be an odd prime and k > 2. Suppose
the first offset digit of some coordinate a of a digital (0, 3k, 3)-net over F), depends on the last cell
digit of a with a coefficient whose centred representative is nonzero, and the coefficients of the
other two coordinates on that digit are bounded by C' > 1 in absolute value. If that representative
is < —1 and k > 3, then SN'/3 < 1 —1/p+7C?/p?. If it lies in [1,C], then SN'Y/3 < 4C/p.
Proof. The coefficient of the corollary is M,,; let \Mba\, |]\Zfb/a] < C,C >1.In (i) of Proposi-
tion 77, with k > 3, put a =1 — 1/p+p1_k >2/3 and = ((‘Mba| +1)2 4+ (|Mb’a| + 1)2)/P2 <
8C2/p?; then ¢ < a2+ 3 < a+ B/(2a) < a + 60C2%/p?, and p'=F < 1/p? < C?/p?, so
c<1—1/p+7C%/p% In (ii), with 1 < Mu, < C, 2 < 3(C +1)2/p? < 12C2%/p?, so ¢ < 4C/p.
(For k = 2 the term p'~% = 1/p cancels the —1/p; hence k > 3.) O
For Py, (M = M), Proposition 77(i) gives ¢ < (1 —1/p+p' )2 +8/p% ie.c<1—1/p+
4/p? 4+ O(p~3) for k > 4 (5/p* for k = 3). So the lower bound ¢(p) = 1 — 1/p of Theorem 45 is
sharp to first order for p > 11. For M, = 0 the same counting (now with 0 < A, < 1+ 1/p)
only gives ¢ < (1+1/p)* + ((|Msa| +1)* + (| Myal + 1)%) /p*.
Corollary 79 (Ceiling in every dimension). Let s > 3, k > 2, and let P be a digital (0, sk, s)-net
over Z./qZ, q > 3, in graph form, with geometric layer M and ¢ = NV/¢ (toroidal or not). Let
a be a coordinate with 3, ., |Mya) < q.

(i) If Maq < —1, then
02 < (1 . |Maa‘ +q1—k)2+z (|Mua| + 1)2
q 7
u#a

(ii) If My > 1, then
2 (Maa + 1)2 + Zu;ﬁa(|Mua| + 1)2 .

< q2 ;
in particular ¢ < /s (C +1)/q if |[M| < C.

C

Proof. The proof of Proposition 77 applies with all counts multiplied by ¢k and A, = w/q+0,
=q+ Mg, in (i), p = My, in (ii) (where 0 < A, < (Mg + 1)/q as k > 2). The boxes used
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have depth 0 off a and the transverse coordinate considered, and total depth < 3k < sk; no field
structure is used; and the union bound over u # a leaves a cell because »_, ., [Mua| < ¢. O

So for a design whose certified deficit is attained by a one-axis step, K(F) = —Fp[a][a],
Proposition 75 and Corollary 79(i) together give NY/* =1 — K(F)/q + O(q~2) for k > 3, and
for £ > 2 when the deeper rows of the diagonal blocks vanish ((H2) of Lemma 4), which removes
the term ¢'~*; this is the sharpness argument in the proof of Theorem A.

Remark 80 (The sign of the diagonal; diagonal zero). Case (i) of the sign analysis in the proof
of Theorem 46 uses the diagonal entry —1 of M: on a step along its own axis a coordinate moves
by 1 —1/q cells, slightly less than a full cell, never slightly more. Replacing it by +1 (in Py 4:
row k of E becomes (Ed), = —d_1 + di, which changes only the entry (®..)or—1) keeps t =0
(Lemma 2(a)), but for odd prime ¢ Proposition 77(ii) caps the minimum distance at O(1/q). If
M, = 0 for all a, Proposition 77 does not apply; heuristically such layers stay below 1 — 1 /D
at first order too, but the argument would need a joint condition on three digits that is not a
single box, and we have no proof (Remark 123(1)).

9.3. Designs with small deficit. The design U} of Theorem A is fixed by a rule (for each
column and carry depth, a short admissible design column reduced against the earlier ones, Defi-
nition 23) and is not optimized for K. A local search over admissible design columns (Lemma 20)
and over diagonals, with K (F') evaluated exactly, gives the designs of Table 6. Its row scalars
are fixed in advance: X' =1 for s = 4, and for s > 5 the values \, | = %, all other X, = 1, a choice
taken over from an earlier search over row scalars for designs with small entries; the other row
scalars we tried did not give a smaller K(F). Each column of the partial sums M) is taken
from a precomputed pool of short admissible columns; a move replaces the column of one pair
(column, carry depth) by another from the pool, flips its sign, or changes a diagonal entry by 41,
and a move is kept if it lowers K (F), or keeps K (F') without raising the number of configurations
that attain it; the search stops after a fixed running time. The search program is not part of the
software deposit. The search only proposes designs; every entry of the table is certified for the
design found, independently of how it was found. Each is reachable (Proposition 17, checked by
exact interpolation), so by Corollary 15 it gives digital (0, sk, s)-nets for every admissible ¢ and
every k > 1; by Proposition 75 and an exact scan of the smaller admissible ¢ their relaxations
certify the thresholds of the table for every k£ > 1.

9.4. Dimension four. We work out the smallest case beyond dimension three: a design with
certified deficit two, which is also the true deficit of its nets. Remark 82 below explains why
its entries have size two. For s = 4 and the places o0, 0, 1,2 the place differences are +1, 42,
so R = Z[}]. In the normal form (Propositions 12 and 17) column d of the partial sum M ()
has the entries X, weq gd,;(Yed): up to scalars, the values of a polynomial of degree j at the nodes
Yed- The nodes of column d are y = (0,1, %) on the rows (00,1,2) for d = 0, (0,—1,1) on
(00,0,2) for d =1, (0, —%, —1) on (00,0,1) for d =2, and (0,1,2) on (0,1, 2) for d = oo; so the
recurrence after Proposition 13 reads v, = %vn_l — %’Un_g, Up = Up—9, Up = —%vn_l — %Un_g
and v, = 3v,,—1 — 2v,,—o for n > 3.

Proposition 81 (Dimension four, deficit two; computer-assisted). Let F' be the design of Ap-
pendiz A on the places 00,0,1,2 with X' = 1, and for odd q and k > 1 let P,qu be the net of
Definition 14, N = ¢**. Then:
(1) P,fq is a digital (0,4k,4)-net over Z/qZ for every odd q > 3 and every k > 1; every box
minor of its generator matrices over Z[%] is £2°, every cell holds exactly one point, and
h < 2N_1/4;
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] 4 5 6 7 8
certified deficit K (F) 2 5 10 33 127
Omax (F); largest |M )| 7: 2 21;8  63; 22 194; 104 754; 254
ring R’ Z[%] Z[%] Z[é] Z[%] Z[%]
Gtain (Prop. 75) 23 64 195 587 2272
LB>1-K/qfor q > 17 31 61 197 461

LB > .5/.8/.9 for q > 11/15/21 23/29/53 41/59/91 107/187/323 331/631/1261
a? (Table 3) 5 16 43 170 543
lower bound on K (F') (Prop. 90) 1 2 6 12 60
status c.-a. c.-a. c.-a. computed computed

TABLE 6. Searched designs on the places 00,0,1,...,s — 2 (data: Appendix A
for s < 6; all in the deposit). The thresholds hold for every admissible ¢ from
the value shown and every k > 1 (least such admissible values; admissible means
Ipf(q) > s — 1: odd ¢ for s = 4, ged(q,6) = 1 for s = 5,6, ged(q,30) = 1 for
s = 7,8). c.-a.: computer-assisted, by full enumeration of the (2L + 1)* — 1 =
(2s —1)® — 1 configurations (L = s — 1), the exact relaxation at every admissible
q below the tail, and Proposition 75 beyond it, reproduced by an independent
implementation. For s = 7,8 the same computations were run and reproduced,
but we state these rows as computed values only: their designs are not printed
here, and the deposit scripts do not rerun these enumerations. The searched K
are upper bounds for the best certified deficit of a design on these places, not
optimal values. The lower bound lem(1,...,s — 3) applies to every design whose
row scalars are constant on the finite places, these included.

(2) for every odd q > 17 and every k > 1 the toroidal (hence also Fuclidean) minimum
distance satisfies SNY* > 1 —2/q;
(3) for every odd q > 17 and every k > 2, toroidal or Euclidean, SNVA <1 — 2/q+8/q%.

So for k > 2 the first-order deficit of these nets is exactly 2.

Proof. (1) Exact interpolation shows that every column of every partial sum M (@) is admissible
(Proposition 17): its polynomial g4 ; has degree j, coefficients in Z[1] and leading coefficient £2¢.
So the residual problem is solvable over R’ = Z[%], and Corollary 15 gives the net property with
box minors in Z[3]* = {27}, units modulo every odd ¢; a cell has diameter 2¢~% = 2N—1/4,

(2) (H1) and (H2) of Lemma 4 hold by Proposition 13 and Definition 14, with L = min(k, 3).
Full enumeration of the 2400 configurations gives K(F) = 2 and opmax(F) = 7, 80 Gtail = 23
and Proposition 75 gives LB > 1 — 2/q for ¢ > 23 and every k > 1. For ¢ = 17,19,21 the
exact relaxation (with L = 3, which bounds those with L < 3) is LB = (¢ — 2)/¢. The bound
is attained: the one-axis step along oo without carry has o = (—=2,1,1,1), so b = ¢ — 2 for the
moving coordinate and b = 0 for the others.

(3) As |Fy| < 2 < q/2, the geometric layer is M = Fp, and column oo of Fy is (—2,1,1,1).
This is the sharpness argument of Theorem A (Section 4.3). Equivalently, it is Corollary 79(i)
with a = oo without its term ¢'~*: that term accounts for the deeper offset digits of the moving
coordinate, and here they do not change, by (H2). So the own-axis step e, from a cell whose
last digit of n, is not ¢ — 1 and whose first offset digit r, is at least 2 moves coordinate oo
by exactly 1 —2/q cells, and as . [Fo[u][co]| = 3 < ¢, the union bound of that argument
leaves such a cell at which every other coordinate u moves by less than (| Fp[u][oo]|+1)/q. Hence
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2 < (1-2/q)*+12/¢* for every k > 2, toroidal and Euclidean (the pair lies inside the unit
cube). With v = 1-2/¢q > 15/17 we get ¢ < a+6/(aq?) < 1-2/¢+12/¢*> <1-2/q+8/¢*>. O

Computer-assisted are the interpolation in (1), the two finite maxima K (F'), omax(F') and the
values at ¢ = 17,19, 21; the rest is Proposition 75 and Corollary 79. The proved bound is > .5
from ¢ = 11 and > .8 from ¢ = 15 (Table 6). Whether K = 1 is possible for s = 4 is open; the
entries of size two are explained by the following remark.

Remark 82 (Why the entries have size two). For any four places with unit differences and every
base q¢ > 2 other than 3, no Cauchy layer Acpiqweq (¢ # d) has all twelve off-diagonal entries in
{£1} modulo q. Indeed, the two terms of Lemma 18(X) would be +1, and £1 £1 = 1 forces
1=0o0r3=0in Z/qZ. So in dimension four no net in the frame orbit (the nets obtained from
a frame by scrambles and gauge moves, Section 3) has a +1 layer like the layer M of dimension
three; this does not decide whether K =1 is possible.

9.5. The case k = 1. At k =1 (m = s, N = ¢°) the nets are of practical size. There are no
carries (Lemma 4 at k = 1), so only the geometric layer Fj enters the separation, and it can
be optimized alone: its diagonal is free (Lemma 2(a)), its row and column scalars need not fit
deeper carry depths, and Fjy need not come from a frame at all.

Proposition 83 (Separation at k = 1). Let ¢ > 3 and let P be a digital net over Z/qZ in
graph form with depths (1,...,1) (m = s, N = ¢°) whose first offset rows form an integer
matriz Fy (diagonal included, reduced modulo q) and whose deeper rows vanish in their own
column (the offset digits after the first do not depend on the point’s own cell digit: (H2) of
Lemma 4). Let LB1(q) be the relaxation LB of Lemma 4 for the design (Fy) (L =1, 0 = Fye),
and K1 = K((F0)), 0max,1 = omax((F0)) (Definition 74). Then:

(1) 6N'/* > LBy(q) (toroidal, hence Euclidean), and LBi(q) > 1 — Ki/q for q >
Qtail(Kla O—max,l);

(2) for a design F realized by Definition 14, LB1(q) is at least the relazation of F' at the same
q for every k > 2; so the lower bounds of Propositions 19 and 75 and of Theorem A(2)
hold at k = 1;

(3) let a be a coordinate with —Fylalla] = Ky and let ¢ > 2max |Fy|. If ged(det Fy, q) = 1,
or if P is a (0,s,s)-net with s > 4 and _, . |Fo[ul[a]| < g, then

Nt < ((1- ﬁ)Q Y (| Folullal] + 1)2)1/2

q q?

u#a

for the toroidal distance, in the second case also for the Euclidean one. With (1), SNVs =
1-Ki/q+0(q7?).

Proof. (1) The hypotheses are (H1) and (H2) of Lemma 4 with k = L = 1; then Proposition 75.
(2) At k = 1 Definition 14 realizes the truncated design (Fp) with vanishing deeper diagonal
rows, and its configurations are those of F' with all j; = 0, with the same o and jitter (after
Lemma 4). (3) As ¢ > 2max|Fp|, the centred layer is Fy. Take the step e, from a cell with
re > Ky and r, + Fy[u]la] € [0,q) for every w # a. Then Ar, = —K; exactly and Af, = 0
(the deeper rows of a vanish on n,), so coordinate a moves by exactly 1 — K3 /q cells, and every
u # a by (Fplu][a] + Af.)/q, of absolute value less than (|Fp[u]la]| + 1)/q. Such a cell exists: if
ged(det Fy,q) = 1, n— r = Fyn is a bijection of (Z/qZ)%, so r can be prescribed. In the second
case, for each u # a the box with depths 2 on a and on u, 0 on two further coordinates and
1 elsewhere (total s) makes (ng,74,7,) uniformly distributed (Lemma 1); among the cells with
ng # q — 1 and r, > K the fraction on which r, wraps is |Fp[ul][a]|/¢, and the union bound
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leaves a cell as 3, , |Fo[ulla]| < ¢. With nq # ¢ — 1 the pair does not cross the boundary of
the cube, so the bound holds for the Euclidean distance too. ]

If ged(det Fo, q) = 1, every choice of the wraps of r in a step is realized, so for ¢ > 4 the point
set obtained by truncating every coordinate of P after its second digit has normalized minimum
distance exactly vy if ; < 1 (and at least 1 otherwise), where vy = min, (3>, miny |ge.+t.|)"/?/q
with t. over the two representatives of o.; only the jitter of the deeper digits separates LB; from
the exact value.

Proposition 84 (Designs for k = 1; computer-assisted). (1) Frame layers. With its diago-
nal re-chosen for k =1, the geometric layer Fy of Uy has K1 = 2, and that of the s =5
design of Table 6 has K1 = 3; a choice of the row and column scalars of the Cauchy
layer gives K1 = 6 for s = 6.

(2) Frameless layers. Integer layers Fy with entries of size at most 3, chosen directly, without
a frame (Appendiz A), completed by deeper rows chosen per prime factor of q, give digital
(0, s, s)-nets over Z./qZ with K1 = 2 for s =5 at every q with ged(q,30) = 1, and with
Ky = 3 for s = 6 at every q with no prime factor in & = {2,3,5,7,11,13,17,23,31},
with SNY$ > 0.8 for every such ¢ > 13 (s =5) resp. ¢ > 19 (s = 6).

Proof. (1) is a finite computation of Kj. (2) At kK = 1 the frame is not needed. By Lemma 2,
a box minor of a graph form with depths (1,...,1) is the determinant of stacked offset rows
restricted to the coordinates of depth 0; those that use only the first offset rows are the minors
Fo[T, Z] with disjoint T, Z. If a prime p divides none of them, every box minor is a nonzero
polynomial over F, in the entries of the deeper rows (it is not the zero polynomial: take the
deeper rows it uses to be unit vectors that complete the independent rows of Fj), of degree at
most the number of deeper rows it uses, and by the Schwartz—Zippel lemma deeper rows with all
box minors nonzero exist modulo p once p exceeds the sum SZ(s) of these degrees (SZ(5) = 105,
SZ(6) = 504); below it we constructed them explicitly for each admissible prime and certified
t = 0. Any integer lift of such a completion modulo p works modulo p*: every box minor is
an integer polynomial in the entries, so it is congruent modulo p to the minor modulo p, and
a determinant prime to p is a unit modulo p®. The Chinese remainder theorem combines the
lifts for the prime powers of ¢, and Lemma 1 gives the net property. The separation bounds
are Proposition 83 with exact scans below its tail. Computer-assisted are the layers, Ki, the
per-prime completions up to SZ(s) and the finite scans. O

In every layer of Table 7 the deficit K is attained by a one-axis step, so by Proposition 83(3)
it is exact at first order.

10. WHY THE DEFICIT GROWS WITH THE DIMENSION

Up to Section 10.1, P is any digital (0, sk, s)-net over Z/qZ in graph form, with geometric
layer M, and ¢ = 6N 1/ °. A step e = e, + ce;, without carries changes the first offset digits by
the constants o, = M, + M,,. The following pair ceiling, an upper bound from steps along two
axes, is proved by the counting argument of Proposition 77; the proof is in Appendix B.

Proposition 85 (Pair ceiling). Let s > 4, 3k + 4 < sk (so that the boxes of the proof, of total
depth 3k + 4, fit into sk digits), a # b, e = £1, and suppose o4 > 0, oy, < 0 and ) |o.| < q.
Then

2 (oa+1)%+ ou| + 1)
2 < <1 ’Ub‘ X ) " (0q ) Zqz;;éa,b(‘ ul ) -
If instead o, > 0 and eay, > 0, then & < 3 (|oc| +1)%/¢% < s(2C + 1)?/¢?, C' = max |M]|.
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s layer K bases q c>.5 c>.8 c>9 status
3 Prg, k=2 (Thm. 45) 1 every ¢ 5;1.5-10* 7;1.1-10° 10; 105  proved
4 Uy, Fy 2 odd 7:2.4-10° 11;14-10* 21;1.9-10° c.-a.
5 frameless 2 (q,30) =1 11; 1.6-10° 13; 3.7-10° 23;6.4-10° c.-a.
5 frame (Table 6), Fo 3 (g,6) =1 13; 3.7-10° 19; 2.4-10° 31;2.8-10" c.-a.
6 frameless 3 o prime factor in & 19; 4.7-107 19; 4.7-107 37;2.5-10° c.-a.
6 frameless 5 (g,210) =1 17;2.4-107 29; 5.9-10% 53; 2.2-10'° c.-a.
6 frame, scalars searched 6 (g,6) =1 23;1.4-10% 37;2.5-10° 61; 5.1-10'° c.-a.

TABLE 7. Proved separation at practical sizes: k = 1, N = ¢° (for s = 3 the
row lists the net of Theorem 45 at k = 2, N = ¢%). Each entry “gp; N” means
N5 > ¢ for every admissible base ¢ > ¢o of that layer, with N = q; the
smallest such size; frameless layers are chosen directly, without a frame (Propo-
sition 84(2)). Rows with s > 4 follow from Proposition 83 and exact scans below
the tail of Proposition 75 (computer-assisted; the frameless layers also need the
per-prime completions of Proposition 84); the layers are listed in Appendix A.
A base excluded by one layer may be covered by another: ¢ = 23 is admissi-
ble for the second and third s = 6 layers but not for the first, and there no
layer here proves ¢ > .8. For comparison, at k = 2 Table 6 gives ¢ > .8 from
N =158~ 2.5-10° (s = 4), 2910 =~ 4.2.10™ (s = 5) and 5912 ~ 1.7-102! (s = 6).

Definition 86. Let M be a layer with nonzero diagonal. If some diagonal entry is positive, or
some carry-free step e, +ce;, has both moving coordinates forward, let Kp,ir (M) = oo. Otherwise
Kpair (M) is the largest of

(a) |Maq| over the coordinates a, and

(b) |op| over the carry-free steps e, + ce; (as above) in which a is forward and b is the only
backward coordinate, with oy, < 0.

By Corollary 79(i), (ii) and Proposition 85, for a layer with nonzero diagonal, s > 4, k > 3,
3k +4 < sk and ¢ > 4sC, C = max | M|,

Kpair 6802
—~V T2
q q
the latter by Corollary 79(ii) for a positive diagonal entry and by Proposition 85 for two forward
coordinates. As K i sees only carry-free steps (carry depth 0) along one or two axes, it bounds

the deficit of the nets from below. It is neither their deficit nor the certified deficit K (F') of a
design.

(3) SNYs <1 — (K pair < 00), SNYs < 3{;0 (Kpair = o0),

Theorem 87 (The deficit grows with s). Let P be a digital (0, sk, s)-net over Z/qZ with q > 2,
s >4 and k > 1, whose layer M has no zero diagonal entry. Then Kpair(M) > /(s —3)/8
(Definition 86). Hence, by (3) (which includes the case Kpai = 00), a family of such nets with k >

3 and 3k+4 < sk whose layers stay bounded, |M| < C, has SNY* < 1—/(s — 3)/8/q+6sC?/¢>
for q > 4sC.

Proof. Let K = Kpair < 00. Every diagonal entry is —a, with 1 < o, < K. Every pair has a
small entry: if |z| = |My| > K, put e = sgnz; then o4 = —ag + || > 0, so b is backward,
eop = ey —ap < 0 for y = Mba, and if it is negative the definition gives ap — ey < K so
ly| < max(ap, K — o) < K. Orient ¢ — d when |M.| < K, and let out(c) be the number of
d # ¢ with ¢ — d. Every pair carries at least one arc, so ) out(c) > (;), and by convexity

Yo (Oug(c)) > 8((8721)/2) = s(s — 1)(s — 3)/8. The left side counts the triples (¢, {d,d’'}) with
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¢ — d and ¢ — d’, so averaging over the (;) pairs {d,d'}, some two columns d,d have at least
(s — 3)/4 common rows ¢ ¢ {d,d'} with |M|,|M.y| < K. By t = 0 and Lemma 2, the box
with depths k£ + 1 on two such rows ¢, ¢/, k —1 on d,d" and k elsewhere makes every 2 x 2 minor
MogMag — M.y M.y a unit, hence nonzero, and the 1 x 1 boxes make the entries nonzero. So
these rows give pairwise non-proportional vectors in ([—K, K]\ 0)2, of which there are at most
2K? directions: (s —3)/4 < 2K2. O

K pair is an integer > 1 for a nonzero diagonal, so Theorem 87 first gives K > 2 at s = 12; its
content is that the deficit is unbounded in s for bounded layers. The same count with K = 1
shows: for s > 5 no digital (0, sk, s)-net over any Z/qZ has a geometric layer with all off-diagonal
entries in {£1} (three rows of 1 entries on two columns contain two proportional rows). Layers
with zero diagonal are open, as in Remark 80.

Inside the frame orbit (Section 3), for an integer design reachable over Q from rational places,
the geometric layer Fy is a Cauchy matrix A.pg/Deq, so Lemma 18(C), (H) apply over Q to
Ted = MCdeC. For instance, for an all-+1 layer on four rational places identity (H) would read
1 =141, so no such layer exists (modulo ¢: Remark 82).

Theorem 88 (Frame designs have Kpa > 2 for s > 5). Let s > 5 and let F' be an integer
design (Section 2) whose residual problem is solvable over Q for a frame of rational places, with
nonzero diagonal of Fy. Then Kpair(Fy) > 2; hence for k > 3, 3k + 4 < sk and every ¢ > 4sC
coprime to DD’ (Definition 14), C' = max |Fy|, SNY* < 1 —2/q+ 6sC?/¢* (for ¢ > 2C the
layer is M = Fy, and (3) applies, including the case Kpair = 00).

Proof. Suppose Kpair < 1. Then every diagonal entry is —1, and the definition of K. forces
the pair rule: each pair (M, My,) is in {£1}2, or one entry x has |z| > 2 and the other is
sgnx (the step e, + cep has 0, = =1+ ¢ex, o = y — € for (x,y) = (Mab,Mba); if |z| > 2 and
e = sgnz, a is forward, so b is backward with |op| < 1 whenever €0, < 0, which with y # 0
forces y = sgnx). So pairs in one class of Lemma 18(C) have m = —1, and pairs across classes
have an integer m = P > 1. A class of size > 4 contradicts (H) (1 = 1+ 1), so for s = 5 the
classes are X = {x1,x2, 23} and Y = {y1,y2}. For {z;,x;,y1,y2}, (H) gives 1 = 1/u+ 1/v with
integers u? = P Pjs, v? = P;3 Pj1; squaring shows u,v € Q, hence integers, hence u = v = 2; so
P;1 Py = 4 for all i # j, which forces Pj1 = o for all 4. Then the three pairings of {1, 2, z3,y1}
all have magnitude o=/2, and 1 = 2 is false. For s = 6 a class of size > 4 again contradicts (H),
so both classes have size 3, and any five of the coordinates form classes of sizes 3 and 2, to which
the case s = 5 applies; for s > 7 some class has size > 4. Since K, is an integer, Kpair > 2. [

The proof uses that the entries are integers; designs that are Cauchy only modulo ¢ are not
covered (an extension to them, for instance for ¢ larger than a polynomial in C, is not proved
here). The argument needs s > 5: for s = 4 two classes of size two are consistent with (C) and
(H) (u=wv =2, P11 Pa2 = P1aP>; = 4), and Remark 82 excludes only layers with all off-diagonal
entries £1.

10.1. Lower bounds for the deficit of frame designs. For a design F realized on a frame,
K (F) (Definition 74) is the deficit that the relaxation certifies, for every k. We now bound K (F')
from below, for every design with K(F') < oo and any number L of carry depths.

Lemma 89 (Orientation). Let F' be a design with K = K(F) < oco. Then for every pair a # b
of coordinates, |MD[a)[b]| < K for all j, or |MYDb][a]| < K for all j.

Proof. One-axis steps give 0 < o) < K for all ¢ and §. Suppose v = MUV [a][b] and v =
M2)[b)[a] have |ul,|v| > K. Take the step along a and b with carry depths j, = jo, j» = j1
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and egep = € := sgnu. Then e,o0, = —aP ¢ lu| > 0, so a is forward, and eyo, = v — aéjl).
If sgnv = sgnu, then b is forward too and the cost is 4+00; otherwise b is the only backward
coordinate, of cost Oél()] D4 |v| +1 > K. Both contradict the definition of K. O

So in every pair of coordinates one of the two entries is small at every carry depth; orienting
the pair towards it gives the orientation used below.

Proposition 90 (Constant row scalars). Let s > 4 and let F' be an integer design with L > 1
levels reachable over Q (Proposition 17) from the places 00,0,1, ..., s—2 with row scalars X' that
take one value on all finite places (N arbitrary). If K(F) < oo, then K(F) > lem(1,...,s—3).

Proof. Let v = s —2 and A the common value. By Proposition 17 at carry depth 0, M [¢][d] =
AN.Gd,0Wed With gqo # 0; put pg = Aggo. In column 0 the finite rows ¢ = 1,. .., v give the integers
po/c, so lem(1, ..., v) divides o and [M©O[1][0]| = |uo| > lem(1,...,v). In column 1 the rows
c€{0,2,...,v} give the integers pu1/(c — 1), c—1 € {-1,1,...,v — 1}, so |MO0][1]| = 1| >
lem(1,...,v —1). Lemma 89 for the pair {0,1} gives K(F) > lem(1,...,v —1). O

The class of Proposition 90 contains the monomial design Us, the design U] of Theorem A
and the designs of Table 6; within it the certified deficit grows at least like lem(1,...,s — 3) =
e(1to()s by the prime number theorem [21, 12]. Elementarily, lem(1,...,s —3) > 2573/(s — 2)
(Chebyshev): the central binomial coefficient (L(SS;’/?J) > 2573 /(5 —2) divides lem(1,...,s—3),
as each of its prime-power factors is at most s — 3 by Kummer’s theorem. For arbitrary row
scalars a divisor count gives the weaker bound K (F) > s'=°(1) (Theorem 92). Let Qx = {z/y :
x,y € Z, 1 < |z|,|ly| < K}, let div(j) be the number of divisors of a positive integer j, and
div*(z) = maxi<j<, div(j). For finite places weq/wear = (ac — aqr)/(ac — aq) is a cross-ratio of
e, aq, ag and oo, whence the title of the next lemma.

Lemma 91 (A cross-ratio count). Take the places 00,0,1,...,v, two distinct places d,d' and a
rational o # 0, and let weq be as in Proposition 12. If C is a nonempty set of places ¢ ¢ {d,d’}
With Weq/weg € 0Qr for all ¢ € C, then |C| < 1+ 2K div*(v) div*(vK)?.

Proof. A rational lies in Qi if and only if its numerator and denominator in lowest terms are at
most K in absolute value. Put ¢(¢) = weq/weqr. One of d,d’ is 0o. As ¢ — 1/p and Qi = QI_{I,
we may take d’ = oo; then c¢ is finite and ¢(c) = 1/t with t = ¢—d € [—v,v]\ 0, and the condition
says tQ'/P' € Qg for p7!' = P'/Q’ in lowest terms. With e = ged(t, P’) the lowest terms of
tQ' /P’ are (tQ'/e)/(P'/e), so t = et’ with e | P’ and |t'| < K: at most 2K div(P’) values.
Some ¢y € C gives 07! € toQk, so |P'| < vK. d,d" finite. Row oo has ¢ = 1 and contributes
at most one element. For finite ¢ put v = ¢ —d and g = d —d # 0, so p(c) = (u + g)/u;
with h = ged(u,g), u = hu'/, g = hg', this is (v + ¢’)/u’ in lowest terms. Let o = P/Q in
lowest terms, A = ged(Q,u’) and B = ged(P,u’ + ¢'). Then ¢(c)/o0 = (% : “lgg,)/(g . UZ/)
is in lowest terms (each pair of factors is coprime, by ged(P,Q) = ged(u/, v’ + ¢') = 1 and
ged(Q/A v/ JA) = ged(P/B, (v + ¢')/B) = 1), s0 ' + ¢ = BB with 1 < || < K. For fixed
(h, A, B), B determines ' = B — ¢’, hence ¢ = d+ hu': at most 2K div(g) div(Q) div(P) places,
with |¢g| < v and, as above, |P|,|Q| < VK. O

Theorem 92 (Frame designs). Let s > 5 and let F' be an integer design with L > 1 levels
reachable over Q (Proposition 17) from the places 00,0,1,...,s — 2, or from their image under
an element of PGL2(Q) that contains oo (as the places of every frame do, Section 3.2), with
arbitrary row scalars. If K = K(F') < oo, then

s—3 2

< 142K divi(s — 2) div*((s — 2)K)".
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Proof. By Lemma 89 at carry depth 0 every pair {c,d} has an entry |[M©)[¢][d]|] < K; orient
¢ — d for such an entry. The convexity count in the proof of Theorem 87 gives columns d #
d" and a set C of at least (s — 3)/4 rows ¢ ¢ {d,d'} with 1 < |M©O[(][d]|, MO[][d]] < K
(entries at carry depth 0 are nonzero integers). By Proposition 17, M©[c|[d] = N.g40wed, 50
Wea/Wear = (gar.0/9a,0) MOl [d]/ MO [][d] lies in 0Qx with ¢ = ga0/ga0, and Lemma 91
with n = s — 2 bounds |C|. For the image of the places under ¢ € PGL2(Q), in normalized
homogeneous coordinates every D, .4, hence every wgq, is multiplied by a factor depending only
on c¢ times one depending only on d; the first cancels in w.q/w.¢ and the second changes only
0. ]

By Wigert’s divisor bound logdiv(j) = O(logj/loglogj) [25, Thm. 317], Theorem 92 gives
K(F) > s'~0(/loglogs) The proof of Theorem 87 finds a small entry in every pair from the ceil-
ings, so the same count bounds Ky, (Fo) for integer designs reachable over Q from these places
(or a PGLy(Q)-image that contains oo) with nonzero diagonal, under the hypotheses of Theo-
rem 87 and for ¢ > 2 max | Fp|; there the bound /(s — 3)/8 improves to s'~°(1). Theorem 92 uses
the integer places: it says nothing about other rational frames, split frames (Proposition 113),
or layers that are Cauchy only modulo ¢. So on these places the least certified deficit of the
frame designs lies between s'~°(1) and a* < ¢#1°85+0() (Theorem A). Proposition 90 shows that
row scalars constant on the finite places force a certified deficit at least lem(1,...,s — 3), so
a certified deficit polynomial in s would need row scalars that differ between the finite places.
Whether such designs exist is open.

11. DRIFT AND JITTER

The deficits of Section 9 are at least 1: Corollary 78 bounds the true distance for bounded
layers with negative diagonal, and Lemma 76 shows that the one-digit relaxation of Lemma 4

never certifies a deficit below 1. The column nets of Section 6.5 have the deficits % and %

(Theorem 49); their layer 1a' has entries between q;32 and %, and their local configuration
is the reflected cube HZ? (Z> reflected in the plane 1+, Section 6.5), not a slightly rotated
Z3. This section explains these two numbers. Going once around the torus along an axis takes
q steps from column to column. The reflected cube wants every step to raise the height by a
third of a cell, and ¢ thirds of a cell is not a whole number of cells when 3 1 ¢. So the steps of
each such cycle must deviate from the ideal by a forced total, the holonomy of the cycle. The
drift is this forced deviation spread evenly over the cycle, and the jitter is the further deviation
caused by the third digit. Theorem 95 shows that the resulting deficits % and % are optimal
among all column point sets that are (0, 3, 3)-nets, digital or not. Section 13.7 applies the same
bookkeeping to the half-integer layers of dimension five, where it lowers the base from which the
constants exceed 1.

The two words are used in the same sense in the rest of Part II. The drift of a step is the part
of the change of the offsets that comes from the geometric digits, beyond their limit as ¢ — oo:
it is of order 1/q of a cell per step, so the points deviate from the limit configuration by a ramp
that is linear in the cell. The jitter is the part that comes from the deeper digits (Section 2).
For the column nets the limit configuration is the reflected cube, and the drift of a step along
e; is w;/(3q) of a cell (Lemma 93).

11.1. Excess, drift and jitter. Let X be a column point set in base ¢ (Section 6.5). On a step
from the column [n] to [n+e;] the height changes by A;([n]) = ¢([n+e;]) —¢([n]) (Theorem 48);
let u be its representative modulo ¢? in (—éqz, %qQ], and call £ =u — %qQ the excess of the step.
In HZ3? each step to a neighbouring column raises the height by a third of a cell, %qQ at integer
scale ¢3, so the excess measures the deviation from the reflected cube. If every excess lies in
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[—%q2, %q ], then dist(u, 3q +¢?7) = 3q — &, so in Theorem 48 g = %qz — n with n the largest

excess, and
2

2 _ 4 2 2 1/3 _ n n
d” =q" —2q¢"n + 37, 5N/_1_?+O<q7>'

The excesses are integers at scale g3, where a cell has side ¢%: an excess 1 costs 1/¢* of a cell,
that is, a first-order deficit n/q. For the digital column nets whose shared second digit is a - n
with a = %(ql +w) =~ %1, as in Definition 47, the excess splits into two terms.

Lemma 93 (Drift and jitter). Let ¢ > 2 with 3 { q, let w € Z3 with w, + wy + w, = 0 and

we = —q (mod 3), a = %(ql + w), and b € Z3 with by + by + b, = 0 (mod q) (the third-digit

row, as in Definition 47); let X be the digital net over Z/qZ whose point of cell n has, in every

coordinate c, the dz’gz’ts Ne, a-n, b-n (a digital column net; Cq is the case of Definition 47),

and let b; € {0,...,q — 1} be the residue of b; (a third-digit step, not a geometric digit). Put
3qwl + b;.

( ) A step along €; has A; = %q2 + €; if the third digit b-n does not wrap (does not pass
fromqg—11to0) and A; = %qQ +&; — q if it wraps, modulo ¢*; if b; # 0 both occur.

(2) Along each cycle of q steps in the direction e; the third digit wraps exactly b; times. If
moreover |e;| < 2q% and |e; — q| < 3q* (for instance if |w;| <2 and q > 4), the excesses
of the cycle are g; and €; — q, and they sum to %qui.

(3) If ¢ > 10 and |w.| < 2, then n = max; &, so d*> = ¢* — 2¢°n + 3n>.

(4) If X is a (0,3,3)-net, then €5 + €y + €, > ¢, and max;&; > %q; if moreover ¢ = 1
(mod 3), then max;e; > 2q.

Proof. (1) The digit a - n changes by a; and b-n by b; modulo ¢, so A; = qa; + b; — qw =
%q2+ %qwi—kl;i —qw modulo ¢?, with w € {0, 1} the wrap of the third digit (a wrap of a-n changes
A; by ¢%). (2) Along a cycle the third digit takes the values b-n +tb; mod ¢, t = 0,...,q — 1,
and returns after a total increase ¢b;, so it wraps exactly b; times and does not wrap ¢ — b; > 1
times; this also shows that both cases of (1) occur if b; # 0. Under the range condition the
representatives %qQ +&; and %qQ +¢e; —q of (1) lie in the WlIldOW (— q2, ng], so the excesses
are ¢; and &; — ¢, and those of the cycle sum to qe; — ¢b; = 3q w;. (Wlthout it the identity
can fail: for ¢ = 5, w = (—8,4,4) and b = (0,1, —1) the excesses of a cycle in the direction e,

sum to 13@, not 2g0 ) (3) Then —fq <eg—q<eg < %q, and gq < %qQ for ¢ > 10, so every
excess lies in [—fq , 3q 2] and the largest one is max; ¢; (attained, since the third digit does not

wrap on some step of each cycle, by (2)). (4) As wy +wy +w, =0, 6=, =>.b;=0
(mod ¢), and b # 0: otherwise b = 0 and the box with depth 3 on a coordinate, whose minor is
a 2 x 2 minor of (a,b) (Lemma 2), would be singular. So >, b; > ¢ and max; g; > %q. Forg=1
(mod 3), we =2 (mod 3) and ), w. = 0, so some w, > 2 and . > %q. O

We call 1 3qw;, the mean excess per step of a cycle in the direction e;, the drift of that direction,
and b;, the step of the third digit, its jitter: on the g — b; steps of a cycle where the third digit
does not wrap the excess is the drift plus b;, and on the b; steps where it Wraps it is the drift
plus b; — q. By (3) and (4), the digital column nets with |w.| < 2 have n > ¢, so their deficit is
at least 1 ,0r 3 2 for ¢ =1 (mod 3): by (4) the net property forces the third-digit steps b, +by+b,
to add up to at least ¢, which the three directions share, and for ¢ =1 (mod 3) the integrality
of a alone forces some direction to have drift at least 2¢. For C; (Definition 47), b = (¢ — 1,1,0)
and

(

1q +1,
(34

Q) (q527 w = <_27171))7

1
€ 3
2 — —
q, §Q) (q = 17 w = (_]-7 _1)2))7

1
-1, 59+
11—
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(a) Ci1, =2, w=(-2,1,1) (b) Ci3, g=1, w=(-1, — 1,2) (c) first-order deficit, m =3
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----- along e,
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F1cure 10. Drift and jitter. (a), (b) The holonomy: along the three cycles of ¢
steps through the column of the cell 0, the heights ¢ (each step value taken near
%qz) minus the ideal %qQ per step of the reflected cube, in units of ¢2. After ¢
steps the ideal heights would end at %, not an integer, but the heights must return
modulo ¢?: the heights of the cycles of C1; end at 3, 4, 4 (times ¢?) and those of
C13 at 4, 4, 5, so the excess sums to the forced leftover %wc (accent arrows). Thin
dotted: the drift, %wc spread evenly over the cycle; the jitter adds the residue b,
of the third digit on the steps where it does not wrap and subtracts ¢ — b, where
it does (Lemma 93). The first-order deficit is n/q, with 1 the largest step excess,
1+ 1 resp. %q. (¢) The first-order deficit p(1 —dN'/3) at the primes 5 < p < 199:
the column nets C, (exact, Theorem 49) tend to + (p =2) and 2 (p =1 (mod 3)).
For comparison two nets that share the second digit |p/3]¥n in all coordinates,
so that their drift vector is fixed at w = —y1, v € {1, 2} (computed exact values):
Jp with the third digit %(—nc — Net1 + Net2) tends to % and %, and &, with the
third digit n.4+1 to % and 2. Interactive version: explainers/anatomy.html (Sec-
tion 1).

son= %q + 1 resp. %q, in agreement with Theorem 49. Both nets put the residue ¢ — 1 (a third
digit that wraps on ¢—1 of the ¢ steps of each cycle and adds g—1 to the excess on the remaining
step, Lemma 93(2)) on a direction with the most negative drift, w, = —2 resp. w, = —1, where
the excess stays below the maximum, and the residue 0 on a direction with the largest drift.
Figure 10(a) shows the excesses along the three cycles through one column.

11.2. The holonomy, and the optimum among column nets. No column point set beats
the cubic value 6NY/3 = 1, and among those that are (0,3, 3)-nets the column nets of Defini-
tion 47 are optimal.

Corollary 94 (Column ceiling). FEvery column point set in base ¢ > 2 has g < %qz in Theo-
rem 48, i.e. toroidal minimum distance at most > at integer scale ¢>: SNY3 < 1.

Proof. If g > %qQ, every step value A;([n]) has distance more than %q2 from %q2 + ¢°Z, so
its residue modulo ¢* lies in the open interval (0,%¢%). The three steps [n] — [n + e;] —
[n+e; +ey] = [n+ 1] = [n] have step values that sum to 0, so their residues sum to a multiple
of ¢2; but that sum lies in (0, ¢?). O


https://lgruen.github.io/separated-nets-lean/explainers/anatomy.html
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So a net at m = 3 with 6N1/3 > 1 cannot be a column point set. Proposition 103 shares the
geometric digit between two coordinates only, and Proposition 104 uses a layer of rank one, not
of the column form 1a', under which all three coordinates still wrap together (Section 13.3).

Theorem 95 (Column optimum). Let ¢ > 2.

(1) A column point set, with the set of columns T and the heights ¢ of Section 6.5, is a
(0,3, 3)-net in base q if and only if p is a bijection from T onto {0,...,q*> —1} and |p/q]
is injective on every line of T in the directions [e,], [e,], [e:].

(2) If q is even, no column point set is a (0,3,3)-net in base q.

(3) If ¢ > 5 is odd and 3 1 q, every column point set that is a (0,3,3)-net in base q has
toroidal minimum distance d with d> < d*(C,), the value of Theorem 49(2); equivalently
n > %q+1f0rq52 and n > %qforqz 1 (mod 3), where n = %qQ—g.

Proof. (1) The point of cell n has the digits n., |¢/q], ¢ mod ¢ in every coordinate. The box of
shape (1,1, 1) holds one point per cell. A box with depth 3 on ¢ prescribes n. and ¢; the ¢* cells
with a given n. meet every column exactly once (n+t1 for the one ¢ with n.+t given), so these
boxes hold one point each if and only if ¢ is a bijection. A box with depth 2 on ¢, 1 on ¢’ and 0
on ¢’ prescribes n., ny and |p/q]; the ¢ cells with given n., nys form a line in the direction e,
whose columns form a line of T in the direction [e.~], and every such line of T arises. These are
all box shapes.

(2) Identify T with (Z/qZ)?* by [n] — (ny — ns,ny — ny); the lines in the directions [e,], [e,],
[e.] become the horizontal lines, the vertical lines and the lines of slope 1 of (Z/qZ)?. A level set
{l¢/q] = v} has q elements and meets each of these lines once, by (1). So it is the graph of a
permutation 7 of Z/qZ (once on every horizontal and every vertical line) such that y — 7(y) —y
is a permutation too (once on every line of slope 1). Then }_ (7 (y) —y) = 0, while the sum over
all residues is % # 0 (mod q) for even ¢. In other words, y — 7(y) — vy is a complete mapping of
Z/qZ, and this is the classical argument that a cyclic group of even order has none [48, Thm. 1
and its corollary]; more generally, no finite group with a nontrivial cyclic Sylow 2-subgroup has
one [29, Thm. 5]. In the language of Latin squares, (1) says that each level set is a transversal
of the cyclic Latin square (a,b) — b — a, and that the array |¢/q| on (Z/qZ)? is a Latin square
orthogonal to it.

(3) Put n = %qQ —g. By Corollary 94, 0 < n < %qQ, and by Theorem 48 d? = ¢* — 2¢*n + 312,
which decreases in n on this interval and equals d2(Cq) at mo = %q +1 (¢ =2)resp. np = %q
(¢ = 1). So it suffices to show 1 > 9. Suppose 1 < 1.

Thenn < %qQ. For ¢ > 8 this holds because 19 < 1—12q2. For ¢ = 5 and 7: 3g = |3U +¢?| for an
integer U, which is not divisible by 3 since ¢> = 1 (mod 3), so 3n = ¢*> —3g =0 or 2 (mod 3);
hencen<%givesn§2<%atq:5,and77<%givesn§4<%a‘cq:7.

Windows and triangles. Every step value has distance at least %q2 —n from %qg + ¢°7Z, so it
has a unique representative v in the window [—n, %qQ +n] modulo ¢? (narrower than the window
of Section 11.1). As [e;] + [ey] + [e;] = 0 in T, for every column and every order of the three
directions the three steps around the triangle [n] — [n + €;] — [n + e; + e;] — [n] have values
summing to 0, so their representatives sum to a multiple of ¢* in [~3n, ¢% + 37)], i.e. to 0 or
¢>. In a triangle with sum 0 every u lies in [~7,27], and in one with sum ¢? every u lies in
[%q2 —2n, %qQ +n;asn < %q2 these ranges are disjoint, so two triangles that share a step have
the same sum. The step ([n],4) shares a triangle with ([n + €;],4") for both ¢’ # i, and two such
moves give ([n+e; +ey],i) = ([n — e;],4); and the classes [e;], i # i, generate T; so all steps
are connected through shared triangles, and all triangles have the same sum. Sum ¢ means that
every step is close to %q2, the configuration of the reflected cube HZ3; sum 0 means that every
step is close to 0, the configuration of Z3.
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Sum q? (the reflected cube). Put & = u — %qz € [—2n, n], the excess; then dist(u, %qQ +¢’Z) =
%qQ — &, so n is the largest excess, and every triangle has excess sum 0. The class [e;] has order
q in T, so the steps in the direction e; form ¢ cycles « of length ¢. Along a cycle the step values
telescope to 0, so Zv u € ¢°Z, and the cycle excess Hy= wa € ¢*7Z— %q3. Summing the excess
over the triangles [n] = [n+e;] = [n+ e, +e,] — [n] for all [n] € T counts every step once, so
the 3¢ cycle excesses sum to 0. Also —2¢n < =, < ¢n. If ¢ =1 (mod 3), then =, = q2z7 — %qQ

with integers z, (as %q?’ = %q2), and the cycle excesses sum to 0 only if Z,Y 2y = ¢. S0 some

2y > 1,2, > %qQ, and gn > %qQ: n > %q, a contradiction. If ¢ = 2 (mod 3), then =, = q227—%q2
and Zv 2y = 2q. Every excess lies in Z + % (as u € Z and %qQ €7+ %), and so does %q; hence
n < %q +1 gives n < %q, and then every =, € [—%qz, %qQ], ie 2, € {—%q2, %qQ}. A cycle excess
%q2 < gn forces £ = n = %q on each step of its cycle, and a cycle excess —%q2 > —2¢qn forces
E=-2n= —%q on each step. So every step has u = %q(q +1) or %q(q —2), a multiple of ¢, and
¢ is constant modulo ¢ on T. This contradicts (1): ¢ takes every value in {0,...,¢* — 1}.

Sum 0 (the cube). Now u € [—n,2n] and dist(u, %qQ +¢?Z) = u + %qQ, so minu = —n. The
cycle sums Zwu lie in ¢?Z and add up to 0. If one of them is nonzero, one is at most —¢?; it
is at least —qn, so n > g. Otherwise every cycle closes: the partial sums Sy of u along a cycle
are integers with S; = ¢(c;) — ¢(co) (mod ¢?), where ¢; are its columns. By (1) the ¢ values
©(ct) lie in g different blocks [kq, kg + q), so the g values ((cg) + S; meet all ¢ blocks modulo ¢?;
an interval of integers of length rg meets at most rg/q + 2 of them, so the range of the walk is
rg > q(q — 2). Here n > 0, since 7 = 0 would make every step value 0 and rg =0 < g(q — 2). A
closed walk whose up-steps are at most 27 and whose down-steps are at least —n needs at least
rg/(2n) +rg/n steps, so ¢ > 3rg/(2n) and n > 3(q—2). Both ¢ and 3(g —2) are at least 2¢g > no
for ¢ > 4, a contradiction.

Equality holds for C; by Theorem 49(2). O

So among column nets the first-order deficits § (¢ = 2) and % (¢ =1 (mod 3)) are optimal,

and C, attains the optimum exactly, second order included. Within the class this answers why
the deficits are what they are. Whether some digital (0, 3, 3)-net that is not a column point set
has a deficit below  (resp. 2) is open (Remark 123(5)).

The holonomy. The ideal step %qQ of the reflected cube cannot close up: ¢ steps around a cycle
of T give %q?’ , but the heights live modulo ¢?, and %q?’ ¢ ¢*Z when 3 1 q. So every cycle carries a
forced total excess, its holonomy, and some step must carry at least its share. Formally, in the
case of sum ¢? the excess is a closed 1-form on the triangulated torus T (its sum around every
triangle vanishes), and its sums around the cycles of T are prescribed modulo ¢2. For ¢ = 2
(mod 3) every cycle total is %qQ modulo ¢? (the smallest choices are %qQ and —%q2), and as the
totals add up to zero, some cycle has at least %qQ; for ¢ = 1 every cycle total is —%qQ modulo
¢?, and the totals add up to zero only if some cycle has at least %qQ (the balance Zv 2y = q of
the proof). Spread over the ¢ steps of that cycle, this is at least %q resp. %q per step: the deficits
% and % are these per-step shares of a forced holonomy. (The +1 in n > %q + 1 is not holonomy
but the net property.) For the digital nets of Lemma 93 with |w.| <2 (Lemma 93(2)) the total
excess of a cycle in the direction e; is %QQW, so the drift %qwi is exactly the per-step share of
the holonomy, and the jitter decides how evenly the cycle spreads it. As a rule for constructions:
spread the forced excess evenly over the directions that attain the minimum distance, and give
the largest third-digit steps to the directions with the smallest drift. Theorem 95 proves this
rule optimal for column nets; beyond them it is a heuristic. Two comparisons show what each
term does (Figure 10(c)). Fixing the drift at w = —~1, v € {1, 2}, by the shared second digit
lg/3]Xn (its row |¢/3]1 sums to 3|g/3] # 0 (mod q), so the shared digit is not constant on a
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column, and the points do not lie on columns) and choosing only the jitter residues, at every

prime ¢ = p, 5 < p < 199, the third digit %(—nc — Nyl + Nepo) gives p(1 — IN/3) close to %

(p=1) and % (p = 2), and the third digit n.4+1 close to % and 2 (computed exactly at every
such prime; within 0.06 of these values for every prime 53 < p < 199); the column nets reach %
(p=1)and 3 (p=2).

Dimension five. The same bookkeeping applies to half-integer layers (Section 13.7). There the
holonomy is a parity: p steps of & do not close up modulo the odd p. The net property excludes the
cheapest sign patterns, a skew-symmetric layer balances the steps with all coordinates moving,
and a second offset row with few harmful entries keeps the jitter off the steps that attain the
minimum. Theorem 120 shows that the drift dr of such a layer is at least 177, where dr is
measured in units of 1/p of a cell on the squared length, (JN1/%)? ~ % — dr/p; a layer attains
it, and with a suitable second row it gives (0,5, 5)-nets with SNY/5 > 1 for every prime p > 37

(Proposition 118).
12. ONE POINT PER CUBE: CUBE TILINGS AND THE VALUE 1

The lattice picture uses only that the geometric digit is linear in the cell digits. This section
makes precise what that linearity forces: offsets that are affine in the cell between wraps, so
locally a lattice, but broken at the slip planes where a geometric digit wraps, so globally not
a lattice. It also shows what the cube cells of the resolutions m = sk cost. Call the position of
a point inside its cell its phase; for a digital net it is, to first order, r/q with r the geometric
digits. By the cube-tiling theorems of Hajos and Keller, configurations with one point per unit
cube whose phases vary independently are no better than Z° (Proposition 100). In Lemma 96
and Corollary 97 only, the digits of an integer 0 < P < ¢/ are counted from the least significant
one: P =3, .di(P)q".

Lemma 96 (Additive digit functionals). Let ¢ > 2, j > 1, po,...,Bj—1 € Z/qZ, and ¢(P) =
EK]- B; di(P) for P € Z/¢’Z (digits of the representative in [0,q¢’)). Then ¢ is a homomorphism
7)¢7 — 7./qZ if and only if B; = 0 for every i > 1.

Proof. If B; = 0 for i > 1, then ¢(P) = o (P mod ¢), a homomorphism. Conversely, a homo-
morphism on the cyclic group Z/¢’Z satisfies ¢(P) = P ¢(1) = BoP = Bodo(P) in Z/qZ; at
P =q" i >1, this gives 8; = ¢(q") = Bodo(q*) = 0. O

So a linear function of the digits is additive in the integer only through the lowest digit; at
every higher digit, carries break additivity. The geometric digit is a linear function of the last
cell digits, one level above it: it is additive, hence affine and lattice-like, between carries and
wraps, and it breaks where they occur.

Corollary 97 (Linear offsets). Let g > 2.

(a) One level. Let a set of integer vectors Y € Z° consist of all Y whose lowest base-q digits
(Y. mod q). satisfy a system of linear equations over Z/qZ, with solution set yo+ C' for a
linear code C C (Z/qZ)*, all higher digits being free. Then the set is the coset yo+C+qZ*
of the Construction A lattice C' + qZ°.

(b) Two levels. For an s X s matriz B over Z/qZ let Dp = {¢{+ (Bf{ mod q) : £ € {0,...,q—
1}*Y € (Z/q?Z)* (the two-digit set of B; ¢ plays the part of the last cell digits), with
B¢ mod q taken in [0,q)®. Then Dp is a subgroup if and only if Bc = 0 (mod q) for every
carry vector ¢ = (| (vi +v})/q])i of two vectors v,v" € {Bl¢ mod q}. If B is invertible, Dp
is not a subgroup.

(¢) Locally a lattice. Let a digital net over Z/qZ be in graph form with depths (k,..., k) and
geometric layer M, and let the cells n, n' differ only in their last level, byn' —n = E € Z°
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(no carry). If the geometric digits v of n satisfy r + ME € [0,q)®, then in cell units the
points of n' and n differ by (I+M/q)E+ (' — f)/q, with f, f' € [0,1)° the contributions
of the deeper digits.

Proof. (a) The set of Y € Z® with Y mod q € yo + C is yo + C + ¢Z®. (b) Let Y = ¢l 4+ v and
Y’ = ¢f'4+v' be in Dp, and let ¢ be the carry vector of v,v". Then Y +Y” = q({+0'+¢)+(v+0v'—qc)
with v +v' — qc € [0,9)%, and v +v' = Bl +{'); so Y + Y’ € Dp if and only if Bc = 0. A
nonempty finite subset of a group that is closed under addition is a subgroup. If B is invertible,
its image contains v = v’ = [¢/2]e;, whose carry vector is €;; then Be; = 0 would be needed,
which is false. (c) Only the last digits of the cells change, so r changes by ME modulo ¢, and
' =1 + ME exactly since both sides lie in [0, q)*; the cell digits change by E. O

At m = s, Dp is the set of the first two digits of all points of the graph form with geometric
layer B, so (b) says that the configuration of an invertible layer is never a lattice: it is a lattice
coset cut at slip planes (Figure 11). What digitality forces is therefore linear offsets: by (c), away
from the wraps the offset of a point is an affine function of its cell, so locally the points form a
coset of the lattice (I + M /q)Z® up to the jitter. Finite unions of lattice cosets are not excluded,
and they occur: D} for odd s and the configuration of Proposition 103.

At m = s (one cell digit per coordinate) write B for the geometric layer modulo p. The phase
of the cell n is then given by its geometric digits 7(n) = Bn mod p, and the phase decides which
coordinates wrap on a step (Lemma 98(i)). An invertible layer realizes every wrap pattern, and
every square minor of the layer of a (0, sk, s)-net with disjoint row and column sets is a unit
(Lemma 98(ii)).

Lemma 98 (Wrap patterns; rank of the layer). (i) Let p be a prime and consider a graph
form over F), with depths (1,...,1): coordinate c of the point with index n € Fy has
the digits nc, rc(n) = (Bn). and deeper digits, with B € F;*°. For E € Z° let B =
BEmodp € {0,...,p—1}* and n' = n+ E. Then r(n') = r(n) + 8 — pw with w. =
[re(n) + Be > p|, and w. = 0 whenever 5. = 0. If B is invertible, then every w € {0,1}*
with we. = 0 whenever B. = 0 is the wrap vector of some cell n.

(ii) Let a digital (0, sk, s)-net over Z/qZ, k > 1, be in graph form with depths (k, ..., k) and
geometric layer M. For disjoint T,Z C {1,...,s} with |T| = |Z|, det MT,Z is a unit of
Z./qZ. In particular M has rank at least |s/2| modulo every prime factor of q.

Proof. (i) r(n') = B(n+ E) = r(n) + 3, and r(n') € [0,p)®, which gives w; if S, = 0, then
re(n) + B. < p. If B is invertible, take n = B~ 'y with y. = p — 1 if w. = 1 (then 3. > 1 and
Ye + Pe > p) and y. = 0 if w, = 0. (ii) The box with depths k + 1 on T, k — 1 on Z and k
elsewhere has total depth sk; by Lemma 2 its minor is, up to sign, the determinant of the first
offset rows of T' on the last level of Z, which is det MT? z modulo ¢, and by Lemma 1 it is a unit.
Disjoint T', Z of size |s/2] exist. O

So in (i), at the representative with cell difference E, the points of n and n’ differ in cell units
by E+b—w, b = /p, plus less than 1/p per coordinate of jitter. We call b € [0,1)° the glue
of the step E: to first order, the change of the phase on the step, in cell units and modulo 1.
Call the wraps of a layer free if every wrap vector allowed by (i) occurs, as for every invertible
layer. Then, up to the jitter, the minimum distance is the least fully folded length over the steps
E # 0: the length |E + b — w| minimized over the allowed wrap vectors w, whose coordinate c is
min(|Ee + be|, |Ec 4+ b — 1|) if 8. # 0 and |E,| if 8. = 0. Part (ii) contains the 2 x 2 minors used
for Theorem 87.

Remark 99 (Glue under free wraps). A coordinate with E. = 0 and . # 0 contributes
min(be, 1 — b)) < % to the fully folded length, with equality only for b, = %: a step keeps its
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(a) two sweeps of Z/W (b) wrap patterns w at E=e;, p=31 (c) a coordinate with E. =0, free wraps
061 1 (D)
- equal rows 1.010 _ -
2 sy
3 04 | 1 (HZ)
— —
: S
é perturbed 0.577 g
7} g 0.2
000 001 010 011 100 101 110 111
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cell along a line (cyclic, W= 24) glue b,

FIGURE 11. What linearity forces (Section 12). (a) Two bijections of Z/W, W =
24, as sub-cell offsets along a cyclic line of cells: the affine bijection i — i (grey),
the kind that a linear offset gives, jumps once, by W — 1, and this jump sits
at a slip plane (Corollary 97); every affine bijection of Z/W has a step of size
at least W/2, since its steps are congruent modulo W and sum to zero. A tent-
shaped bijection (accent), available only to nets that are not digital, moves by at
most 2 between neighbouring cells (Remark 123(11)). (b) The wrap vectors w of
Lemma 98(i) that occur for the step E = e; over all p3 cells, p = 31 (filled), for

the equal-row layer 1a', a = (10,10, 11), of the column net C3; (Definition 47)

and for the invertible layer obtained by adding <§ é %); framed, the pattern of

least length |E + b — w|, printed on the right (computed: 1.010 and 0.577). The
shared wrap allows only 000 and 111; the perturbed layer realizes all eight, and
with the glue b ~ %1 (Lemma 98) the fully folded length drops to 1/v/3. (c) A
coordinate that does not move contributes min(b.,1 — b.) under free wraps, at
most %, attained only at b, = 3 (Remark 99).

full length under free wraps only if its glue in each coordinate that does not move is %, the
only value that is its own negative modulo 1. So half-integer layers do not need the wraps of
different coordinates to be correlated: for odd s the differences between the two cosets of D fill
(Z+ %)S, a set that free wraps (integer changes of single coordinates) map to itself, so these steps
keep a length of at least \/s/2, and the relaxation of Proposition 115 at k = 1, which allows
every wrap, tends to min(v/s/2,v/2) for dominant layers. The glue %1 of the reflected cube does
not survive: with free wraps the step F = e; of the layer %11T would have fully folded length
1/ V3 = 5773 ..., and bounded perturbations of the equal rows 1a' of the column nets make
the wraps independent (computed instance: Figure 11(b)). Wraps that are correlated across
coordinates because the layer is singular (locked wraps, Section 13.3) are needed otherwise: the
column nets (Theorem 49) share one geometric digit among all three coordinates, Proposition 103
between two, and in Proposition 104 a layer of rank one locks all three, one coordinate reading
half of the digit of the others; literally equal rows exist only at (s,m) = (3,3) (Lemma 50).
Locked wraps are what produces the coherent phases defined before Proposition 100. The half-
integer rule concerns coordinates whose wraps are free: a coordinate whose wraps are locked to
those of the others can carry other glue and a step longer than one cell along its own axis (in the
net W, of Section 13.3, the glue 3 + 3= and the step 1+ 2¢ along e, with € = p/(2p)). The rule
concerns the length of a single step under free wraps; it is a heuristic for the choice of glue, not
an optimality statement for the minimum, even for free coordinates (the remark on 1/233/15 in
Section 13.3).
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At the resolutions m = sk the cells are cubes. Call S C R® a one-per-cube set if every unit
cube n + [0,1)%, n € Z%, contains exactly one point of S, and periodic with period lattice II (of
full rank) if S+ II = S; write pu(S) for its minimum distance. The phase group of a lattice L
isY = (L+7Z%)/Z° C (R/Z)*, the set of fractional offsets (the phases) of its points. Say that
the phases of L vary independently if Y is dense in (R/Z)° (equivalently, Z* + L is dense), or
finite and equal to m(Y) x -+ X w4(Y"), the product of its projections to the coordinate circles;
the lattices in Q® are those with a finite phase group, and we do not treat lattices whose phase
group is neither dense nor finite. A lattice whose phase group is finite and smaller than the
product of its projections has coherent phases. For every (0, sk, s)-net P in base ¢, digital or
not, S = ¢F(P + Z%) is a periodic one-per-cube set with II D ¢*Z*, and min(6N'/*, ¢*) = u(S)
for the toroidal § of P.

Proposition 100 (One point per cube). Let S be a periodic one-per-cube set in R® with period

lattice II.
(i) If S = L is a lattice and Z° + L is dense in R®, then L contains a unit vector e.; so
u(L) < 1.

(ii) If S = L C Q° is a lattice whose phase group Y equals 71 (Y) x -+ x w4(Y'), the product
of its projections to the coordinate circles, then L contains a unit vector e.; so u(L) < 1.

(iii) If s < 7 and Z° + 11 is dense in R®, then two points of S differ by a unit vector; so
pn(S) <1.

(iv) If S —x C QF for some x, all squared distances in S are rational. Hence pu(S) < (4/3)
for s =2 and u(S) < 21/6 for s = 3, the optimal packing values at density 1; and for
4 < s <7, u(S) differs from the value of the densest known packing at density 1 (Dy,
Ds, Eg, Er7, with squared minima /2, 23/°, 2. 371/6 26/7),

Proof. Let f(z) = #(S N (z + [0,1)%)). Then f(z + 7) = f(z) for 7 € Il and f(n) = 1 for
n € Z% so f =1 on Z* +1I. For every x there is ¢ > 0 such that f is constant on z — [0,£)°: S is
locally finite, so we may choose € below every positive difference x. — o, and x.+ 1 — o, for the
finitely many o € S near the cube, and then shifting the cube by —t, ¢ € [0,¢)®, neither adds
nor removes a point. If f = 1, the cubes o + (—1,0]°, o € 5, tile R®, since z € o + (—1,0]° if
and only if o € 4 [0,1)%. (i) Density gives a point of Z° 4+ L in every = — [0,£)*, so f = 1, and
the cubes form a lattice tiling. By Hajos’s theorem (Minkowski’s conjecture) [22] two of them
share a facet, so L contains some e.. (ii) For each ¢, m.(L) + Z is a finitely generated subgroup
of Q containing Z, hence equal to e—ch for an integer e. > 1. For z. € (@ l] and o € L the

ec ?ec

1/4

condition z. < o, < z. + 1 is equivalent to ej—c <o, < % + 1, which does not depend on x;
so f is constant on every box Hc(jcezl, i—z
hypothesis the corner lies in Z° + L, so f = 1, and Hajés’s theorem applies as in (i). (iii) As in
(i), f =1 and the cubes o + (—1,0]* tile R®. Keller’s conjecture holds for s < 7 (Perron [49] for
s < 6, Brakensiek, Heule, Mackey and Narvdez [1] for s = 7): two cubes of the tiling share a
complete facet, so their corners differ by some e.. (iv) The differences are rational vectors. As S
is a finite union of Il-cosets, ©(.S) is a minimum over the finitely many II-orbits of pairs, so it is
attained and p(S)? is rational. A periodic set of density 1 with minimum  is a packing of balls

], and its value there is that at the corner (j./e.)c. By

of radius 41/2 with density vol(B,,/3), so p? is at most 49%'% with s the optimal centre density;
this is 2/1/3 for s = 2 [9, Ch. 1] and 2'/3 for s = 3 [23], both irrational. The four squared minima

2/s . Gtiael 111

for 4 < s < 7 are 495"~ with the centre densities 8 5v3' 573" 16
Parts (i)—(iii) say that a one-per-cube lattice whose phases vary independently, and for s <7
any periodic one-per-cube set with dense phases, is no better than Z®. So a rational one-per-
cube lattice with minimum above 1 has coherent phases. HZ? and D] for even s have coherent

[9], and they are irrational. [
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phases, and D} beats the cubic value for even s > 6. The configuration I' of Section 13.2 and
DY for odd s > 5, both unions of two lattice cosets, beat it too, and so do, in the limit, the
rank-one nets of Proposition 104, whose phases lie on one line.

These statements concern idealized configurations. For a net P in a fixed base, S = ¢"(P +
78) C ¢"~™Z? is rational, so Z* 411 is discrete, and (i) and (iii) never apply to the net itself; they
apply to idealized models of its local configuration, the sets {n+{An+y} : n € Z°} obtained in
the limit ¢ — oo with M /q — A, when their phases are irrational. Part (i) applies to rational
lattices, among them the limits as ¢ — oo of the local configurations (Z* in regime I of Section 2,
HZ32, and D} for even s), and to a net itself only when S is a lattice; at m = s the first two
digits of an invertible layer never form a group (Corollary 97(b)). Part (iv) applies to every net.
For s > 8 part (iii) says nothing (Keller’s conjecture fails [41, 42]), and at s = 8 the squared
minimum 2 of Ejy is rational; Theorem 116 reaches it in the limit. Part (iv) needs S C x + Q®:
for a periodic set whose period lattice is merely rational, cross-coset distances can be irrational.

Remark 101 (What the cube costs; computed). The largest minimum of a periodic one-per-

cube set is not known. In dimension three an exhaustive enumeration of the lattices of covolume 1

in %Z3, e < 11, finds one-per-cube lattices with minimum up to 1/29/25 = 1.0770. .. (computed),

for instance the lattice with basis (3, —4, —2), (6,2, —9), (1,0, 2). It has covolume 1; its Gram
116 56 —10

matrix 1001 ( 56 121 1263) is Minkowski-reduced, so its minimum is 4/116/100; and a finite

check over one period shows that every unit cube holds exactly one of its points. So the largest
minimum lies between 1.0770 and 2'/6 = 1.1224... [23]. The maximizers found have offsets
that are not affine modulo 1 in the cell, so no digital net realizes them through its geometric
digit (Corollary 97(c)); the best digital value at m = 3 in this paper is v/281/16 = 1.0476. ..
(Proposition 104). For s < 9, restricting to lattices is not known to lose anything: lattices hold
the packing records there and are optimal for s = 3, 8 [9, 23, 67]. The constraints visible here
are the cube constraint (one point in every cube of side g%, at m = 0 (mod s)), the linearity
of the offsets and, in the frame orbit, Lemma 18. The skeleton regime (m # 0 (mod s)), whose
cells are not cubes, is not bound by the cube constraint (Table 8).

Scope. What uses the linearity of the geometric digit: Lemma 96, Corollary 97 and Lemma 98;
Corollaries 78 and 79 and Proposition 85, whose proofs use that a carry-free step changes every
offset digit by a constant; Theorem 87 (box minors of the layer, and carry-free steps); and,
inside the frame orbit, where the layer is a Cauchy matrix (Proposition 12), Lemma 18 and its
consequences (Remark 82, Theorem 88, Corollary 39, Proposition 109).

What holds for every net, digital or not: Proposition 100, which applies to the periodic set S
of every (0, sk, s)-net within the limits stated after it, and the box count of Lemma 50: if, for
every point of a (0, m, s)-net in base ¢, the digits with index & (counted from the most significant,
as everywhere outside Lemma 96 and Corollary 97) of two coordinates agree, or one is a fixed
function of the other, then 2(k + 1) > m. For nets that are not digital only these constraints
and the other box conditions remain (Remark 123(11)).

13. BEYOND THE CUBIC VALUE: EUCLIDEAN SKELETONS AND HALF-INTEGER LAYERS

By Proposition 100, a set with one point per unit cube can have minimum distance above the
cubic value 1 only if the phases of its points are correlated (coherent, in the idealized setting of
that proposition). For an invertible layer every pattern of wraps occurs (Lemma 98(i)), so a step
to a neighbouring cell keeps its full length only if its glue is % in every coordinate that does not
move (Remark 99). Three ways above 1 occur in this paper.

(i) Euclidean skeletons (Section 13.1). At m # 0 (mod s) the cells are boxes, longer in the
skeleton coordinates, not cubes, so the cube constraint does not apply (Section 5). In the
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Euclidean norm the certified constants exceed 1 at m = —1 (mod s) at the large primes
of Table 8; whether this persists for all large p is open (Remark 124).

(ii) Locked wraps at m = 3 (Sections 13.2 and 13.3). A singular layer can force coordinates
to wrap together. In 7, two coordinates share one geometric digit, and the points lie on
a union of two lattice cosets; in W, the layer has rank one, and all three coordinates
wrap together.

(iii) Half-integer layers (Sections 13.4-13.7). Layers whose entries are half-integers, read mod-
ulo ¢ via % = (¢+1)/2, so that each centred entry is about +¢/2 plus a bounded amount
(regime I1I, Figure 7), put the points locally on the packing Df. For k > 2 the frame
orbit cannot provide them (Proposition 109: for rational designs, and over I, for large
p), but split frames give them at every resolution m = sk (Theorem 116); at K = 1 no
frame is needed (Section 13.7).

13.1. Euclidean skeletons. Fuclidean form. The bound of Theorem 33(1) measures the cen-
tred difference a of the fine-cell positions of two points (Lemma 25) in the maximum norm.
Every skeleton digit S, = ), kqxqr with all kg # 0 can be realized (Proposition 27(ii)), and in
the Euclidean norm the best choice is not kg = p? (Remark 32(c)).

Proposition 102 (Euclidean form of Theorem 33(1)). Let s > 3, let p > s — 1 be a prime,
k>0, m=sk+s—1, and let k1, ...,ks—1 be units of F,,. The recipe of Proposition 27(ii) on the
frame of Definition 34 gives a digital (0, m, s)-net over F,, with the skeleton digit S; =, Ka%d k.,
and every graph form with the depths (k+ 1,...,k + 1,k) and this skeleton digit satisfies, for
the toroidal distance,
SN () 2 () = V) ) = i el = 1)

where A, = {a € Z° : a, =) Kaasz, (mod p)} and (|la| — 1) is taken coordinatewise. (So Aji
is the length of the shortest nonzero lattice vector after one fine cell of jitter is subtracted from
each coordinate.)

Proof. The net property is Proposition 27(ii); the s places of Definition 34 are distinct because
p > s — 1. As in the proof of Theorem 33(1), P, = ), kqPy, (mod p) for every point, and the
centred difference a # 0 of the fine positions of two distinct points lies in A,. By Lemma 25(i)
in each coordinate ¢, the two points are at toroidal distance at least (|a.| — 1)+ in coordinate
¢, so their distance is at least w||(Ja| — 1)4|l2 > @Ajit(k), and wNY$/N = p~1/5. Finally
la| < (Ja| — 1)+ 4+ 1 coordinatewise gives ||(Ja| — 1) |2 > |lall2 — v/s. O

For 14 = p? some |a,| is at least p, so Ajit > p— 1 and the proposition contains Theorem 33(1).
Every index-p sublattice of Z° without unit vectors is a A, after a permutation of the coordinates:
it is the kernel of a functional h modulo p, it contains no unit vector exactly when h has full
weight (all entries nonzero modulo p), and then h can be scaled to h, = —1. So the proposition
can use the best of these lattices. Table 8 lists certified values for searched k; /\-2it is an integer,
computed exactly by lattice reduction and complete enumeration and also checked in Lean
(Appendix F). At p = 1009 they already beat Table 4 for s = 3,4,5. The limit of the certified

values as p — oo is discussed in Remark 124.

13.2. Resolution m = 3: a layer of two cosets. The column nets of Section 6.5 share the
geometric digit among all three coordinates, and no column point set beats the cubic value
(Corollary 94). Sharing it between two coordinates only, and letting the geometric digit of
the third coordinate have coefficients h = —%, so that it moves by about half a cell between
neighbouring cells, produces a local configuration that is not a lattice and whose minimum
exceeds 1, the minimum of the reflected cube HZ? of the column nets (Section 6.5; Figure 12).
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searched k, at p = rounded root lattice, p’ ~
s 1009 10007 10+3 10847 10° 1010 Vs Troot lattice
3 .940 1.027 1.090 1.097 1.106 1.121 1.122 As
4 813 .948 1.034 1.110 1.128 1.183 1.189 Dy
5 .752 .823 .989 1.069 1.098 1.208 1.231 Ds
6 .631 .714 938 1.036 1.047 1.235 1.290 Eg
7 372 599 867  .984 .974 1.238 1.345 E;
8 .421 .b47* 814 953 .881 1.219 1.414 Eg

TaBLE 8. Certified lower bounds j(k)p~/* for dN'/* (Proposition 102;
toroidal, every k > 0), truncated to three digits; every entry except those
of the last two columns is such a certified bound. Left: k£ found by a ran-
dom and local search; compare Table 4 at p = 1009, 10007, 105+3. *Here
the search is weaker than kg = p? which gives .632. Right: x obtained by
rounding a randomly rotated copy of the root lattice to an integer matrix of
prime determinant p’; the primes are p’ = 996001, 1006301, 1025909, 1033493,
1138273, 1071337 and 10002435263, 10040205517, 10123347709, 10136355487,
10660100951, 11556622703 for s = 3,...,8. The last two columns give /75 (trun-
cated) and the lattice that attains it. The s are listed in Table 13 (Appendix D);
they are also fixed data of the Lean formalization (Appendix F).

Proposition 103 (Two-coset nets at m = 3). Let p > 5 be a prime, h = (p — 1)/2, let r be the
integer nearest to p/8, and let @ = 8r — p € {£1,£3}. Let T, be the digital net over F), whose
generator matrices Cy, Cy, C, have the rows

Cy: ey, (0,h,h), (0,1,2); Cy: ey, (r,—1,1), (3,0,1); C,: e, (r,—1,1), (1,5,0).

(1) T, is a (0,3,3)-net if and only if p # 23, and every cell of side p~! holds one point.
(2) For p > 41 its toroidal (hence also Euclidean) minimum distance satisfies

SNY3 > 22— V2
- 32 16p P
The bound exceeds /66/8 — 3.014/p for p > 83, and it exceeds 1 for p > 197.
(3) For p > T the points of the cells 0 and (p — 1)1 have toroidal distance d, at integer scale
P, where d2 = (p> —2p +3)2 4+ ((r — )p+4)> + ((r — 1)p +6)%. So SN'/3 < d./p?, and
d./p? < \V66/8 —2/p for p > 53. In particular SNY/3 — \/66/8 = 1.0155... as p — co.

So y and z read the same geometric digit 7n, —n, +n. (here r is a parameter, not a geometric
digit), and z reads h(n, + n.), with h = —1. The third rows only add jitter: part (2) holds for
any third rows, and only the minors in part (1) use them. In this section and the next, g(n)
denotes the vector of geometric digits of the cell n and f(n) that of its third digits, both in

{0,...,p—1}3.

Proof. Net property. The first rows are e;, ey, e,, so T is a graph form with the depths (1,1,1),
and we use Lemma 2: the box of shape (1,1,1) has determinant 1 and puts one point in every
cell. A box with depth 2 on a, 1 on b and 0 on ¢ has, up to sign, the determinant (Cy)2., the
entry of the second row of C, in column ¢; these off-diagonal entries of the second rows are
h,h,r,1,7,—1. The box with depth 3 on a has, up to sign, the 2 x 2 minor of the second and
third rows of C, off column a; it is 2h —h =h, r —3 and 57 + 1 for a = x,y, 2. Here 1 <r < p.
Since r §p/8+%, 0<dr+1<pforp>11,and 5+ 1 =6 for p = 5,7, a unit modulo 5 and
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7. Finally r —3 =0 means r =3, as —2<r —3 < p, ie. p/8 € (2, 2) among primes this holds
only for p = 23, where the box with depth 3 on y is singular. Lemma 1 concludes.

Separation: reduction. At integer scale p® the point of cell n € {0,...,p — 1}3 is X(n) =
p*n+pg(n) + f(n), with the geometric digits g(n) and the third digits f(n) in {0,...,p — 1}3.
Let n # n/, and let D = p?>E + pAg + Af be a representative of X (n') — X(n) modulo p?,
where E = n’ — n (mod p) is an integer vector, Ag = g(n’) — g(n) and Af = f(n') — f(n) €
(—p, p)?; the toroidal distance is the least | D| over these representatives. If some |E.| > 3, then
|Dc| >3p*> —p(p—1)— (p—1) >2p% So let E € {-2,...,2}3\ {0}, and put S = E, + E, and
T =E,—E, (so|S| <4,and |S] <3if T is odd). As Cy, and C, have the same second row,
gy(n) = g.(n) for every cell, so Ag = (§,n,n) with integers &,n € (—p,p): the y- and z-digits
wrap together. Since £ = hS, 2h = -1, n=rE, — T and 8" = p + 0, there are integers i, j with

26 =4p— 5, 8n =1ip+ 0k, — 8T.
Reducing modulo 2 and modulo 8, with p odd and § = —p (mod 8), gives j = S (mod 2) and
i = E; (mod 8). As [¢] < p and |S| < p, |j| < 2, and j = £2 only if +£5 > 0. If |T] < 1,
then |0E, — 87| < 14 < p, so likewise |i| < 8, i = £8 only if F(0E, —8T) > 0, and ¢ = 0 if
E,=T =0.

In cell units D/p? = V + Af/p?, with |Af]| < fp and V = E + (&,1,1)/p. So \D|/p >
|V| — v/3/p, and it suffices to show ]V|2 > 33 — AL With the half-integer o = E, + % and the
quarter-integer 3 = S + % (the limits of V; and Vy +V, as p — 00),

0E, — 8T
4p
The terms of order 1/p are the drift (Section 11): the deviation of the geometric digits from
their limit values. Each numerical estimate below increases with p and is evaluated at p = 41.
The cases. (a) |T| > 2: |V|?> > T?/2 > 2.
(b) T =0, E, =0: then S # 0 is even and ¢ = 0, soVy—V E, and |[V|?2 > S%/2 > 2.
(¢) |T| =1, E; =0: j is odd, so |a| =1 and [V,| > i € {0, :|:8} so [ is an odd integer

Voma-g.  VrVo=g+ VmVe=T, VP = V2+3((+V2+T2).

2p’
and]V—i—V]>1—2Hence]V]2 (3 23;)4— (1—7)4— > 1.16.
(d) |Ey| = 2. If|T] = 1, then j = +1, |¢| >%and |V|2 (f—%)2 > 2. IfT:O,
then S and hence j are even, so « is an integer, and « # 0 (Whlch would need j = ¢4
|Va| > 1—%; and46:45’—|—iEEx = 2 (mod 4), so || > 5 and |V + V| >5-= Hence
V2> (1 %)2 +3(5 - %)2 =2-b + 8412, which is at least 22— @ for p > 24

(e) |[Ezl =1, T =0: a € Z, zE{Ea,, —7E,}, and45—4S+Z_E (mod 8), so |3] €
1. 5.9,...}; moreover |V, —a| < % and |V +V,—-p| < If « =0, then j = —2E,, so
E,S < -2 and E,3 = E,S + E,i/4 < —T; then |V|*? > (g — ) > L4 If o] > 2, or
o] = 1 and |5] > %, then also |[V|? > 1.4. There remains |o| = 1, [8] = 1. Since § = g — %
is an even integer, = £Zr and S € {0,2E,}, and if S = 2E, then a = E, (as |j| < 2). With

(a —b)? > a® — 2ab,

»Jk‘w

V?

5 S 1(62+B9E$>_33 aS—9/16>33 35
32 P ~ 32 16p’

> 4z
z o » + 5 %
as aS € {0,2} and 6 > —3.

(f) |Ex| =1, |T| =1: j = £1, 50 o € {3, £3}; ie{Ez, —TE,},and 43 =4S +i =4+ E,
(mod 8),s0 |8 € {2,2, L ... }; moreover |V —a| < 5 and Vy+V.—B| < & as |0F, —8T| < 11.

5

404> = 4p>
If |a| = 3, then [V|2 > ( Qé) > 2. 1f |B] > 3, then |V\2 > (3-2)%+ ag — )2+ 5 > 14l
There remains |af = 1,

2p

3
27 2p
Bl = % Then o = % and, from 48 =4+ E, (mod 8), ,8—— E,; and
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S=p—3==LE; Asin (e),

as 1(B2 B(OE, —8T)+T2>:33_§Ex5—§ExT—i—1369 _ 334
2p 32 P — 32 16p’

|V‘2 2 Oé2

as B, S, E,T € {:l:l} and 0 < 3.

So |[V|> > 22— 1471 in every case, which proves (2). The bound increases with p; it is 1.0002. ..

atp—197andbelowlatp—193 Forp>83wehave§—%21 and va —a—x =

z/(va+a—z) < z/2 gives the bound v66/8 — (55 + v/3)/p, with 2 + /3 < 3.014.

The pair. For n’ = (p — 1)1 = —1 one has g(n') = (1,p—r,p— 1) and as the entries of the
third rows sum to 3, 4, 6, f(n') = (p—3,p — 4,p — 6); also g(0) = f(0) = 0. The representative
with £ = —11is D, = —(p2 —2p+3,(r—1p+4, (r—1)p+ 6). Since |D..| < p? < p3/2
in every coordinate, this representative is the toroidal one, so the toroidal distance is d, and
SNY/3 < |D.|/p? = d./p?. With r = (p+ 6)/8,

p4<\/@_2>2_d2_(9 0 \/%)pg <21 9+02>

* —

2.4 (32—%0);9—61,

8 D 2 16 2 2 32
and for [f] < 3 the three coefficients exceed I, —12.3 and 24, so the difference is positive for
p > 53. With (2) this gives the limit. O

The two-coset packing. Since h/p = % — % and r/p = % + 89 the point of cell n sits, in cell

units, at
Ny + Ny Ny Ny
(PR G

up to the drift and the jitter, both of order 1/p for bounded cell differences. Call this set I'. Each
slab n, = const of I is a square grid in (y, 2), puckered: the points of the cells with n, +n, odd
are raised by % in z, so neighbours within a slab are v/5/2 apart. Consecutive slabs are sheared
by (1,1) in (y,z). For a shear (t,t) a point has two kinds of nearest neighbours in the next slab:
the point of the same parity above it, at (1,¢,¢), and two points of the other parity diagonally
above, at (3, 1 ,t) and (3,¢,t — 1). The squared lengths 1 + 2¢? and § + (1 — t)% 4 > agree
exactly at t = , with the value £ This is the minimum of I', and the two kinds of shortest
difference vectors are its contacts; cases (e) and (f) of the proof are these two contacts at finite
p, and the explicit pair of (3) is the first one, across the corner of the torus. I' is the union of the
two cosets of the lattice (1, 3, 3), (0,1,1), (0,1, 1)) (covolume 2) given by the parity of n,+n.,
and it is not a lattice: (2, 1,0) is a difference of two of its points, but (1,2,0) is not.

Why the parity glue helps. If the slabs n, = const are flat translates of Z2, as for Z3 and for
the small-entry layers, neighbours within a slab are at distance 1, whatever the shear between
slabs. The offset (%, 0,0) of the odd coset relative to the even one lifts the in-slab distance to
V5 /2, at the price of halving the gap in x between points of opposite parity in consecutive slabs;
the shear % pays exactly that price. In odd dimension s > 5 the packings D below are also
unions of two cosets. The mechanism of Figure 1 is unchanged: one point per cell, the pattern
I" placed by the geometric digit, minus the cost of the jitter (v/3/p) and of the drift.

Why the shared digit, and why only m = 3. The shear is one shift in y and in z, and the two
offsets must wrap together. If the y- and z-digits wrapped at different cells, then in a slab where
only the z-offset wraps the cells n and n + (1,0, 1) would hold points about (%, %, %) apart, at

distance about 1/9/32 < 0.54. Equal rows exclude this; in the proof it is the identity V,, -V, =T
By Lemma 50, two coordinates of a (0, m, 3)-net share the row of their first offset digit only for
m = 3, so the construction does not extend to m > 3 in this form. Other mechanisms that
correlate the wraps at & > 2, not through equal rows, are not ruled out (Remark 123(7)).
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(a) Ti009, slab ng: (y, z)-plane

@ ® © @ @ @ @ (b) the same net, (z, y)-plane: pucker and shear 1

@ (O] (O] (O] O] O] O]

(O] (O] (O] O] © O] O] 099 7

¢ § o9 ¢ & @ 0.95 -

0.97 A

(O] O] O] O] O] O] O]

® T, exact

0.96 -

—— proved bound

O) O) O) O) O) O) O) pair d., /p*
0.95 —C, p=2
444444 Cpp=1
© & © ¢ ¢ @ ¢ 0.94 vrmr— v romr—
) - 102 10° 10* 10°
shaded: raised by § in a; grey dots: slab n, + 1 P
cell grid O lattice image ® actual point —— jitter shortest lattice vectors

FIGURE 12. A two-coset layer at m = 3: the net Tipg9 of Proposition 103 (h =
504, r = 126), in cell units. (a) The (y, z)-plane of the slab of cells n, = 661,
7 x 7 cells around (ny,n,) = (309,171). The coordinates y and z read the same
geometric digit rn, — ny, + n., so the points of a slab lie, up to drift and jitter,
on a translate of Z? (open circles: the pattern I' anchored at the central point);
the geometric digit h(ny + n.) of x, with h = —%, raises the points of every
other cell (shaded) by % in z. Grey dots: the next slab n, + 1, shifted by (é, %)
Accent: from a raised point, the two kinds of shortest vectors to the next slab,
(1,%,%) and (3,—%, %), both of length v/66/8. (b) The (z,y)-plane of the cells
with n, = 171: along y the points alternate between the two heights (the pucker;
in-slab neighbours are v/5/2 apart), and from column to column the y-offset grows
by % (the shear) and wraps after eight columns. Accent: the same two shortest
vectors (their z-components % are not visible) and an in-slab neighbour. In (a)
and (b) every point is within 0.01 of its site of I" in each coordinate, and I" has one
site in each cell; it is the union of two cosets of a lattice of covolume 2 and is not a
lattice. (¢) N'/3 against p: exact values for T, at 8 primes 101 < p < 1009 (dots;
computed, Appendix G), the lower bound of Proposition 103(2) (for p > 41), the
pair value d,/p? of (3), and for comparison the exact values of the column nets
Cp (Theorem 49; solid for p = 2, dotted for p =1 (mod 3)), which stay below 1

(Corollary 94); dashed: 1 and /66/8.

Computed values. At eight primes 101 < p < 1009 the exact minimum distance of 7, is
attained by the pair of (3), from N3 = 0.9949... at p = 101 to 1.0132... at p = 1009
(computed; Figure 12(c), Appendix G). The column nets have, exactly, 0.9966... at p = 101
and 0.9978... at p = 307 (Theorem 49). Compared at every prime 7 < p < 199 other than 23
(computed), 7, is ahead at 103, 109 and at every prime 127 < p < 199, and C, at the other
primes, all of them p < 113. For p > 197 the bound of Proposition 103(2) exceeds 1, so by
Corollary 94 7, is ahead of every column point set at every prime p > 197. The rank-one nets
W, of the next subsection are ahead of every column point set already at every prime p > 17,
and of 7, (Section 13.3).
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13.3. Resolution m = 3: a rank-one layer. In 7, the coordinates y and z wrap together,
and x wraps independently of them. Such a coordinate must move by exactly one cell along its
own axis, and its glue must be % (Remark 99; see Why locking pays below). Making all three
coordinates wrap together removes this restriction and gives a larger constant. We first say what
locked wraps are, for any layer at m = 3. In this section the layer is the matrix B over F, of
the geometric digits, r(n) = Bn mod p.

Locked wraps. Write a digital (0,3,3)-net over F,, in graph form with depths (1,1,1), as in
Lemma 98(i): coordinate ¢ of the point of cell n has the digits n., r.(n) = (Bn). and a third
digit. The phase of a cell is given by its geometric digits 7(n), which run exactly over the image
W = BIFI?;, and by Lemma 98(i) coordinate ¢ wraps on the step E if and only if r.(n) > p — S..
So the wrap vectors w that occur on the step E are exactly those for which W meets the box
1.1, with I. = [p—f,p) if we =1 and I. = [0,p — ) if we = 0. If B is invertible, W = IF% and
every wrap vector occurs: the free wraps of Lemma 98(i). If B is singular, every integer vector
h with h" B = 0 (mod p) (a relation) gives h-r(n) = 0 at every cell, and wrap vectors can be
excluded: the wraps are locked. These statements are exact for every p.

The limit model (heuristic). To explain the constants we also use a limit model, which no
proof below uses. Suppose B = pA + O(1) with A fixed, with a fixed finite set of relations h of
bounded |h|s, every other relation having |h|., — oo with p. Then the phases r(n)/p become
dense in the subtorus Y C (R/Z)? cut out by the bounded relations (it is connected: if kh is
a relation and 0 < |k| < p, so is h), the wrap vectors that occur are those of the open boxes
that meet Y, and in cell units the step F joins two points at £+ 8 — w, 8 = AE mod 1, up to
O(1/p). The model value of (A,Y) is the least |E' + 8 — w| over the steps E # 0 and these wrap
vectors. Locked wraps mean dimY < 3.

Ezamples. (a) For T, the relation (0,1, —1) gives Y = {¢p € (R/Z)? : 1, = 1, }, of dimension
2: y and z wrap together, and the model value is v/66/8, the minimum of I". (b) A layer of rank
one, B = wu' (mod p) with a fixed primitive integer vector w, has the relations h 1 w and
Y = {0w : 9 € R/Z}, of dimension 1: all three wraps follow one parameter ¥. The column nets
have w = 1, and the net W, below has w = (2,2, 1). (c) The rank alone does not determine Y
w = (1,t,t%) with t ~ p!/? gives layers of rank one whose phases become dense in (R/Z)3 as
p — 00.

Why locking pays. A coordinate whose wraps are free cannot move by 1 + « with a small
a # 0 along its own axis: at a cell where it wraps alone, the same step moves it by « only, which
shortens the step (Remark 99). So in 7, the free coordinate x moves by exactly one cell along
e, and the balance of its two contacts sits at % A coordinate whose wraps are locked can move
by more. In W, the coordinate z reads half of the geometric digit that x and y share, so z wraps
only where = and y wrap too. The step along e, moves z by 1+ 2, with e = p/(2p) — %, and
x and y by 4e; at a wrap of z it is (—1 + 4e, —1 + 4e, 2¢), long, because = and y wrap with z.
If z wrapped alone it would be (4¢,4e, 2¢), of length 6 — %. The longer step along e, lifts the
other contact as well. In W, the coordinate z plays the part of x in 7,, and the analogue of the
diagonal contact (%, —%, %) of I is (1 — 6e, —6¢, —% — 3¢). Its z-component now exceeds % in
absolute value, so this contact is longer than in I'. At ¢ = 4—18 the two contacts have the squared
lengths % and % (Table 9, rows (a) and (b)); Figure 13 shows both nets and the short step
that locked wraps avoid.

Proposition 104 (A rank-one layer at m = 3; (4) computer-assisted). Let p > 5 be a prime,
h=p-1)/2, r=|p/48] and p = 2r + 1. Let W, be the digital net over I, whose generator
matrices Cy, Cy, C, have the rows

Cy: eq, p(—1,-1,2), (0,1,2); Cy: ey, p(—1,-1,2), (1,0,1);
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C.: e, (h—r,h—r,p), (0,1,0).

(1) W, is a (0,3,3)-net, and every cell of side p~* holds one point.
(2) For p > 53 its toroidal (hence also Fuclidean) minimum distance satisfies, for any third
rows,

281 345 /3

SN'V3 > === :

- 256  128p P
The bound increases with p; it exceeds 1 for p > 67 and v/66/8 for p > 97.

(3) For p > 53 the points of the cells (1,0,0) and (2,0,p — 1) have toroidal distance d. at
integer scale p®, where d> = (p* — (6r + 2)p — 2)% + (6r + 3)%p? + (h + 3r + 2)%p?, and
de/p? < V281/16 +5/(2p). So N'/3 — \/281/16 = 1.0476.. .. as p — oc.

(4) SNY/3 > 1 for every prime p > 17, and SN'/3 > \/66/8 for every prime p > 53.

Since 2(h — r) = —p, the second rows of C, and C, are twice that of C; modulo p: z reads
the digit ¢(n) = u-n mod p, u = (h—r,h—r,p), and x and y both read 2¢(n) mod p. The layer
is (2,2,1)u’, of rank one, and as u/p — (%, %, i), in cell units the point of cell n sits near

n+ {9,(2,2,1)} with 9, = 22(ng +ny) + 25n., up to the drift and the jitter. Part (3) bounds
0 from above by one explicit pair, which is not a closest pair: at every prime 53 < p < 199 and
at p = 307, 353 the exact 6N/ is smaller than d,/p? (computed).

The proof of (2) rests on an exact description of the wraps of the shared digit.

Lemma 105 (Wraps of a doubled digit). Let p > 5 be a prime, h = (p—1)/2, u € IFI?; \ {0}, and
¢(n) =u-nmodpe{0,...,p—1} forn € F5. For E € Z* and n' = n+E put A = ((n')—((n)
and w = [2¢(n') > p] — [2¢(n) > p|, so that the digit 2¢ mod p changes by 2A( — pw. Let
o €{0,...,p— 1} be the residue of u- E. As n runs over IF;’), the pairs (A(,w) that occur are
exactly: (0,0) if o = 0; and if o # 0, for each A( € {o,0 — p} the pair (A, sgn A(), and also
(AC,0) if [AC] < h.

Proof. As u # 0, ¢ takes every value, and {(n') = {(n) + 0;s0 A( =oc for {((n) <p—-1-o0
and A = o — p otherwise, and both occur if ¢ # 0. Reversing the pair exchanges (A(,w)
and (—A(, —w), so let A( =d > 0 and ¢ = ((n) € [0,p—1—d]. As 2¢ > p if and only if
¢(>h+1, we {01}, and w = 1 if and only if ( < h < ( + d; such ¢ form the interval
[max(0,h 4+ 1 —d), min(h,p — 1 — d)], which is not empty, as 1 <d <p—1and h+2 < p. And
w = 0 if and only if ( + d < h, possible if and only if d < h, or ( > h + 1, possible if and only if
h+1<p—-1-—d,ie.d<h-—1. U

The lemma holds for u = 0 as well: then o = 0 for every E, ( =0, and only (0, 0) occurs. We
call each pair (A(,w) that occurs for a step E an option of E.

Proof of Proposition 104. (1) The first rows are e, e, e, so W, is a graph form with the depths
(1,1,1), and we use Lemma 2: the box of shape (1,1,1) has determinant 1 and puts one point
in every cell. A box with depth 2 on a, 1 on b and 0 on ¢ has, up to sign, the determinant
(Ca)2,c; these off-diagonal entries of the second rows are —p,2p, —p,2p,h — r,h — r. The box
with depth 3 on a has, up to sign, the 2 x 2 minor of the second and third rows of C, off
column a: det (_1" 22p) = —4p, det (_1" 21’)) = —3p and det (har h?") =h—rfora=ux1y,z2 As
1<p< 2’44 +1<p, 1<h—r<pandp>>5, all these are units, and Lemma 1 concludes.

(2) Reduction. At integer scale p® the point of cell n is X (n) = p*n + pg(n) + f(n), with the
second digits g(n) = (2¢(n) mod p, 2¢(n) mod p, (n)) and the third digits f(n). As in the proof
of Proposition 103, a representative of X (n') — X (n) is D = p?E +pAg+ Af with E=n/ —n,
|Af.] < p, and only E € {-2,...,2}3\ {0} can give |D| < 2p?; then |D|/p?> > |V| — V3/p
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row A steps E (v,w) Q V)? at e = 5 slope

(a) (1,0,—3%) (1,0,-1) (3. 1) 3 2 —9e+38l1e” 2 -L

(b)  (0,0,1) (0,0,1) (0,0) =2 14 4e+ 36¢° 2. u

(15172) (71771)

(C) (1707%) (17070) (%,1) 1 % _55+952 % _%

(d) (1,0,—%) (1,0,0) (=1,-1) 1 3 —3c+9¢ 205 -2
(0771771) (%70)

(e) (1707%) (1707 1) (_%,_1) -1 % +58+982 % %

(f) (1,1,0) (1,1,0) (0,0) 22— 16¢ + 36¢2 323 -2
(0707 _1) (17 1)

(g) (17_170) (17 _170) (O,O) O 2 2 0

TABLE 9. The short options in the proof of Proposition 104( ): every step E and
every (v,w) allowed by the rules of the proof with |A|*> < 2, up to the reversal
(E,v,w,A,Q) — (—F,—v,—w,—A, —Q) and the exchange ofx and y. Here E is a
cell step, Q = B, +E,—2E,,v € % +Z the integer part of the change of /p,
w the wrap of the digit 2¢ mod p, A = E+ (2v —w)(1,1,0) + ve, the limit step,

=(2,2,1), V.= A — Qew the step in cell units without the jitter, ¢ = p/(2p),
and the last columns give |V|? = |A — Qew|?, its value and its derivative in ¢ at
the limit & = ;5. Row (a) is the diagonal contact, row (b) the step along e, and
the second step of row (f) the step along —e, at a wrap of z, where x and y wrap
too.

with V' = E 4+ Ag/p, and by Lemma 105 Ag = (2A({ — pw, 2A( — pw, A(). It suffices to show
V|2 > 281 345

— 256 128p
Parametrization. Put S = E, + Ey, Q = S —2E, and € = p/(2p). As 2(h — 1) =p — p,

2u- E =pS — pQ, so A = p(v — Qe) WithI/E%—FZ, and
V=A-Qew, A=F+ (2v—w)(1,1,0) + ve,, w=(2,2,1),

V2 = |A]? = 2Q(A - w) e +9Q°".
With 6 = 48r — p, an odd integer in [—47,—1] (here 9 is not that of Proposition 103), we have
p={p+0)/24+1,s0e= 4%+ 9+24 and |e — | < 48 ; for p > 53, ¢ < g% < 755. The drift of
the layer is this deviation of ¢ frorn its limit.

Which (v,w) occur. Let p > 53. Then |Q| < 8 and 4p < & +4 < h. By Lemma 105: if v = 0,
then A = —Qp/2, |AC| < h, and w € {0,—sgnQ} (only w = 01if Q = 0); if v = :l:%, then
Al = f(j:p Qp) has the sign of v, w = sgnv occurs, and w = 0 occurs if and only if VQ > 0;
ifv= il the step occurs only if #Q > 0, and then |A¢| > h and w = sgnv; and |v| > 2 5 gives
|AC] >3 5p — 4p > p, which does not occur. None of these rules depends on p or on its class

Long options. A lies in the lattice Ayy = {A: A;, A, € Z, 2A, € Z, Ay + A, =2A, (mod 2)},
as Ay + Ay =S =2v = 2A,. By the rules [2w — 2V] < 2, and Q= (Az+A,—2A,)—2v+2w, so
|Q| < V6|A|+2. Hence |V| > |A|-3|Qle > (1— T 6y 4 — 2> 1.05if [A]> > 3, and 1.05% > 2.

Short options. Since 24, € Z, |A]? is an integer or an integer plus 1, and |A> = § would
need A = (+1, £1, :I:%) or :I:%ez, which violate the parity condition; so the vectors of Ay with
0 < |A|? < 3 are those with [A[*> < 2: +e., (£1,0,£3), (0,+1,43) and (£1,+£1,0). For each of
them F = A— (2v —w)(1,1,0) —ve,, with v = A, (mod 1) and |v| < 1, so at most three values
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of v, and checking the rules for these values and their w leaves the options of Table 9; A = 0
does not occur (it would need E = w(1,1,0) with v =0, w = —sgn Q = —sgn(2w), or £ = —v1
with |v| = 1 and Q = 0). The squared length g(¢) = |V|? of each row is a convex quadratic in ¢,

so it lies above its tangent line at 45, and as | — 55| < %, a(e) > q(55) — |d' (55)! - % =:T(p).

For the diagonal contact (a), T(p) = 35t — %, as 2 - 22 = 38 For the step (b) along e,

T(p) = 35 — %, which is larger, as 352 > 28 and %2 < 325 For the rows (c)-(g), ¢(5) > 24,

so p(T(p) — L) = p(a(55) — 33) — 22|¢/(55)| is affine in p with positive slope, and at p = 53 it

is positive (for row (c), 53- % - % : %7 > 0, and the other rows have more room); so these options

have |V|? > 281 This proves (2). The constant 332 is the slope of the diagonal contact (a) times

the largest drift %, which is attained for p =1 (mod 48); exactly, with z = ¢ — ﬁ = GIT?’
Va2 = % - %5:3 + 8122,

The bound increases with p; it is 1.0024... at p = 67, below 1 at p = 61, 1.0164... at p = 97
and below v/66/8 = 1.01550. .. at p = 89.

(3) Here ¢(1,0,0) = h—r and ((2,0,p—1) = p—2—4r, so the second digits of the two points
are (p—1—2r, p—1—2r, h—r) and (p—4—8r, p—4—8r, p—2—4r) (as p > 8r+4), and the third
digits are (0,1,0) and (p —2,1,0). Hence D = (p? — (67 + 2)p — 2, —(67 + 3)p, —(h + 3r + 2)p)
is a representative of the difference with |D.| < p®/2, i.e. the toroidal one. As 6r + 3 = 3p and
h+3r+2=3(p+3p), D/p* = (1 —6¢,~6c, —5 — 3¢) + (;; — ,0,0): the contact (a) with the
step E = (1,0, —1), plus a jitter. So d./p? < |Va| —i—%, where by the display in (2), with |z| < %,
Val? < 2L+ % + 24576(;12 < 24 3‘% for p > 53; with va+x < y/a + z/(2y/a) this gives
di/p? < \/281/16 + 2.46 /p, slightly more than (3) states. Together with (2), SN'/3 — /281/16.

(4) By (2), 6N'/3 > 1 for every prime p > 67 and > v/66/8 for every prime p > 97. The
remaining primes are settled by the exact minimum distances (Appendix G): at every prime
17 < p < 61, NY3 > 1.0009. .. (least at p = 47), and at every prime 53 < p < 89, SN/3 >
1.0257 ... (least at p = 89). O

The balance. In the limit the two shortest contacts are rows (a) and (b) of Table 9: the diagonal
contact, lifted by the glue %4—35, and the step along e, lengthened to 1+ 2¢ in z. Their squared
lengths

Ga(e) = 5 — 9 + 812, qp(e) = 1+ 4e + 36¢°
are equal where 45¢2 — 13c + 1 = 0. The smaller root is * = (13 —2v/31)/90 = 0.02071.. ., and
there both equal p*?, where u* = \/(72 —8v31)/25 =1.0480. . .; on [0, %8}, gq decreases and g

increases. The limit € = ﬁ = 0.02083. .. of W, is not a balance: it lies just above €*, on the side

of the diagonal contact, with ¢,(5%) = 3¢ < @(55) = 355, and its length /281/16 is 0.030 %

below p*. Since p is an integer, the drift € — ﬁ cannot vanish; the choice p = 2|p/48] + 1 centres

it, |e — %| < %, and it gives the first-order constant % of

of the whole family of layers of this shape.

(2). The balance p* is the optimum

Proposition 106 (Optimum of the rank-one layers with image (2,2, 1)). Let p > 5 be a prime,
w = (2,2,1), and let P be a digital (0,3,3)-net over Fy, in graph form with the depths (1,1,1)
whose layer is B = wu' for some u € IF;’,, with any third rows: z reads the second digit
¢(n) = u-nmod p, and x and y read 2((n) mod p. For ¢ € (R/Z)3 let F(v)) be the least value of
|E+&w —w(1,1,0)]? over the steps E € Z3\ {0} and the pairs (&,w) with £ € (=1,1), E=-FE

(mod 1), and w = sgn&, orw =0 if [§| < % Let ¢* = (% —6*,%—5*,28*).
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(a) T101: z free (b) Wip1: z locked (c) z free (shifted)
1.06 4
i ! f i i " 1.04-
. . L} . . L) . L} L

. L) Y & @
e 1.02 4

b )
Pt locked wrap ¢ ¥ short step (4e, 4e, 2¢) . o /f
L[]

i J )i s [3 [] ° 0.98 - ® ® W, exact

? * ] (] . ° T ® —bound (2)
! 1 < + o pair d, /p? of (3)

¢ ¢ ¢ o ‘ ° 0.96 - & O 7, exact
) . ¢ ¢ ¢ ® . I T T T 1
X 10t 102 10° 10*
(y, x); step 1 along = (z, 2); at a wrap of z, z,y wrap (z, 2); z wraps alone P

FiGURE 13. Locked and free wraps at m = 3, from points generated by the
generator matrices, in cell units. Grey segments join the points of consecutive
cells along the vertical axis. (a) 7101 (Proposition 103), a slab n, = const seen in
the (y, z)-plane, with the free coordinate x vertical (shaded: cells raised by about
% in x): the step along e, moves = by exactly one cell, up to the jitter, whatever
the cell. (b) Wio1 (Proposition 104, ¢ = p/(2p) = 5/202), a slab n, = const
in the (z,z)-plane, with the locked coordinate z vertical: the step along e, is
(4e,4e,1+ 2¢), longer than one cell (accent arrow); where z wraps,  and y wrap
too and the step becomes (—1 + 4e, —1 + 4e, 2¢), still long (thick accent arrow;
checked at every cell of the window). (c) The same net after the digital shift
that adds 1 to the second digit of z: the wraps of z are no longer locked, z now
wraps alone at some cells (the cells with ¢ = p — 1 — p), and the step along
e, there shrinks to (4e,4e,2¢) up to the third digits (circles; length 0.148); the
shifted net has SNY/3 = 1355. . ., against 1.0362. .. without the shift (computed,
Remark 108). (d) SN/3 of W, (exact at the primes 11 < p < 199 and at 307, 353;
above 1 exactly from p = 17 on), the bound of Proposition 104(2) and the explicit
pair of (3), which is not a closest pair; open circles: 7, (exact, 17 < p < 199);
dotted: the optimum g* of the family (Proposition 106), 3.1-10~% above 1/281/16.
Interactive version: explainers/beyond.html (Section 1).

(1) Let F,(u) be the squared toroidal minimum distance of the points p*n +pg(n) at integer
scale p>, divided by p*, where g(n) = (2¢(n) mod p, 2¢(n) mod p, {(n)) are the second
digits: the value of (SN'/3)? without the third digits. Then Fy(u) = F(u/p), and |§N'/3 —
VEF,(w)| < V3/p for any third rows.

(2) For0<e< 35, F(3 —¢,3 —¢,2¢) = min(ga(e), gu(€))-

(3) F(y) < u*? for every ¢ € (R/Z)3, with equality only at ¢ = *. As 1)* has irrational
coordinates, F,(u) < p*2, and SN'/3 < p* + /3 /p.

So no digital (0, 3, 3)-net whose layer has rank one with image F,(2,2,1) exceeds p* + v/3/p,
at any prime and with any third rows, and the supremum p*? of the value without the third

digits is attained by no net. Permuting the coordinates gives the isometric families with the
images Fj,(2,1,2) and F,(1,2,2).

Proof. Call a step FE with a pair (§,w) as in the definition of F' an option of 1, with the vector
V = F+&w — w(1,1,0). Every option has [£] < 1 and |26 — w| < 1, so |V]| > 2 if some


https://lgruen.github.io/separated-nets-lean/explainers/beyond.html

QUASI-UNIFORM DIGITAL NETS IN EVERY DIMENSION 91

|E.| > 3. The step e, gives V = e, if ¢, = 0, and otherwise, with £ = {¢,} — 1 and w = —1, it
gives V. = (2§ + 1,26 + 1,1 4+ &), whose entries lie in (—1,1). Hence F' < 3, and only the steps
E € {-2,...,2}%\ {0} matter.

(1) At integer scale p? the point of cell n is p*n + pg(n) + f(n) with the third digits f(n).
As in the proof of Proposition 104(2), the representatives of the difference of the points of the
cells n and n' are D = p?E + pAg + Af with E = n’ —n (mod p) and |Af.| < p; without
the third digits they are pV with V. = E + Ag/p, and ||D|/p* — |V|| < |Af|/p* < V3/p.
Comparing a pair that attains § with one that attains \/F,(u) gives |JN/? — \/F,(u)| < v/3/p.
By Lemma 105 (which holds for every wu; part (1) uses neither u # 0 nor the net property),
Ag = (2A¢ — pw, 2A( — pw, A(C), and the pairs (A{,w) that occur for the step E are those
of the lemma. With & = A(/p they are exactly the pairs of the definition of F' for ¢» = u/p:
A € {o,0 —p} (only 0 if 0 = 0) means { € (—1,1) and £ = u- E/p (mod 1), and, as p is odd,
|A¢| < hmeans [£] < 5. Then V = E+&w—w(1,1,0). Asp > 5, every step E € {—2,...,2}3\{0}
joins two distinct cells, so Fp(u) = F(u/p).

(2) Let v = (3 —e,5 —£,2e) with 0 < e < 3. With S = E, + E, and Q = S — 2E.,
W-E = %—QE, so& =v—Qewithv € §+Z, and V = A—Qew with A = E+(2v—w)(1,1,0)+ve,.
This is the parametrization of the proof of Proposition 104(2), where u/p is of this form with
e = p/(2p). As |Qe|] < 8 < %, the pairs that occur follow the rules stated there: for v = 0,
€] < % and w € {0, —sgnQ}; for v = j:%, ¢ has the sign of v, w = sgn v occurs, and w = 0 occurs
if and only if v@ > 0; v = £1 occurs only if ¥@Q > 0, and then w = sgnv; and |v| > % does not
occur. The rest of that proof uses only & < 125: the options with [A[* > 3 have |V/| > 1.05, and
the others are the rows of Table 9. On (0, 135] the rows (c), (d) and (f) decrease, to 1.1081, 1.1681
and 1.5524, and the rows (e) and (g) are at least 2; all of these, and 1.05% = 1.1025, exceed pi*?
while min(q,(€), gy(¢)) < p*?, as g, decreases and g, increases through ¢*. The rows (a) and (b)
oceur, since (v,w) = (3,1) and (0,0) are always allowed. So F(¢)) = min(q,(€), g(¢))-

(3) Let v € (R/Z)3 with F(1) > p*?, and represent v, ,,1, by numbers in [0,1). We use
only options with w = sgn¢, which always occur, and options with w = 0 and |£| < 5. The
numbers % =1.0933..., ig and 9 are below ;*2 = 1.0983.. ..

The step e,. If b, = 0, then V = e, and |V|?> = 1. Otherwise £ = ¢, — 1, w = —1 gives

= (21/1Z 1,2¢, — 1,9,) with |[V|> = 92 — 8¢, + 2, a convex function with the values %
at 1/12 = ﬁ and 1(7), at wz = 32509, ¢ [1577] If ¢, > 2, then £ = ¢, — 1, w = 0 gives
VIP=81—-v.)?+¢2< 1. So0<y. <&, and £ = 4., w =0 gives V = (2¢;,2¢.,1 + ¢.)
with [V]? = q,(10./2); as q 1ncreases WP, > 2e*.

The steps e, and e,. If 1, = 0, then V|2 = 1. Otherwise & = ¥, w = 1 gives V =
(2@!)5,;, 20, — 1,10) with |V|? = 992 — 44), + 1, a convex function with the values 1 at v, = 0 and
ﬁ at ¥, = 15,sow$>%. If ¥, > %, then{zwx—l,w:OgivesV:(1—275 —2t, —t) with
t=1—1,and |[V|? = 9t2—4t—i—1 is the same function, so t > % Hence oo = £ — 1, € (—55, 35),
and likewise 8 = 1 — 1y € (— 30, 30) Put v = 1,.

The step 1 (thelock) Here 9 - 1_7 a B=16€(—%,1).1f6>0,then{ =6—-1,w=—1
gives V = (26, 25,5) with |V[*> =95% < 5. So a + 8 > 7

1
3

Thediagonalsteps(l,(),—)and(O,l, 1). For E = (1, ),w-EEzﬁx—@bz:%—)\with
A=a+vye€ (26" —%,%)C(O )andﬁ—f A, w—lglvesV:(1—2/\,—2/\,—%—)\)with

V2 =2 —3X+ 92 = ¢4(\/3): row (a) of Table 9 with ¢ = A/3. Likewise E = (0,1, —1) gives
ga(N/3) with X = B+ 7. As g, decreases on [0, 1z] and gq(e*) = p*? < F(1), we get A < 3¢*
and X < 3¢*. But A+ XN = a+ 8+ 2y > 3y > 6c*, by the lock and the step e,. So equality
holds throughout: A =X =3&*, a+ =7 and v = 26*, hence o = 8 = ¢*, i.e. Y = ™.
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Hence F(v) > p*2 only at 1 = ¢*, where F(¢*) = p*2 by (2): F < u*? everywhere, with
equality only at ¢*. As &* is irrational, u/p # ¢, so F,(u) = F(u/p) < p*?, and by (1)

SNV < \/Fy(u) + V3/p < i* +V/3/p. 0

How siz contacts fix the optimum. The proof uses six steps. Along e;, e, and e, a coordinate
can wrap alone, which shortens the step. This forces 1), and v, to stay within % of % (lae], 18] <
%), and z to move by at least 1 + 2¢* along e, (v > 2¢*), or the step along e, is short. The
step 1 is the one along which all three coordinates can wrap together, and these offsets must
not shorten it: o + 8 > . The diagonal contacts then balance against the step along e, at an
irrational point. The optimum lies on the plane ¢ -1 =0, i.e. u -1 = 0, where the step 1 has no
phase change; W, lies on it, as 2(h —1) 4 p = p. Proposition 106 covers only the image [F,(2,2,1)
and its permutations; other rank-one images, layers of rank two and non-digital point sets are
not covered (Remark 123(7)).

Remark 107 (Reaching ). Let W, be the net of Proposition 104 with » = [pe*| in place of
|p/48]. Then p = 2r+1 is the odd integer nearest to 2pe*, and ¢, = p/(2p) satisfies |, —¢*| < ﬁ
(both use that pe* is never an integer, as ¢* is irrational). Wy is a (0, 3, 3)-net for every prime
p > 5, since the proof of Proposition 104(1) needs only 1 < p < pand 1 < h —r < p. Its layer
is wu' with u/p = (% —&p, % —&p,2¢6p), and g, < % for p > 17 (gp = % for p < 47, e53 = %,
and €* + {3z < 155)- So for p > 17 Proposition 106(1), (2) gives the value min(qq(p), gs(ep))
without the third digits. Both ¢, and ¢, are convex, so each lies above its tangent line at £*;

there g, decreases and g, increases, and ¢ (¢*) < |¢,(¢*)|; hence

K 3 ! (e* 9v/31 — 36
5N1/3(W;) > \/IL;_ \pf’ K= qa(; ) = . =2.8219...,

for every prime p > 17. With Proposition 106(3), 5N1/3(W;) — p*: the optimum of the family
is attained in the limit. The bound exceeds 1 from p = 67 on and v/66/8 from p = 97 on,
as that of Proposition 104(2). It exceeds v/281/16 from p = 9791 on, and the upper bound
V/281/16 + 5/(2p) of Proposition 104(3) from p = 17737 on; only from there on is W, provably
ahead of W,,.

The optimum is reached only asymptotically: at moderate p, W, is not ahead of W,. W = W,

for p < 193 (computed), and W, # W, for p > 8548: as % —e* = % > ﬁ, for p > 8549
we have p/48 —pe* > 1, so |p/48| > |pe*], and the two nets have different p < p. At the primes
p < 1009 where they differ, namely 193, 241, 337, 433, 577, 673, 769 and 1009, W, has the larger
SN'/3 (computed; 1.0405. .. against 1.0355... at p = 193, and 1.0463... against 1.0458... at
p = 1009). At these primes ¢, < &* for Wy, so without the third digits its minimum is the step
(b) along e,, while W, has ¢ > ¢* and its minimum is the diagonal contact (a). A heuristic
reading of the computed values is that the third rows of Proposition 104 cost the step (b) more
than the contact (a): at moderate p the jitter, not the drift, decides, and the value that W, gives
up by its limit € — 4—18 instead of £* is small, p*? — % <7-1074,

Computed values. The exact N3 of W, is 1.0087... at p = 17, 1.0262... at p = 53,
1.0362... at p = 101 and 1.0461... at p = 353, and below 1 for p < 13 (computed). By (4)
and Corollary 94, W, is ahead of every column point set at every prime p > 17. It is ahead
of T, at every prime 17 < p < 199 other than 23 (computed), and for p > 53 also by (4) and

Proposition 103(3), as §(7,) N3 < d.(7,)/p* < v/66/8. Nor is v/66/8 the best value for layers
L (066

in which two coordinates share a geometric digit: in the limit model the layer A = = (g f% %)
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with Y = {¢ € (R/Z)> : 1, = 9.} has the value v/233/15 = 1.0176... (computed), and its
realization B, = (0,a,a), By = B, = (2r',—r',—r'), a = round(2p/5), v’ = round(p/15), with
the third rows of 7, is a (0,3, 3)-net at p = 307 with OSN3 =1.0160... > v/66/8 (computed).
Its free coordinate z carries the glue % So Remark 99, which concerns the length of a single
step under free wraps, does not decide which glue is optimal for the minimum, even for free
coordinates.

Only atm = 3. At m = 3k, k > 2, the geometric digits of any two coordinates of a (0, m, 3)-net
are jointly uniformly distributed (Lemma 50), so no coordinate can read half, or any function,
of the geometric digit of another: the lock of W, like that of 7, exists only at m = 3 (Re-

mark 123(7)).

Remark 108 (Digital shifts of 7, and W),). As for the column nets (Remark 70), a digital shift
translates the wrap windows of the coordinates independently, so bounds that use locked wraps
need not survive it. The bound of Proposition 103(2) does not extend to shifts whose second
digits differ in y and z, the two coordinates that share their geometric digit, for instance at
p =41, 53, 101 (computed). If they agree, 7,2 = 72 (all other shift digits arbitrary), the bound
holds for the shifted net, for every prime p > 41. Indeed, by Lemma 67 the shifted net, indexed by
its own cells, is 7, with constants added to the offset digits. As C, and C, have the same second
row, the geometric digits of y and z of each cell differ by the constant 7,2 — 7.2 = 0, so g, = g
at every cell; and the differences of the geometric digits of two cells satisfy the same congruences
€ = hS,n=rE, —T as for T, since the constants cancel. The proof of Proposition 103(2)
uses the geometric digits only through these congruences and through g, = g., and the third
digits only through |Af.| < p; so it applies verbatim. The lock of W, (Proposition 104) is more
fragile, because z reads half of the digit of  and y. In the notation of Lemma 105 (z reads
¢(n) =u-nmod p, and x and y read 2¢(n) mod p), let the second shift digits be 7,90 =7y2 =1
and 7, 2 = t’. Re-indexing the cells by n’ = n + nyg, for a cell ny with u-ng =t’ (a translation of
the torus by —ng cells, together with a shift of the third digits), turns the shifted net into the
one in which z reads {(n) and x and y read (2¢{(n) +t — 2t') mod p. For ¢t = 2t' this is W), with
shifted third digits. For ¢t = 2t/ + 1 the digit (2¢ + 1) mod p wraps, i.e. 2( +1 > p, if and only if
¢ > h, one step earlier than 2¢, and with w = [2¢(n’) +1 > p] — [2{(n) + 1 > p] the pairs (A, w)
that occur are exactly those of Lemma 105. Indeed, the proof of the lemma goes through with
h in place of h + 1: the values of A{ and the reversal are unchanged, and for A = d > 0 and
¢(=¢(n)e€[0,p—1—d] wehave w € {0,1}; w =1 if and only if { < h —1 < { + d, which holds
for ¢ = max(0,h — d), so it occurs for every d; and w = 0 if and only if ( +d < h — 1, possible if
and only if d < h—1 (both digits below the wrap), or { > h, possible if and only if h < p—1—d,
i.e. d < h (both at or above it). So w = 0 occurs if and only if d < h, as in the lemma. The
proof of Proposition 104(2) uses the second digits only through these pairs and allows any third
digits, so its bound holds for the shifted net whenever ¢t = 2t/ or t = 2t' + 1; the exact value
need not be kept, since the third digits move. Other second digits break the lock in every case
computed: at p = 101 the shifts (7;2,7,2,7.2) = (0,0,1) and (7,7,7) give SN'/3 = .1355. . .,
against 1.0362. .. without a shift, and every shift (¢,¢,0) with 2 < ¢ < 100 gives IN/3 < 0.1356,
while (1,1,0), (3,3,1) and (5,5,2) keep 1.0362. .. (computed). That only t = 2¢' and t = 2t' + 1
keep the lock is computed, not proved. In the computed cases where the lock breaks, the step
along e, at a wrap of z alone shrinks to (4e,4¢e,2¢) up to the third digits. Proposition 104 is a
statement about unshifted nets.

13.4. No half-integer layer in the frame orbit. By Section 3, every net obtained from
a frame by per-coordinate lower-triangular scrambles has a geometric layer of Cauchy form,

Meg = Aeprg/Deq (¢ # d), with units A¢, pg and the homogeneous place differences D,4; this
holds over Q, and verbatim over [, for places in P*(F,). The deepest carry depth s — 2 of row 0
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is free by Proposition 17 up to one condition per column d (the polynomial g4 s—2 there, which
the s — 1 off-diagonal entries of the column determine, must have a unit leading coefficient) and
can be made half-integer. But the geometric layer Fy, which every carry-free step sees, sits at
carry depth 0, where the Cauchy form leaves only the row and column scalars free.

Proposition 109 (No half-integer frame layer). Let M be a layer of this Cauchy form over a
field K, and let a,b,c,d be four distinct coordinates.
(1) If K = Fp, p prime, and 2]\~4ij = hj (mod p) for all twelve ordered pairs i # j in
{a,b,c,d}, with odd integers |h;;| < §, then p divides a nonzero odd integer Z with
|Z| < 13Q1'6. In particular this is impossible for p > 13016,
(2) If K=Q, then the twelve entries Z\Z[ij, i # j in{a,b,c,d}, do not all lie in % + 7.

Proof. By Lemma 18(P) over K, with m;; = Miiji, the numbers 2 = 7p7ed/(TacTpq) and
V? = TopTeq) (Taqmpe) satisfy (x2 —¢? —1)? = 44902, (1) The entries of a layer of Cauchy form are
units, so for odd p the h;; = 2Mij are units modulo p (for p = 2 the hypothesis fails, the h;; being
Odd), and 47Tij = hl]hjl Let Ay = |habhbahcdhdc|7 Ay = |hachcahbdhdb|, Az = |hadhdahbchcb|7 odd
integers at most Q% Then x? = e24;/Ay and ¥? = e3A4;/A3 with signs e3,e3 € {£1}, and
multiplying the last relation by A3A3 shows that p divides

7 = (€2A1A3 — €3A1A2 — A2A3)2 — 4€3A1A%A3.

The bracket is a sum of three odd numbers, hence odd, so Z is odd and in particular nonzero,
and |Z] < (30%)2 + 4016 = 13016, (2) Over Q the same computation with h;; = 2M;;, odd
integers by assumption, gives Z = 0 exactly, contradicting that Z is odd. (Il

So a rational design never has a half-integer geometric layer in the frame orbit (on four
coordinates, hence for s > 4), and a design over F,, with |2M| < Q has none once p > 13Q'6.
Proposition 109 reads the Plicker relation of Lemma 18(P) modulo powers of 2: it is the 2-adic
counterpart of Lemma 18(H), which reads it in absolute value, and of Remark 82, which reads
it modulo q.

13.5. The split frame. The ceilings of Theorems 87 and 88 concern bounded layers. A geo-
metric layer with half-integer entries escapes them: locally the points form the packing DI =
Dy U (Ds + 31) [9, Ch. 4], whose minimum min(y/s/2,v/2) exceeds 1 for s > 5 and equals the
Eg value /2 at s = 8. At the resolution m = s no frame is needed (Section 13.7). For k > 2
the layer sits at carry depth O of a design, and there a Pliicker relation between the places
excludes rational half-integer layers in the frame orbit (Proposition 109). To escape it, the split
frame lets each coordinate c read its cell digits at one point v, and its offset digits at a different
point u.. Its box minors are still confluent Vandermonde determinants, its geometric layer is the
non-symmetric Cauchy matrix X, g/ (u. — v4) in two unrelated point sets, and with u. even and
vg odd it can be half-integer at every carry depth.

Definition 110. Let vy,...,vs_1 (cell points) and wuo,...,us—1 (offset points) be 2s pairwise
distinct rational numbers, let D be the product of their denominators and of the numerators of
their pairwise differences, R = Z[1/D] and m = sk. For V' € R][t]<y, let coordinate ¢ have the
m digits

[(t—we) ]V (j<k), followed by  [(t—u.)]V (j<m—k).
Put Jeq = ue — vg, 1L(t) = [[;(t — va)¥, Iy = II/(t — vg)* and O = [[; Ve, so that II(u.) = OF.

With u = v (and one place at co) this would be the frame of Section 3.2. Here the cell of
coordinate c is the k-jet of V' at v. and its offset is the jet at a different point u. (Figure 14).
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(a) places: a frame, and the split frame of H;* (Prop. HL5)

cell and offset of ¢ at one place a,;

frame E E E E E layer Acpq/(ac — aq): Pliicker
az asz =

relations = never all in { + Z (Prop. P)
ag ap

Pop = —3 Iy =1

. 3 2 1 0 1 2 3 1 5 6 7 8 ¢ cell of ¢ at v, (odd, filled), offset at u.
split O u O u O u O u u O (even, open); layer A/ uq/(u. — va):
1 .
o v w v us v us v - ws all 9.4 odd = 4+ Z possible (Lem. Hs)

(c) Hg;, p=10007: zy-slice; D; across carries

(b) the geometric layer: Fy[c][d] = A pta/Vea € 3+ Z (c#d) ® ® carry ® ®
O] ® ® ® ®©
O] @ O] O] O]
P = e — vg (all 0dd) 2F, (all odd) ® o O © ® © ® o ®© .
0o -7 -9 -1 -5 -3 0-147 5 45 -9 3 C O ® ®© ©
O] O] O] O] O]
D] O] ® ® ®
15 -7 1 -3 -1 1 3 —61 -15 -5 3 ® ® ® ®
........... ® ® ® @ carry
2 -3 -5 3 -1 1 2 5 3 -53 —-15 -3 ©_  © - © © ©
D) v5 ® - ® ®
y -1 -3 5 1 3 , —15 =5 3 —61 1 ®© ‘i< ®@ @@ Qe
® — O] O] O]
13 1 9 5 7 115 45 5 -9  —45 ° @ = ® ®
@ ® ® ® ®©
0 1 2 3 A 0 1 2 3 4 ® ® ® ® ®
. N . ' ' ® ® ® O) ©
row ¢, column d; the diagonal of F, (shaded) is free, not of Cauchy form ® @ S) @ @
cell grid O lattice image ® actual point —— jitter shortest lattice vectors

FIGURE 14. Split frames (Definition 110). (a) Top: a frame reads the cell and
the offset of coordinate ¢ at one place a., so its geometric layer is a symmet-
ric Cauchy matrix, and a Pliicker relation among four places rules out a half-
integer layer (Proposition 109). Bottom: the split frame of H} (Proposition 122),
u=(-2,0,2,4,8) even, v = (5,7, —1,3,1) odd: coordinate ¢ reads its cell at v,
(filled) and its offset at u. (open); arcs: two entries 9.4 = u. — vg. The box mi-
nors are confluent Vandermonde determinants in the ten places (Lemma 111). (b)
The geometric layer is the non-symmetric Cauchy matrix A1/ (ue —vq) (Propo-
sition 113); every .4 is odd, so the layer can be put in % + Z (Lemma 114; for
the explicit Hs, uc = 2¢, vg = 2d+1). Shown: ¥ and 2Fy of HZ. (c) The net ’ng,
p = 10007: the xy-slice of a 10 x 10 window of cells that crosses a carry in z and
in y (dotted), the other three cells fixed. Every partial sum M (@) of the design
lies in £ + Z, so the corner/centre parity pattern of DI (minimum v/5/2 > 1)
continues across the carries (Proposition 115); drift and jitter stay below 0.05 of
a cell.

Lemma 111 (Box minors of the split frame). For depths (d.) with ). d. = m the box matriz
of the split frame consists of the min(d., k)-jets of V at v. and the (d. — k)4 -jets at u., and its
determinant is, up to sign, the confluent Vandermonde product H{RQ}(Z‘Q — xp)*P*Q guver the
2s points xp with these multiplicities ap. In particular, for s > 4, every k > 1 and q coprime to
the denominators of the points, the split frame is a (0, sk, s)-net over Z/qZ if and only if the 2s
points are pairwise distinct modulo every prime factor of q (which needs every prime factor of
q to be at least 2s).

Proof. The box matrix is the Hermite matrix of Lemma 8 for the 2s points with the multiplicities
ap, Yy, pap =y .d. = m (no point at co); this gives the value, a unit modulo p if the points
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are distinct modulo p. Conversely, a coincidence modulo p puts two equal rows into some box:
V(ve) and V(vg) for v, = vg (the box (k,...,k)); V(u.) and V(vg) for u. = vq, ¢ = d allowed
(depth k + 1 on ¢, at least 1 on d); V(u.) and V(uy) for u. = ug, ¢ # d (depths k + 1 on ¢ and
d, k — 1 on two other coordinates, k elsewhere; here s > 4 is used). Then Lemma 1. ]

So the ¢ = 0 property of split frames is Lemma 8 with two points per coordinate (the exact
sign is recorded in Appendix F). As for frames, the (k,..., k) box is invertible over R, so the
split frame has a graph form ®° with depths (k,...,k) and entries in R, whose box minors are
those of Lemma 111 divided by the unit (k, ..., k) minor.

Lemma 112 (First offset rows of the split frame). For every k > 1 and ¢ # d, row 0 of @fd
has, with " marking carry depth n, the generating function
oF
g(vg + ) (Yea — )

Proof. As degV < sk = degll, partial fractions give V' = > ;14N with deg Ny < k; as
V =1I4N; (mod (t—vg)*) and II4(vg) is a unit, the cell of d determines Ny and conversely. The
first offset digit of ¢ is V/(uc). For the column (level j of the cell of d, all other cells 0) we have
V = TIyNg with Ng = (t —vg)? /Tlz (mod (t —vg)¥), i.e. Ny = > j<ick Pi—j(t —va)" with p(z) =
>n Pnt" = 1/U4(vg + x). Hence, with ¥ = Jea, V(ue) = a(ue) 32 j<ick @i—;9". Weighting the
level j = k — 1 —n by 2" gives I4(u.) 9% Lp(x) > sol@/V)" = g(ue)9*o(z) /(¥ — ) modulo
2F, and Ty(u.)9* = (u.) = OF. O

Proposition 113 (Normal form and reachable designs of the split frame). Apply the gauge
move of Lemma 2(c) with L. = diag(©,%,1,...,1) and Uy = Toep(Ily(vg + z)). Then row 0 of
every off-diagonal block becomes weq/(1 — yeqr) with

1 1

wcd:ycd:@:uc_vd (C#d%

independently of k, and within each column d the y.q (c # d) are pairwise distinct with unit
differences Yeq — Yerd = (U — ue)/(Veg¥eq). Consequently Propositions 13 and 17, Definition 14
and Corollary 15 hold verbatim for the split frame, with Q. replaced by ©. and Lemma 10 by
Lemma 111. In particular a design is reachable with row scalars N if and only if, for every
column d and every j < s — 2,

MOl = x, 9t g

Ue — Uq
for polynomials gq ; of degree j with unit leading coefficient; and then, for every k > 1 and every
q coprime to DD', where D" collects the primes of the units ., of the leading coefficients of the
ga,; and of the denominators, the graph form P,?”;’F of Definition 14 (on the split frame) is a
digital (0, sk, s)-net over Z/qZ with one point in every cell, whose row 0 equals the design on
the levels k — 1, ...,k — min(k, s — 1) and vanishes below.

Proof. The normal form is Lemma 112 times @gk and II3(vg+x), as in Proposition 12, with unit
diagonal entries of L. and U,. The proofs of Propositions 13 and 17 use only that the w.q are
units and that the y.q of a column are distinct with unit differences (the matrix (weqyly)etd, n<s—2
is then a unit diagonal times an invertible Vandermonde matrix), and the proof of Corollary 15
uses only the unit box minors of the frame, here Lemma 111. O

Only the leading coefficients of the g4 ; with j < min(k,s — 1) enter at a given k; if a prime
p divides the leading coefficient of some g4 ;, the design cannot be realized modulo p at carry
depth 7, so modulo p the net exists only for & < j (this is also verified in Lean). The geometric
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layer is now M ( d) = A.pq/(ue — vg) with g = gqo: a general, non-symmetric Cauchy matrix
in two different sets of points. There is no Pliicker relation between the row points u. and the
column points vgq, so Proposition 109 does not apply, and parities can be prescribed.

Lemma 114 (Half-integer designs). Let the u. be even and the vq odd integers, so that every
Veqg = Ue — Vg 15 odd, put A, = Hd#cﬁjd , and take N, = Ac, gao =1 and gqj(y) = 142y’ for
1<j<s—2. Then

A A A
MOl = ¢ (4) ¢ ¢ 1<j<s5-2
el = 5= Gl = gor, + gy (<5552,
all in % +7Z (c # d), so the off-diagonal part of Fy lies in % +Z and F; = MG — MG s an
integer matriz for j > 1. Complete the design by Fylc|[c] = —ae, with a. the least element of

3+ Z that is at least A, = D dte MAX <52 \MW[c][d]|, and Fj[c][c] = 0 for j > 1. The primes
of DD’ are 2 and the primes of the point differences and of the A.. For u. = 2¢c, vg = 2d + 1
they are all at most 2s — 1.

We write H, for the design of Lemma 114 with u. = 2¢, vg = 2d + 1.

Proof. By Proposition 113, MO [c][d] = A9} and MW[][d] = LA0 (1 +2196_dj) for1<j<
s—2.For1<i<s—1,A./9}; is a product of odd integers, hence an odd integer; so the first
term lies in % + Z and the second in Z. The leading coefficients are 1 and 2, and pg = 1. For H
the differences u. — vy, vq — vy and J.q = 2(c — d) — 1 have absolute value at most 2s — 1. O

13.6. Separation with carries. For a design with half-integer Fy, every partial sum M) lies
n % + 7Z, and this parity is all that the separation argument needs, at every carry pattern. As
in Lemma 4, we bound each coordinate by the smallest of the possible changes of its geometric
digit (its options); all numbers below use this form.

Proposition 115 (Half-integer layers with carries). Let p be an odd prime, s > 3, k > 1,
L = min(k,s — 1), and let a graph form over F, be given (a digital net or not; no part uses
t = 0) with depths (k,...,k) whose row 0 of every block, diagonal included, equals a design
(Fo,...,Fr_1) on the levels k — 1,...,k — L and vanishes below (the rows > 1 are arbitrary).
Assume

(Half)  Fye (42", FeZ” (1<i<L-1),

with 3 = (p+1)/2. For 0# E € {—2,...,2}* (steps of two cells are included, because an offset
change of about :tg can bring the points of cells two apart to about 1.5 cells apart, below the cap
2 of LB) and carry depths jq € {0,...,L — 1} on the moving axes put XE =) _E.,

o= (EdFo[c][d]+sgn(Ed)ZF,-[c][d])
=1

d: E4#0

(s0 0. = >3 E4MUd)[c][d] if |E|oo < 1), let the options of coordinate ¢ be O. = {o.+ oL} if
YE isodd, O, = {o¢,0.—psgno.} if 8 E is even (O, = {0} ifo. = 0), b, = minsep, max(0, |pE.+
t| = 1), and LB = min(2, ming_; [b|/p).

(1) If p > 2max|o.| (over all E, j and c¢), then SNY/* > LB (toroidal distance), for every

choice of the rows > 1.
(2) Suppose moreover that Fi[c|[c] =0 for i > 1 and Fy[c][c] = —a. with

Qe > C:—ZmaX’M]) H

<L
d#c J
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Let B = max.(2c. +2A.) (the dominance constant) and e, = (B+1)/p. If p > 2B, then
SN/s > min(v/s(3 — ), V2(1 — ).
(3) Let C = max,q|Fyc][d]]. If p > 4sC +2, then SN'/* < min(/5/2,v/2) + /5 (2C +1)/p.

Proof. (1) In cell units, coordinate ¢ of the point of cell n is n. + (r. + f.)/p with r. the first
offset digit and f. € [0,1). Let n # n’ and let E be a torus representative of n’ — n (modulo
p* in each coordinate). If some |E.| > 3, then the two points differ by |D.| > |F.| —1 > 2
cells in coordinate ¢, with D their difference in cell units, since (r. + f.) — (re + fe) € (—p, p).
Otherwise adding Ej; to the cell integer ng changes its level kK — 1 by E; and the levels k — 1 — 1,
1 < i < jg, by sgn(Ey) (carries or borrows; a carry is at most 1 since |E4| < 2 < p, and the
torus wrap is the full carry); since row 0 vanishes below level k — L, capping jg at L —1 is exact.
So Ar. = rl. —r. = o, (mod p) with Ar. € (—p,p). As Fy € (% + Z)5*% and F; is integral,
0. € LE/2+Z.If £E is odd, 0. + § are the integers congruent to o (with 1 = (p+1)/2), and
as |o.| < p/2 they are the only ones in (—p, p); if ¥ F is even, o, is an integer with |o.| < p, and
the integers in (—p, p) congruent to it are o, and o, — psgno. (only 0 if o. = 0). So Ar, € O,
and p|D.| = |pE. + Arc + Afe| > |pE. + Are| — 1, i.e. p|D.| > be.

(2) First |o.] < 2a. + 2A. < B, since the own term is —F.a, and the term of an axis
d # cis EgMU[c][d] (|Ey] = 1) or sgn(Eg)(M© 4 MU)[c][d] (|E4] = 2); so (1) applies. Let
e = |E|e < 2 and |E.| = e. Then E.0, < —e?a, + e -eA. < 0: every coordinate of maximal
size is backward. If ©F is odd, every coordinate has [pE. + t| > p|E. £ 3| — |oc| > p/2 — |o¢|
for t € O, so |D.| > % — ¢ for all s coordinates. If ¥ F is even, a backward coordinate ¢ with
|E.| = e has sgno. # sgn E,, so both options give [pE. + t| > pe — |o.| and |D.| > e — ¢,. For
e = 2 this is at least 2 — ¢, > v/2(1 — ¢,); for e = 1 an even ©E needs at least two nonzero
coordinates, each of maximal size, so |D| > v/2(1 — ¢,).

(3) Since |2Fp[c][d]| < 2C < p is odd, every entry of Fy is a unit modulo p, and C' < p/2 — 1.
First take the step E = e, from a cell in which the last digit of n, is not p — 1 (no carry)
and 7, wraps, i.e. Ar, = Fpla][a] — §; such cells exist, because r, depends on the last digit
of ng, d # a, with the unit coefficient Fy[a][d]. Then |D,| < 5 + (C + 1)/p, and every other
coordinate has Ar, = Fylc|[a] + £ and |D.| < 4 + (C +1)/p; so NV* < /s(2 + (C +1)/p).
Next take E = e, — €, with the last digit of n, not p — 1 and that of ny not 0 (no carries);
then o, = f. := Fylc]la] — Folc][b] is an integer with |3.| < 2C. Fix these two digits. For every
¢, re depends with a unit coefficient on the last digit of some ng, g ¢ {a,b} (as s > 3), so it is
uniformly distributed on the remaining cells, and the fraction of them on which r.+ 8. ¢ [0, p) is
|Bel/p- As >, B8] < 25C < p, some cell has no wrap; there |D.— E.| < (|| +1)/p < (2C+1)/p
for every ¢, so |D| < V2 ++/s(2C +1)/p. O

Only the parity class of the partial sums enters: the deeper digits, including whatever deeper
rows are needed for ¢ = 0, act only as jitter. Each option in b, has the form |ap + o.| with
o € {E. + 1} resp. {E., E. —sgno.} independent of p; replacing it by |a|p — |o.| gives a lower
bound LB* < LB that is nondecreasing in p, so LB*(p1) > x implies 0N s > g for every
prime p > p; (as long as the net exists modulo p and the hypothesis of (1) holds). In (1) the
hypothesis implies p > 7: the step Ey = 2sgn Fylc][d] (d = 0,...,s — 1) without carries has
e =2 4 |Fold][d]| > s > 3. Parts (1)-(3) are formally verified as stated, (3) for the Euclidean
distance; for the split-frame nets (1) and (2) also over Z/qZ with composite ¢ (Appendix F).
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Theorem 116 (Beyond the cubic lattice). Let s > 4. For the explicit design Hs on the split
frame u. = 2¢, vg = 2d + 1 (Lemma 114) there are constants Bs = eO(s?10g5) g Cs such that
for every prime p > max(2s,2Bs +2) and every k > 1 the net H  is a digital (0, sk, s)-net over
Fy, with one point in every cell, and

B, + 1)

min(Vi(3 ), V2(1—q)) <IN (o=

toroidal, hence Buclidean; if also p > 4sCs + 2, then SN'/* < min(y/s/2,v/2) + /5 (2Cs + 1) /p.
So SN'Y* — min(y/5/2,v/2) as p — oo, uniformly in k.

Theorem A already gives non-decaying separation along N = ¢°*; Theorem 116 adds the
value: above the cubic value 1 for s > 5, at every resolution m = sk, beyond the first-order
ceiling 1 — 2/¢q that Theorem 88 proves for bounded layers of frame designs. Unlike a¥, the
constant By is enormous (By = 1787594, Bs = 1413079078321); searched designs have much
smaller constants (Section 13.7). For s = 4 nothing is gained, since DI is a rotated copy of Z4.

Proof of Theorem 116. Let Hg be the design of Lemma 114 on u. = 2¢, vg = 2d + 1, let Hy, =

77;:7’;))’[{5, Bs = max.(2a, + 2A.) and Cy = max, a., which is the largest entry of Fy in absolute
value, since |Fy[c]|[d]| < A. < ae. For a prime p > 2s and every k > 1, Lemma 114 and
Proposition 113 make My 2 digital (0, sk, s)-net with one point in every cell, whose row 0 is
H; truncated to L = min(k,s — 1) levels and 0 below. It satisfies (Half) and the dominance
hypothesis of Proposition 115(2) (with A, over all j < s —2 > L — 1), so Proposition 115(2)
gives the lower bound (as p > 2Bs + 2 > 2B;; for p < 2B, + 2 it would not be positive)
and Proposition 115(3) the upper bound, both independent of k. Finally |d.4] < 2s — 1, so
A < (25 — 1)6=D? |0 [c][d]] < 2|A¢| (absolute values, as A. is negative for some ¢ when s
is even), a. < A.+ 1 and Bs; < 6(s — 1) max. |A.] +2 = ¢O(s?logss) O

By Proposition 109, the nets of Theorem 116 lie outside the frame orbit of every frame with
rational places (they cannot be obtained from it by per-coordinate lower-triangular scrambles
and gauge moves), and outside that of every frame over F, with |2M| < Q once p > 13Q1.

13.7. One resolution, and searched designs. One resolution. At m = s (k = 1) no frame is
needed: for a layer Fj in (% + Z)%*¢ (with % = (p+1)/2) and any deeper rows, Proposition 115
with £ = 1 gives the bound, and the point of cell n sits, up to the drift, which grows like
|n — ng|/p away from a reference cell ng, and the jitter, at n or at n + %1 according to the
parity of > _n.: locally the classical packing D} = Ds U (Ds + %1) [9, Ch. 4], with one point
per unit cube and minimum min(y/s/2,v/2) (a lattice for even s; Df = Z* D{ = Ex). As for
the frameless layers of Proposition 84, deeper rows that give ¢t = 0 exist for all but finitely many
p when the minors of Fy with disjoint row and column sets are nonzero. For s = 5 an explicit
such layer gives digital (0,5,5)-nets with 6N/® > 1 for every prime p > 37 (Proposition 118
below). These limits are not the best packing values for 4 < s < 7. The best known lattices
Dy, Dj, Eg, E7 have normalized minima 1.189, 1.231, 1.290, 1.345, and D7 reaches the fractions
.84, .90, .94, .98 of them; the Cohn—Elkies bound [3] caps every periodic configuration (hence
the toroidal separation of any point set) at about 1.204, 1.261, 1.315, 1.366. At s = 8, D; = Fjg
is optimal among all packings [67], so there the limit v/2 of Theorem 116 is sharp for the toroidal
separation of every point set.

Drift and jitter at one resolution. The bookkeeping of Section 11 decides how small the base
can be. Let s =5, k = 1 and Fy € (3 +Z)%. Call a step E € {—1,0,1}® with odd $E binding:
in the limit these steps land on the minimal vectors of D;, of length v/5/2, so they decide the
separation. For a binding step Proposition 115(1) offers each coordinate the two options (. & &,
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6 = FyE, and in the limit every coordinate has length % At finite p one option is shorter than
B: for E. # 0 the one with |[pE. +t| = §, for E. = 0 the one of sign ¢.(E) := —sgn f,; for E. # 0
put ¢.(F) = E.. In units of 1/p of a cell it is shorter by the drift (the drift of Section 11 in this
setting: the first-order shortening of a binding step caused by the bounded part of Fp)

drC(E) = ’ﬁC’ (EC = 0)7 drc(E) = —FE.Bc (Ec # 0)7 dr(E) = ZdYC(E) = —§(E)TF0E,

and dr(Fp) is the maximum of dr(E) over the binding steps. Every entry of Fy is = 3(p+2Fyc][d])
(mod p): the ideal step % plus an excess of at least % in absolute value, since p steps of % do
not add up to a multiple of p when p is odd. This is the closing-up obstruction of Section 11,
here a parity (the parity holonomy), and it is why |B.| > % when E. = 0. A second offset
row D; (integer) adds the jitter: with v = Dy FE, coordinate ¢ is harmful for E if v, # 0 and
sgn v, = ¢.(E), since then the second digit can wrap in the direction that shortens coordinate ¢ by
a further 1/p, whereas otherwise the second digit costs O(p~2). Put dj(Fp, D1) = maxp (dr(E) +

#{c harmful}) over the binding steps. Here the first-order constants are measured on the squared

value, (§N1/5)2 = g —dr/p+ ..., equivalently SN1/° = @(1 — 25—‘11;) + ...; they are not deficits
in the sense of Definition 74. Proposition 115(1) charges a jitter of 1 to every coordinate, so its

constant is dr + 5. The second offset digit can be included in the relaxation:

Lemma 117 (Two-digit relaxation). Let p be an odd prime, s > 3, and let a graph form over F),
(a digital net or not) with the depths (1,...,1) have first offset rows Fy € (% +7)%*% and second
offset rows Dy € Z°*%; the deeper rows are arbitrary. For 0 # E € {=2,...,2}® let § = FyE,
v = D1E, let O. be the options of Proposition 115 (with o. = B.), U. = {ve, vc — psgnu.}
(U. = {0} ifv.=0), and
. 2 . . 2
be = teOrcI,nBeUc max (0, |[p*E.+ pt+u| — 1), LBa(p) = mln(2, min |b|/p )

If p > max |26, and p > max |v| over these E and c, then SNY* > LBay(p) for the toroidal
distance.

Proof. In cell units coordinate c of the point of cell n is n.+7./p+(de+g.)/p?, with . and d. the
first and second offset digits and g. € [0,1). For two distinct points and a torus representative
E of their cell difference with some |E.| > 3, coordinate ¢ differs by more than 2, as in the
proof of Proposition 115(1). Otherwise, as there (at kK = 1 there are no carries), Ar. € O.. As
d = Dyn mod p is linear in the cell, Ad. = v. (mod p) with Ad. € (—p,p) and |v.| < p, so
Ad. € U,; and |Age| < 1. So p?|D.| = |p?E. + pAre + Ad. + Age| > b.. The comparison with
the toroidal distance is that of the proof of Proposition 115(1). O

Each option in b, has the form [p?a + pf’ + v.| with a € {E, + %} resp. {E., E. — sgn (3.}
and ' € {Be, B — sgnv.} independent of p; replacing it by max(0,p?|al — p|B8'| — |ve| — 1)
(and by 0 if & = 0) gives a lower bound LBj < LBy that is nondecreasing in p, as for LB*
after Proposition 115. At first order the lemma charges exactly the harmful coordinates, so
its constant is dj (Remark 119). The lemma holds verbatim over Z/qZ for every odd ¢, like
Proposition 115(1), as its proof uses only that p is odd. We call the second row Dy lean for Fy if
dj(Fo, D1) = dr(Fp): its harmful coordinates do not raise the maximum above the drift. A layer
with small drift and a lean second row give:

Proposition 118 (Dimension five, one resolution; computer-assisted). Let Fj, Dy, D2, D3 be

the matrices
-3-3-3-1-1 -2 0 -1-11
. 3 —3-1-31 0 —1-1-1-1
2Ff = 3 1 -31 -1, D= 2-1-31 0 |,
1 3 —1-3-1 -1 2 -1-20
1 —

-1-13 2 =5
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0 -1-100 0 —1000
-1 0 00-1 -1 0000
Dy=|-1-1r000 |, D3=|-10000],
-1-1000 -1 0000
000

—-1-1000 -10
and, for an odd prime p, let Q) be the digital net over ¥, whose point with index n € IF;’, has, in
coordinate c, the digits ne, (Fgn)e, (Din)e, (Dan)e, (Dsn). (with 3 = (p+1)/2).
(1) Q5 is a (0,5,5)-net for every prime p > 7.
(2) For every prime p > 37, SN'/5 > 1 (toroidal), and SNY> — /5/2 = 1.1180... as
p — 0.
(3) For every prime p > 53, every graph form over I, with the depths (1,...,1) and first
offset rows F¢ (deeper rows arbitrary) has SN'/° > 1 (toroidal).

Proof (computer-assisted). (1) The generator matrix of coordinate ¢ has the rows e, and row ¢
of Fy, D1, Dy, D3. By Lemma 2 its box minors are the minors of the stacked offset rows with
disjoint row and column sets; each of the 126 of them, computed in exact rational arithmetic,
is a nonzero rational whose numerator and denominator have no prime factors other than 2, 3
and 5. Lemma 1 concludes.

(2) Over E € {-2,...,2}%, max|2(F}E).] = 22 and max|(D1E).| = 24, so Lemma 117
applies for p > 29. Evaluated exactly, LB2(p) > 1 for every prime 37 < p < 200 (the least
value is 1.0127..., at p = 37; and LBy(31) = 0.9918...), and LB3(200)* = 1.1877... > 1,
so LBa(p) > LB3(p) > LB5(200) > 1 for every p > 200. For the limit, with the row-sum
norm || Ff|le = max. Y, |Fg[c][d]| = 4 every option of Proposition 115(1) is at least p (c(E) —
(2013 lloo + 1), where

l(E) = min(|E. + |, |E:. — 1|) (SE odd), (e(FE) = min |E, — w| (E even),

w over {0,sgn B} (over {0} if B. = 0). So SN/® > X —/5(2||F;f||oo +1)/p with A = ming |¢(E)|.
If ¥ F is odd, every coordinate gives at least %, with equality exactly on the binding steps; if X F
is even, |[¢(E)|? is an integer, and a finite check over the 55 — 1 vectors shows that it is at least
2. So A = /5/2, and Proposition 115(3) with C = 2 gives SN/> < /5/2 + 4\/5/p for p > 32.
(3) Proposition 115(1) with k£ = 1 and Fy = F{ applies for p > 22. Evaluated exactly, LB > 1
for every prime 53 < p < 200 (LB(47) = 0.9906.. .., LB(53) = 1.0049...), and the nondecreasing
bound LB* after Proposition 115 has LB*(200)*> = 1.1689... > 1. (The monotone bounds
already exceed 1 from p = 50 for LB5 and from p = 63 for LB*, so the exact scans up to 200 in
(2) and (3) are more than needed.) O

The threshold 37 is that of the net itself: its exact normalized minimum distances are 0.9928
at p =31 and 1.0134 at p = 37 (computed), and the relaxation of Lemma 117 follows the exact
values closely (Figure 15). The second row Dy is lean: dj(F, Dy) = dr(Fy) = LI, i.e. the harmful
residues of D; lie on steps whose drift leaves room for them. Whether some (0, 5, 5)-net over [,

with p < 31 has 6N'/® > 1 is open.
Remark 119 (First-order accounting). Let Fy € (5 + Z)5*® with det Fy # 0 satisfy
(Gap) [0(E)| > /5/2 for every 0 # E € {—2,...,2}® that is not a binding step,

with £ as in the proof of Proposition 118, let D1, Do, D3 be fixed integer matrices, and let

Keg(p) = 571”(1 — 6N1/5/§) for the digital net with these rows over F,, normalized so that
Ko — dr when the second row is lean. Then

dr(Fy) < lirgianeﬂr(p) < limsup Keg(p) < dj(Fo, D1).
p—r00

pP—o0
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In particular, if dj(Fy, D) = dr(Fp), then SNV° = @(1 - %gfo)) + O(p~?). For Q, the
finite checks give dr = dj = 4T, det 2Fj = —880 and |¢(E)|?> > 2 on the non-binding steps, so

ONYS = (1- L)+ O(p~2).

Proof. Upper bound for K.g: on a binding step each option of Lemma 117 is p? (% —x/ p) +0(1)
in absolute value, and the smallest has z = dr.(E) + [c harmful]: the shorter option of the
geometric digit r shortens by dr.(E), a second-digit wrap of the sign ¢.(E) by 1 more, a residue
of the other sign by O(1) only, and for E. = 0 the longer r-option combined with a harmful wrap

is not shorter, as |8.| > 4. So these steps give |b?/p* = 5 — (dr(E) + #harmful)/p + O(p~2).
By (Gap) the other steps of {—2,...,2}° have |b|/p?> — [¢(E)| > v/5/2. Hence LBy(p) = %(1 -
25—;?) + O(p~2), and IN'/> > LBy(p) gives limsup Keg < dj. Lower bound: fix a binding E with
dr(E) = dr(Fp). For p large (p t det 2Fp, p larger than the entries of D; and than 2|25.| + 2) Fj
is invertible modulo p, so n +— r = Fyn mod p is a bijection, and the cells whose five first offset
digits all take the shorter option for E form a box in the r-coordinates with at least (§ —O(1))?
cells. A second-digit wrap Ad. # v, needs d.(n) in a set of |v.| residues, which happens on |v.|p*
cells if v. # 0 (as d. is a nonzero linear form) and never if v. = 0. So for p large some cell
has the shorter options and Ad = v, and its step E gives |D|? = 2 — dr(Fp)/p + O(p™?), i.e.

liminf Ko > dr(Fp). In the same way Proposition 115(1) has LB = é (1- %ﬁ)%’)) +0(p2).

(Gap) is a genuine hypothesis. The layer

satisfies (B2) and (MIN), defined before Theorem 120, and has det 2Fy = 560, but the even
step E = (1,—1,—-2,—1,—1) has § = (2,-3,—1,—1,—1) and |[¢{(E)| = 1: its coordinates with
E. = £1 move forward, so the step is short (length 1). Each half of the remark uses only
one hypothesis: (Gap) only the upper bound limsup K.g < dj, and det Fy # 0 only the lower
bound; the deeper rows are arbitrary in both. With (Gap) the accounting is an identity for
the relaxations and a two-sided bound for the nets, exact when the second row is lean. Cauchy—

Schwarz, > (3 —zc/p)? > (3 — K/p)?, makes SN'/% > 1 plausible once p > 5(1_2#% ~ 3.7 K,

this is a first-order estimate, not a threshold. It predicts 51 for Fj with Proposition 115(1)
(K = 177 +5) and 32 for Q) (K = 177), against the certified 53 and 37.

How small can the drift be? Two conditions on the layer are natural. Every minor of Fy with
disjoint row and column sets is a box minor at s = 5 (Lemma 2); its denominator is a power of
2, s0 a zero minor kills t = 0 at every odd p. At s = 5 these minors are the off-diagonal entries
and the 2 X 2 minors on two rows {a, b} and two columns outside {a, b}, and we require

(MIN) all these minors are nonzero;
(B2) a. = —Fplclle] > me = max | Folc][d]| for every c.

(B2) is the backward condition of Remark 5: it says that on every two-axis step e.+e4 coordinate
¢ is backward (its geometric digit does not move with its cell step); if a. < |Fp|c][d]|, coordinate
c moves forward on one of the steps e, + ey.

Theorem 120 (The least drift). Every Fy € (3 + Z)>*5 with (B2) and (MIN), with entries of

any size, has dr(Fy) > %, and dr(Fg) = g The part of the proof for layers whose off-diagonal

part is not skew-symmetric is computer-assisted.
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Proof. Diagonal. dr(FE) contains a. exactly for the coordinates with E. # 0, since —FE. 3. =
ac—E.y , 2e Fo [c][d]E4, and B. does not involve «, when E. = 0. So dr(Fp) does not increase
when every «. is lowered to m., which keeps (B2) and (MIN); we assume o = m.

Minor taz. At most one row of Fy has all its off-diagonal entries in {£3}: if rows a # b did,
the three ratios Fy[a][c]/Fy[b][c], ¢ ¢ {a,b}, would lie in {£1}, two would be equal, and the 2 x 2
minor on those two columns would vanish. So at most one m, is %: at most one row is light,
with all off-diagonal entries :l:%7 and the others are heavy, and ) a. >4 - % + % = %

Balance on the full steps. A full step has all E, = +1. For E € {£1}° (binding, as 5 is odd),
dr(E) = —E'FpE = 3, ac+¢(B) with ¢(E) = 3.y VeaBeEa and veq = —(Fo|c][d] + Fo[d][c]) €
7. The function ¢ has mean 0 over {£1}°, and it vanishes identically if and only if the off-diagonal
part of Fy is skew-symmetric; otherwise max ¢ > 1, as ¢ is integer-valued. So dr(Fp) > > «a,
and dr(Fp) > > a. + 1 if the off-diagonal part is not skew.

Skew layers. If some entry has |Fp[c][d]| > 2, it occurs in the rows ¢ and d, and with the minor
tax Y a > % + % + % + % + % = 177 Otherwise all off-diagonal entries are i% or i%; let G be
the graph on the five coordinates with the edges {c, d} where |Fy[c][d]| = 3. For two coordinates
z,y and the set S of the other three, the binding steps with E, = E, = 0 and Eg € {£1}3
have, as the skew terms inside S cancel, dr(E) = Y g e+ |u- Eg|+ |w- Eg| with u = Fy[z, 5],
w = Fyly, S]. The step with Eg = sgnu (coordinatewise) has u - Eg = ||ul|; and w- Eg € 3 + Z,
as w has three entries in % + Z; so

mex(|u- Bs| +|w- Bsl) = [lully + 3 llulli =3 + degg().

(i) If there is a light row ¢, then > a = %, the other four rows have degree at least 1 in G,
and /£ is isolated. G is not a perfect matching on the four heavy rows: for an edge {a, b} of such
a matching, the rows a and b would be £3 on the three columns outside {a,b}, which (MIN)
excludes as in the minor tax. So some heavy h has degree at least 2, and the pair {z,y} = {h, ¢}
gives dr(Fp) > 3 + (3 +2+ 3) = L. (ii) If there is no light row, > a = 2 and every degree is
at least 1; as 5 is odd, G is not a perfect matching, so some x has degree at least 2, and with y
outside x and its neighbours if degz = 2 (any y # = otherwise) we get degg(z) > 2 and again
dr(Fp) > §+4 =10

Layers that are not skew. If some entry has absolute value at least %, then Y o > %—i—S- % +% =
%, and balance gives dr > 12—7; the same holds if Y« > % There remain the layers with entries
in {j:%,j:%}, one light row and four heavy rows with o = % Conjugation by permutation
matrices and by diagonal sign matrices preserves the binding steps, dr, (B2) and (MIN), so
we may take the light row to be row 4, equal to (%, %, %, %, —%) Each heavy row then has 240
possibilities, and an exhaustive enumeration with the (MIN) conditions finds 1,004,544 layers
satisfying (MIN), none with dr < % Finally dr(Fj}) = % is a finite check over the 61 binding

steps up to sign. ]

F is skew, with the minimal diagonal: one light row (row 4) and its heavy entries on a path
2-0-1-3, the leanest graph the proof allows (a vertex of degree 3 would cost % +3+ % =5 on its
pair). Its full steps all cost %, and the three binding steps of drift 177, up to sign (0,1,1,1,0),
(1,0,—1,-1,0) and (1,1,0,0, —1), have weight three. Among the skew layers with entries :I:%, :l:%
and minimal diagonal, 39,168 satisfy (MIN), and the 3840 with drift 1 form two orbits of 1920
under permutations and sign changes, each with one light row and a path of heavy entries
(computed).
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Z 1
w -
HZ Q]f, exact
< (.95 —— LBy of Q; (Lemma R2)
: —— LB of F;" (Prop. Hk(1))
0.90 (o] ——— LB of M; (Prop. Hk(1))
° % FO-E) K= F+5 $+5
25 50 75 100 125 150 175 200
prime p

FIGURE 15. Dimension five, one resolution, N = p°: the layer Fj of Proposi-
tion 118 against the dominant layer M5 of Remark 121. Open circles: the exact
SN1/5 of Q,, at the primes 17 < p < 61 (computed); it exceeds 1 from p = 37 on
(0.9928 at p = 31, 1.0134 at p = 37). Lines: the proved lower bounds, computed
exactly at every prime: Lemma 117 for Q) (from p = 29, where its hypotheses
hold), which exceeds 1 from p = 37 on, and Proposition 115(1), which charges
a jitter of 1 to every coordinate, for every graph form with the first offset rows
F§ (from p = 53 on) and M5 (from p = 89 on). Dotted: the first-order lines

@(1 — %) with K = dr = 177 (lean second row, Remark 119), K = 177 +5
and K = % + 5: the drift of the layer and the jitter decide the base. Interactive
version: explainers/beyond.html (Section 1).

Remark 121 (Accounting for a dominant layer). For comparison, the layer

-5 3 1 -3 1
-3-3 3 —1-1

2Ms=| 1 -1-5-3 3
-1-13 -7 1
3 -11-1-3

satisfies (B2) with room to spare: o = %(5,3,5,7, 3), a = 2—23, against > m = %; and its
symmetric part has max¢ = 6. Its drift dr(M;) = % is attained on full steps, and as an
accounting identity
B-=B11+4+6:

23 the least possible > m, under (MIN) (the minor tax of the proof of Theorem 120); 1, the
excess of the actual ) m. = % of M35 over it; 4, its diagonal above m; and 6, the asymmetric
part (max ¢). This is an accounting, not a causal decomposition: the drift of My is attained
on full steps, that of Fjj on steps of weight three. With the diagonal lowered to m the drift of
Ms would be 277 Proposition 115(1) applies to Ms for p > 26 and gives §N'/5 > 1 only from
p =289 on (LB(83) = 0.9975..., LB(89) = 1.0056 .. ., computed), against 53 for Fj (Figure 15).
Dominance, which Proposition 115(2) and Theorem 116 use to obtain a bound for all designs at
once, is what the accounting says to avoid: by the diagonal step of the proof of Theorem 120 it
costs > (ac —m) in drift.

Searched designs. Smaller constants than Bs come from searched split-frame designs: random
integer points with v even and v odd, then, column by column and level by level, short reach-
able columns (Proposition 113) in the coset %h + 7571 for a vector h of odd integers, found by
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lattice reduction; the diagonal is then chosen by evaluating the exact relaxation LB of Propo-
sition 115(1), and it need not be dominant. The bound of Proposition 122 is the exact value of
the relaxation of Proposition 115(1); its design HZ is also the one drawn in Figures 7(c) and 14.

Proposition 122 (Dimension five; computer-assisted). Let Hzfp = PZ;’F for the split frame
u=1(-2,0,2,4,8), v =(5,7,—1,3,1) and the design F' = HZ of Appendixz A. For every prime
p ¢ {2,3,5,7,97,101} and every k > 1 it is a digital (0,5k,5)-net over F, with one point in
every cell (p = 97,101 enter only for k > 4), and for every prime p > 1511 and every k > 1,

SNY5 > 1.0265.

Proof (computer-assisted). The design H satisfies (Half); its geometric layer Fy has the row
scalars N = %(—9, —3,-3,3,9) and the column scalars u = (5,5,5,—5,1). The primes of the
point differences, of the units \uy and of the leading coefficients of the column polynomials gg ;
(exact interpolation) are 2,3,5,7 and 97,101, the last two only in leading coefficients at carry
depth j = 3; Proposition 113 gives the net statement. For the separation, max |o.| = 253, so
Proposition 115(1) applies for p > 506; the monotone bound LB*, minimized over the number
of design levels L = min(k,4) € {1,2,3,4} (that is, over k), is 1.026529... at p = 1511, the
same value as LB (attained at L = 4, i.e. k > 4). As LB* is nondecreasing in p for each L,
SNY/> > LB*(p) > LB*(1511) = 1.026529... > 1.0265 for every prime p > 1511 and every
k. O

Dimension three. D; has minimum 1/3/2 < 1, so the mechanism above gives nothing at s = 3;
whether other layers with entries of order p and a rational limit A = lim M /p can be realized
for every k in dimension three is open (Remark 123(7)).

14. VERIFICATION STATUS

Every result is proved in the text, by hand or, where stated, with a computer-assisted finite
certificate. The numbers in the paper fall into three classes.

o Computer-assisted proofs rest on exact finite certificates: Propositions 40, 81, 122
and 118; part (4) of Proposition 104 (exact minimum distances at the primes 17 < p <
89); the part of Theorem 120 for layers that are not skew; the rows s < 6 of Table 6 and
s > 4 of Table 7 (with Proposition 84); the values of Table 8; the per-prime certificates
of Remark 58 (Appendix C); and Theorem 64 (Table 5). The certificates of Proposi-
tions 40, 81, 122 and 118, of part (4) of Proposition 104, of Theorem 120, of Table 8,
of Appendix C, of parts (2) and (3) of Theorem 64 and the per-prime completions of
Proposition 84 are also checked in the Lean kernel. Part (1) of Theorem 64, the entries
14699 and .2586 of Table 5, and the thresholds and scans of Tables 6 and 7 are checked
by scripts only (Appendix F). The certificates of Theorems 64 and 120, Propositions 81,
118, 104 and 84 and Tables 6 and 7 were moreover reproduced by two independent
implementations, that is, by two separately written programs (for Theorem 64, two
C++ checkers written from the mathematics, without shared code). The scripts of the
accompanying software deposit (Appendix G) rerun the certificates of Theorem 64,
Propositions 118 and 104 and Theorem 120.

o Computed values are labelled where they occur and are used in no proof: the decay of
the net of [20] (Section 1); the bracket of Remark 101; the exact minimum distances of
Table 12; the values a} of Table 3; the rows s = 7, 8 of Table 6; the effect of Remark 16;
the per-prime nets listed after Corollary 39 other than the one of Proposition 40; the
computed values after Proposition 103, including the comparison with the column nets;
those after Proposition 104, including the layer at m = 3 in which two coordinates
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share their geometric digit (value v/233/15 in the limit model of Section 13.3); the shifts
of Remark 108 that break the lock; the comparison of W; with W, in Remark 107;
the comparison nets of Figure 10(c), whose second digit is the same in all coordinates
(Section 11); the exact minimum distances of Qy after Proposition 118; the orbits after
Theorem 120; and the values for My in Remark 121. Appendix G lists the scripts that
reproduce them.

e Heuristic statements are marked as such where they occur (for instance in Remarks 99,

80, 37, 125 and 124, and the limit model of Section 13.3).

Lean. Every theorem, proposition, lemma and corollary, every definition except Definition 3
(which only introduces names), and the proved statements of the remarks listed in Table 15 are
formalized in Lean 4 [13] with Mathlib [44], apart from finite computations that are checked by
scripts instead: part (1) of Theorem 64, the tables of designs and the computed values above
(the list is in Appendix F). One formalized result, Proposition 100, uses classical theorems that
are not in Mathlib as explicit hypotheses: Hajos’s theorem, Keller’s conjecture for s < 7 and
the optimal packing bounds in dimensions two and three; so does the growth statement for the
design U, of Remark 24 (the prime number theorem). Consequences of other cited theorems,
such as the asymptotics after Proposition 90 and Theorem 92, are cited and not formalized.
Appendix F describes the method and maps the sections of the paper to the statement files
and proof modules of the formalization (Table 15). The formal proofs complement, and do not
replace, the arguments in the text.

15. OPEN PROBLEMS

We list what remains open, by the regimes of the lattice picture (Section 2): (I) geometric
layers M with entries bounded independently of ¢, at m = sk; (II) lattice skeletons, m # 0
(mod s); (III) layers with entries of size ©(q). Results stated earlier are not repeated. Recall
that the (first-order) deficit of a family of nets is the K in §N'/* =1 — K/q+ O(q~?), and the
certified deficit K (F') of a design is the value that the one-digit relaxation certifies (Definition 74).

Remark 123 (Open problems). (1) Bounded layers. (1) Growth of the deficit. Let K(s) be
the best first-order deficit K in SNY/5 =1 — K/q+ O(q7?), ¢ — oo, over families of digital
(0, sk, s)-nets over Z/qZ whose geometric layers have entries bounded independently of ¢ and no
zero diagonal entry. Lower bounds: K (s) > /(s — 3)/8 (Theorem 87). For designs on the places
00,0,...,5 — 2: K(F) > s'=°(1) (Theorem 92); if moreover the row scalars X, (Proposition 17)
take one value on the finite places, K (F) > lem(1,...,s—3) (Proposition 90); and the two-axis
bound Ky, is at least 2 for s > 5 (Theorem 88). Upper bounds: the constructions here achieve
1 for s = 3, 2 for s = 4 (Proposition 81), 5 and 10 for s = 5,6 (Table 6), and a certified
deficit at most a < e51°85+t0() for every s > 4 (Theorem A). Does K (s) grow polynomially
or exponentially? On these places a certified deficit polynomial in s would need row scalars
that differ between the finite places (Proposition 90). Also open: K = 1 for s = 4; whether
layers with zero diagonal do better (Remark 80); and the optimal second-order constant C' in
OSN3 =1—1/p+ C/p* + o(p~2) in dimension three. For nets with the layer of Py, it is at
most 4 for k > 4 (after Corollary 78); for other bounded layers Proposition 77(i) bounds it
by %((|Mba| +1)2 4 (| My + 1)%) for a coordinate a with My, = —1, and for zero diagonals
(Remark 80) we have no bound. (2) Small bases. Theorem A needs g > 5a’ + 4, and the designs
of Table 6 certify smaller bases only by finite scans; for s = 4 the bases ¢ < 15 have only weaker
proved constants, and for s > 4 Theorem A excludes even ¢ (it needs Ipf(q) > s—1; for ¢ = 2 no
(0,m, s)-net with s > 4 exists, as s < g+1). In dimension three the bases 2 and 3 are covered for
every m (Theorem 64, computer-assisted); at m = 3 the column nets cover every base coprime
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to 6 (Theorem 49), column nets do not exist in even bases (Theorem 95), and the other bases
q > 4 divisible by 2 or 3 are open at m = 3.

(II) Lattice skeletons. (3) For s > 5 the residues 1 < r < s —3 (£ > 3 skeleton coordinates)
are open for all p; per-prime nets exist for s = 5, r = 2 at seven primes (computed, after
Corollary 39), and a family for all large p is open. Lattices with the optimal minimum order pt/s
exist by a counting argument (after Lemma 29); explicit ones are known here only for ¢ = 1,
¢=2and r =1, and for 3 < ¢ < s— 2 an explicit family is open (a mixed radix in the ring of
integers of a degree-{ field is a natural candidate). The bottleneck is to realize such a skeleton
with bounded faults: inside the frame orbit Lemma 38 excludes the Korobov skeleton digits of
B! with small faults (Corollary 39); other Korobov vectors, faults growing slowly with p, and
completions outside the frame orbit are not excluded, and per prime frame-orbit skeletons with
faults £1 work (Proposition 40). For one skeleton coordinate it is open whether the certified
Euclidean constants tend to ,/7s; (Remark 124) and which explicit & attain it; for two skeleton
coordinates, Euclidean (rather than maximum-norm) bounds are open. (4) In dimension four:
m =1 (mod 4) for primes p > 83 (no closed form is known; per-prime nets are known at every
prime 7 < p < 83, after Corollary 39 (computed), Proposition 40 works out p = 13, and we
know of no obstruction for larger p), m = 4, and small primes (m =1 at p =5, m =2 at p < 19,
m = 3 at p < 13). Also open: an explicit py(s) in Theorem 35 for s > 9, and a covering radius
uniform in p for £ > 2. (5) In dimension three: a mesh ratio uniform in p for m = 1; m € {4,7}
for p < 31 and m = 5 for p < 7; and an explicit family for all large primes with limit > 1 at the
resolutions m > 4 (at m = 3 the nets 7, and W, of Propositions 103 and 104 are such families).
At m = 3, among constants below 1: whether digital (0, 3, 3)-nets that are not column point sets
have smaller deficits than % and % (Theorem 95 settles this among column point sets; outside
them the drift-and-jitter bookkeeping of Section 11 is only a heuristic).

(III) Large-entry layers. (6) (a) Smaller bases for s > 5: Proposition 122 needs p > 1511,
and at one resolution it is open whether some (0,5, 5)-net over [, with p < 31 has SNY5 > 1
(Proposition 118). (b) The drift-and-jitter bookkeeping for half-integer layers at k > 2, where
the split-frame layers are Cauchy matrices, and for s > 6. (c) Split-frame designs with explicit
constants of moderate size for s = 6,7,8. (d) Half-integer layers at the resolutions m # 0
(mod s). (e) Other split-frame layers beyond D}. (7) In dimension three: whether a geometric
layer M ~ gA with a fixed rational matrix A can be realized for every k with §N/3 bounded
above 1. At k = 1, layers whose geometric digits wrap together in two or three coordinates (locked
wraps, Section 13.3) give the limits v/66/8 (Proposition 103), 1/281/16 (Proposition 104) and
p* = 1.0480... (Remark 107), the optimum of the layers of rank one with image [F,(2,2,1)
(Proposition 106); the optimum over the other images of rank one, over layers of rank two and
over non-digital point sets is open. At k > 2 the geometric digits of any two coordinates are jointly
uniformly distributed (Lemma 50, as 2(k+ 1) < 3k), so no relation between the geometric digits
of two coordinates survives, and neither the two-coordinate lock of 7, nor the three-coordinate
lock of W, extends to k > 2. For digital nets the only linear relation among the three geometric
digits of one index that this count leaves is one of full support, h,r, + hyry + h.r, = 0 with all
he # 0; whether such a relation, or a correlation that involves digits of other indices, can raise
the constant above 1 is open.

The case k = 1 and digital shifts. (8) At k = 1: whether Ky = 1 is possible for s = 5,
or K1 = 2 for s = 6 (Proposition 84); frameless layers (Fj chosen directly, not from a frame,
Proposition 84(2)) for s > 7; and the choice of the deeper rows, which are free at kK = 1 apart
from ¢ = 0 and change the exact separation at small ¢ (Proposition 83 and the remark after it).
(9) In the bases two and three the constants of Theorem 64(3) are certified lower bounds, not
exact values; for b = 3 and m = 2 (mod 3) the infimum over m and 7 for these nets lies between
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0.0770 and 0.0901, the latter the exact value at m = 20 (computed). Whether other seeds or lift
parameters give larger every-shift constants in base three is open.

Sequences. (10) All nets here depend on m; they are not prefixes of one sequence, and the
question of [11] for sequences remains open in dimension s > 3.

Beyond digital nets. (11) Can nets that are not digital, for instance permutation nets, exceed
the constants of the digital nets here, for instance by avoiding the slip planes that linear offsets
force (Corollary 97)?7

16. RELATION TO PRIOR WORK

Where we say below that we found no prior work, this reflects a literature search (web searches
of October 2026) that was not exhaustive; it is not a claim of priority. The frame and unit minors.
The unit-minor criterion over any finite commutative ring is Niederreiter’s [46, Thm. 6.1]; the
Mobius frame (T2,1,T) of Section 3, which by Proposition 9 is the net with the generator
matrices (J, P, I) up to scrambles, is his construction [46, Thm. 6.2] with the elements § = (0,1)
of F,, whose box determinants are &= [[(8¢ — 8,)% % = %1, and [46, Cor. 6.3] gives (0,m, 3)-nets
in every base (Theorem 6.2 is stated over a product of finite fields; since the determinant identity
is polynomial, the same integer matrices work over Z/q by Theorem 6.1). For integer systems the
reduction to prime-power and prime moduli is [39, Lemmas 8-9], and the admissible dimensions
over a ring, in particular s < Ipf(q)+1 over Z/qZ, are [39, Thm. 2, Cor. 2|; Lemmas 8 and 10 are
therefore classical in substance. The same matrices reappear as universally decodable matrices in
coding theory [66]. Scrambles and t-preserving moves. That lower-triangular scrambles preserve
t is standard [43, 62, 14] (as do Owen’s nested scrambles [47], a nonlinear family that contains
the lower-triangular ones); Proposition 9 places Py, in Tezuka’s generalized Faure class (for
each m). Lemma 2 (the gauge moves, which preserve t) is elementary; the block scalings are not
per-coordinate lower-triangular scrambles (whether they leave the orbit of the nested scrambles
we have not checked), and the nets B! use them. The occupied fine cells of B! form, per coarse
block, cosets of a Korobov lattice [34, 55]. Separation. In two dimensions, well-separated nets
are known: the Larcher—Pillichshammer net [40, 11] and, in coding language, a digitally shifted
Hammersley set with a product-distance bound [63]. In every dimension Sobol’ and Shukhman
[58] bound the minimum distance of Sobol’ points from below, by a bound that decays faster
than N—1/$. Without the digital structure, quasi-uniform low-discrepancy point sets are known
in every dimension: Frolov point sets [10, Thm. 3.1], Kronecker sequences [10, Thm. 3.9 and the
text after Cor. 3.13] (with discrepancy N~!7¢), and (by an existence argument) rank-1 lattices
[10, Thm. 3.7]. These are not digital nets in a fixed base (Section 1), and we do not claim
the broad statement. In two dimensions the even-m permutation nets of [20, Sec. 3] follow the
pattern of this paper: a lattice of lines, van der Corput slides along these lines carrying ¢t = 0, and
a torus tiling adapted to that lattice (Remark 6; their net property is proved in [53]). Large-entry
layers. The packings DI and Eg are classical [9], and so are the bounds of Cohn and Elkies
[3] and the optimality of Fg [67]. We found no digital nets with a D} or Fg local structure,
and no construction that reads the cell and the offset of a coordinate at different points, as the
split frames of Section 13 do. Their box-minor lemma (Lemma 111) is classical in substance: it
is the confluent Vandermonde determinant of Hermite interpolation, as in Niederreiter’s frames
[46, Thm. 6.2]. Suzuki [60] studies the separation of scrambled digital nets: under full Owen
scrambling fixed-t nets are not quasi-uniform (the mesh ratio is Q(N'/(29)) in probability), and
matrix (linear) scrambling of binary fixed-t digital nets gives mesh ratio O(log N) in probability
in every dimension s > 2. Both results are in probability, for randomized nets, and short of
quasi-uniformity; they do not overlap with the explicit constructions here. They concern random
scrambles; a particular nested scramble can be well separated: the two-dimensional nets of
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Remark 6 are a nested scrambling [47] of the Hammersley net (Remark 6(iv)), and they are
not digital [20, 53]. The closest work we found is: [11], whose quasi-uniform digital example is
two-dimensional; He [26, 28], who builds rotated sphere packing designs and designs from rotated
lattices (rotated Z°, densest packings including Eg, thinnest coverings, interleaved lattices) with
quasi-optimal separation distance on all projections, which are not digital nets; He [27], who
builds maximin designs from interleaved lattices (unions of shifted copies of a lattice), which
are not nets; and the search for (¢,m, s)-nets with maximized minimum distance [19, 20]. Dj
is Construction A of the even-weight code, and for even s, 2D is Construction D applied
to the repetition code contained in the even-weight code [2]; whether such one-point-per-cube
descriptions have been used for nets before we have not checked systematically. One point per
cube. The theorems behind Proposition 100 are classical: Hajos’s theorem on lattice cube tilings
[22], Keller’s conjecture, proved for s < 6 by Perron [49] and for s = 7 by Brakensiek, Heule,
Mackey and Narvdez [1], and false for s > 8 [41, 42], and the optimality of the face-centred
cubic packing [23], of Eg [67] and of the Leech lattice [4]. We found no prior use of the cube-
tiling theorems for the separation of nets. Maximin Latin hypercube designs, in which every
coordinate takes each of N grid values exactly once, have separation bounds under this marginal
one-per-row constraint [64, 65]; we found no prior separation analysis under the constraint of
one point per cube. Codes. Each ingredient of Remark 32 is classical: Construction A and
Construction D [9, 2], the characterization of MDS codes by nonsingular submatrices [45] and of
generalized Reed—Solomon codes by Cauchy redundancy matrices [51], the spectral test [5, 32],
and the equivalence of t = 0 with the MDS property in the Rosenbloom—Tsfasman metric, with
Reed—Solomon codes of that metric [52, 56, 46]; over a field, the zero count after Lemma 8
is Skriganov’s MDS proof for these codes. We found no prior work that relates the Euclidean
separation of digital nets to Construction A, Lee-metric codes or the spectral test, and no
treatment of digital-net skeletons as generalized Reed—Solomon Construction A lattices or of
geometric layers M ~ gA with A rational of denominator e as codes over Z/e?. The carry
criterion of Corollary 97(b) is the analogue, for carries, of the criterion of Kositwattanarerk and
Oggier [33]: the code formula Cy + 2Cy + - -+ 4+ 2%71C,_| + 29Z" of nested binary linear codes
is a lattice if and only if the codes are closed under the Schur product, whereas Construction D
always gives a lattice. What is new. We did not find the following in the literature.

e Part I: the scramble L; the residue description of the geometric digits (Proposition 43
and Lemma 11); a single choice of scrambles that realizes a design for every number k of
cell digits (Proposition 13); a separation bound of the optimal order N —1/s for a family
of digital nets in a fixed base (N = ¢, m — o0) in any dimension s > 3 (decaying
lower bounds are known [58]); the lattice of admissible design columns with its adelic
Chebyshev identity (Lemmas 20, 21); the deep-shift lift m — m+3 (Definition 60), which
carries a separation certificate (Lemma 62); and lattice skeletons of digital nets for the
resolutions m # 0 (mod s) (Section 5; the lattices themselves are classical congruence
and Korobov lattices).

e Column nets: column nets themselves and an exact minimum-distance formula for point
sets on lines parallel to the body diagonal (Theorems 48 and 49); their two-dimensional
analogue is the union of translated diagonals with van der Corput slides of [20, Sec. 3],
and exact formulas are known for particular two-dimensional nets: the £°° separation of
the Sobol’ points [59] and the dispersion of the Hammersley net [35]. Also the optimality
of the column nets among column point sets and the column ceiling (Theorem 95(3),
Corollary 94; part (2) of Theorem 95 is classical in substance [48, 29]).

e Part II: ceilings of the type of Proposition 77 and Theorem 87; lower bounds for the
certified deficit of frame designs by counting cross-ratios (Theorem 92); the bookkeeping



110 LEONHARD GRUENSCHLOSS

of the first-order deficit by drift and jitter with its holonomy obstruction (Lemma 93);
the description of the local configurations of digital nets by linear offsets, with the one-
point-per-cube ceilings of Section 12; split frames with their non-symmetric Cauchy
layers, and digital nets whose separation exceeds the cubic value 1 at every resolution
m = sk (Theorem 116); digital (0,5, 5)-nets with §N/® > 1, and the least drift dr = %
over the half-integer layers of Theorem 120 (Proposition 118); explicit digital (0, 3, 3)-
nets whose local configuration is a union of two lattice cosets, with separation above the
cubic value (Proposition 103); and a digital (0, 3,3)-net with a layer of rank one and
SN/3 - /281/16, with the optimum p* of its family (Propositions 104 and 106).

More generally, we found no digital (0, 3,3)-net (polynomial lattice point sets included, as they
are digital nets) with separation above the cubic value in the literature; the closest constructions
we found are lattices, not nets: lattice designs [26, 28], some of them built from packings denser
than the cubic lattice, and the quasi-uniform rank-1 and Korobov lattice designs of Sakai and
Goda [54].

Use of AI systems. The constructions, proofs and Lean formalization were produced by Al
systems (Anthropic Claude Opus 5.5; some early exploratory results used Claude Fable 5.1)
under the author’s direction. The author selected the problems, steered the research and reviewed
the formal statements, but has not verified every proof by hand. Al systems are not listed as
authors; responsibility for the deposit rests with the author.

APPENDIX A. DESIGNS

A design (Fp, ..., Fr—1) prescribes, for each pair of coordinates (¢, d), how the geometric digit
of ¢ depends on the last L cell digits of d (Section 2). With Definition 14 each design below
defines the nets Plf, & the deficits and base thresholds they certify are in Table 6, and the values
at k =1 in Table 7. Conventions: entry (¢, d) is in row ¢ and column d, with the coordinates in
the order of the places listed; F}, is the target at carry depth n (the level k — 1 — n) of row 0 of
the block (¢, d), diagonal included.

A.1. The designs of Table 6. s = 4, places (00,0, 1,2), row scalars A’ = 1; this is the deficit-
two design of Proposition 81:

-2 -2 -1 -2 8

_ 1 -2 1 1 _
F0—<1 -2 -2 2>v Fl_(l
1 -1-1-1 -2

31,1 0-2-10
-2 - (00 1 <1
103>>F2_<00 0 0)'
10 0 10 1 0

s =5, places (00,0,1,2,3), row scalars \' = (%, 1,1,1,1) (Proposition 17; the % needs ¢ odd):

-4-31 -13 -15 -1 1 -8
-1-5-21 -2 1 0 -2-2 4

Fp=|-1-6-52 3], F1=| 0-20-65 |,
-1-3 2 —5-6 -12 -6 1 4

-1-21 -2-5 -2 2 -2-21

1011 4 0 —2-1-11
—-1110-3 101 10
Fo=|1513-4], Fs=|-13 0 1 1
2 210 1 -1-33 0 0
2113 1 0 -1 0 —1-1
_ r_ (1
s = 6, places (00,0,1,2,3,4), X' = (5,1,1,1,1,1)
-8 -6 3 1 -3 6 -1 7 -7 -1 7 -13 0-40 1 —910
2 -9 —6-12 -3 -1 -1 2 0 -6 5 1420 7 -1
| 2 -12-8-23 -4 _ | -2-10 0 —2-10 6 0201 4 11 0
Fo = > 66 -76 -6 | 1= 31 6-1-267 |-f2=|092%-12 3 [
2 —4 3 2 —9-12 -4 2 —-10-6 2 2 1450 —28
2 -3 2 1 —6 —9 -5 2 -6 -2 2 1 32 2 1 11
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1 8 7 -1 2 —4 -1-3-3-33 1
—2-3-10 -4 0 0 4 0 1 1 —1

_ 1 3 0 —-1-70 | -1-11 1 3 =2
F3 = 1 -3-63 -3 1 , By = 0 -10 -20 =5
0 -1-13 3 0 3 13 1 —-11

00 1 -12 0 0-11 1 0 3

Each design is reachable: the interpolating polynomials gg ; of Proposition 17 have degree j and
leading coefficients that are units of the ring R’ of Definition 14 (checked by exact interpolation).
The designs for s = 7,8 are in the software deposit (Appendix G).

A.2. The layers of Table 7. At k£ = 1 a design is a single geometric layer Fp, of two kinds
(Proposition 84). The frame layers are, off the diagonal, the Cauchy layers A.pujw.q that every
scrambled frame on the places 00,0,1,...,s—2 has (Proposition 12), with a diagonal chosen for
k = 1: for s = 4 the off-diagonal part of U}, for s = 5 that of the s = 5 design of Table 6, and

for s = 6 the searched scalars A" = (1, %, -2, —%, %, —2), u= (%, 18,3,3,9,6):

12 1 2 IO SR 4 21 2
1 -1-1-1 12l 2 —3-36-66 9 4
1 2 —2-2 | . -1 -6 2-6 6 2
“1-32 36
11 =2 ~1-21 -2-3

3 -9 —2 -3 -18 —3

The frameless layers, integer matrices chosen directly, for which a ¢ = 0 completion exists for
each admissible prime (s =5, K1 =2; s =6, K1 =3; s =6, K; =5), are

3-32 -12 1 41 3 -12 4
B 1 32 1 3 —2 241 -1 1 3
R B 1 —2-33 —1-1 4-2-44 1 -2 |.
EREE RN 2 3 1 —2-11 | 2 4 —2-4-4-2 |5
2L 321 1 -3 2 1 -33 1 -5 2
“1-13 2 2 -3 14 4 21 5

their deeper rows are chosen per prime factor of ¢ (Proposition 84). For the finitely many
admissible primes below the Schwartz—Zippel bound SZ(s) of that proof, where the generic
argument does not apply, explicit completions with ¢ = 0 were constructed and checked; they
are in the deposit.

A.3. The five-dimensional split-frame design H;. This design gives the nets ’H;z*p of Propo-
sition 122, with 6N/® > 1.0265 for every prime p > 1511. Its split frame (Definition 110) has
the offset points u = (—2,0,2,4,8) and the cell points v = (5,7, —1,3,1); the conventions are
those stated at the start of this appendix:

-147 5 45 -9 3 0 23 21 12 -1
3 —-61-15 -5 3 -2 0 38 5 -2

2Fy = 5 3 -53-15 -3 |, Fy=[ -3 15 0 —-10-1 |,
-15 -5 3 —61 1 4 —-28-4 0 0

15 45 5 -9 —45 —-14 -18 -6 21 O

0 —19 —54 —7 —2
-1 0 -39 -2 1
Fo=|-2-13 0 19 2 |, F3=
2 26 0 0 -1

5 —6 —1 —18 0
Off the diagonal, the geometric layer is Mc(g) = A.pta/ (uc —vg) with X' = 2(—9,-3,-3,3,9) and
w = (5,5,5,—5,1); all partial sums M ) lie in % + Z (off-diagonal entries of absolute value at
most 877), and M) = —% off the diagonal. The interpolating polynomials g4 ; of Proposition 113
have degree j, and their leading coefficients have only the primes 2,3,5,7, except —97 (d = 1,
j=3)and % (d =2, j = 3). This is why Proposition 122 excludes p € {2,3,5,7,97,101}, and
why 97 and 101 matter only from k > 4 on, when carry depth 3 is used.

APPENDIX B. DEFERRED PROOFS AND SIDE RESULTS

This appendix holds one deferred proof and two heuristic remarks.
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B.1. Proof of Proposition 85.

Proof. Let e = e, + cep be the step of the proposition, from the cell n to the cell n + e. Write
pp, and pf for the second offset digit of b at n and at n + e; along e it changes by a constant o;
modulo ¢. Count the cells n with the following properties:

(a) the last digits of n, and n; cause no carry along e;

(b) 74 + 04 > q, so that a wraps (o, values of r,);

(c) rp does not wrap (g — |op| values);

(d) pj, lies in a nonempty set V, of digit values chosen so that e(py — p;) < 0;

(€) Ty + oy € [0,q) for every coordinate u ¢ {a,b}.
For one u at a time, the digits involved form a box with depths k¥ +1 on a, k+2 on b, k + 1
on u and 0 elsewhere, of total 3k + 4 < sk, so they are jointly uniform; the conditions (a)—(d)
have positive density and the fraction of cells violating (e) at w is |oy|/q, so some cell satisfies
all of them, because ), |ou| < g. For such a cell, |Ay| < (0o + 1)/q, |Au| < (Jou| +1)/q and
eAy < 1—|op|/q+1/¢>. The second part of the proposition (the case eap > 0) uses, in the same
way, the boxes with depths k+ 1 on a, b and u and 0 elsewhere (total 3k + 3 < sk), with r, and
rp both wrapping, so that |A,| < (04 + 1)/q and |Ay| < (|op| + 1)/q. The pair lies inside the
cube, so the bound holds for the toroidal and the Euclidean distance. ]

B.2. A conjectural limit for one skeleton coordinate (heuristic).

Remark 124 (The limit ,/7;). Table 8 suggests that max, Ajit(k)p~'/* — /7, the square root
of the Hermite constant (1.122, 1.189, 1.231, 1.290, 1.345, /2 for s = 3,...,8); here Ajit (K)
is the Euclidean minimum of the skeleton lattice A, after one fine cell of jitter is subtracted
in each coordinate (Proposition 102). The upper bound holds by the definition of ~s, since
At < A2(Ag) < s pt/5. For the lower bound it would suffice that the index-p sublattices
of Z*, scaled to covolume 1, equidistribute in SLs(Z)\SLs(R) as p — oo. Indeed, the set of
unimodular lattices with Ay > /95 — € is open and nonempty, so for large p it would contain
a scaled A, (A1 is continuous, and the sublattices containing a unit vector have normalized
minimum at most p~%/ %), and then Ajix > Ay —+/s. Such equidistribution is a theorem of Clozel,
Oh and Ullmo on Hecke points [7], but as usually stated it is for simply connected G and
Hecke operators T, with a € G(Q), which does not literally contain the index-p correspondence
of diag(p,1,...,1) ¢ SLs(Q). The version of Eskin and Oh [15, Thm. 1.2] allows a in the
commensurator of the arithmetic group; we have not carried out the reduction in detail, so we
do not state the limit as a theorem. The limit would hold at the residue m = —1 (mod s),
as p — oo uniformly in k, and would exceed the limit min(y/s/2,v/2) of Theorem 116 (at the
residue m = 0) for 4 < s <7 and equal it at s = 8.

B.3. Size of the constants in Theorem 35 (heuristic).

Remark 125 (Constants). B(p) and p(p) are nondecreasing, so the bounds are positive for
every p > po. For s > 5 a rough count gives B ~ (p/v/2)?/%, i.e. SN'/$ — 271/5 (heuristic).
For s > 9 the route of Lemma 31(c) needs B of order (2s/m)?, which suggests po(s) = eP(5108)
(heuristic). Nothing is optimized: the faults cost g* cells at small p, and for even r a block radiz,
in which each of the two rows of A is a radix chain on its own group of the full coordinates, has
a better constant.

APPENDIX C. PER-PRIME DESIGNS IN DIMENSION THREE

With Theorem 64 (p = 2,3) and Corollary 57 (p > 37), these designs give well-separated families of
digital (0,m,3)-nets in every prime base (Remark 72). Proposition 131 reduces the separation bound
of Table 10, for every k and every graph form with the prescribed rows, to one finite computation per
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design; Propositions 128 and 129 show by hand that a net with the prescribed rows exists for every k if
the design satisfies finitely many polynomial conditions modulo p, which hold for the 37 designs. All of
this is formally verified (Proposition 129 for odd p; every tabulated design has p > 5). The appendix sets
up the notation, defines the invariants of the moves, proves existence for every k, proves the separation
bound for every k, and lists the finite checks.

Setting. We use the notation of Section 6.6: p is prime, m = 3k + r, r € {1,2}, the depths are
k = (k+1,k,k) resp. (k+ 1,k + 1,k), and ® is the integer graph form of the frame with depths k; all
its box minors are +1. An offset row is named by its coordinate and its position: X0 is the first offset
row of x, Y1 the second offset row of y, and so on. The prescribed rows are the first offset row of a full
coordinate and the first two offset rows of a skeleton coordinate: X0,Y0,20 = S,, Z1 for r = 2, and
X0,Y0 = 5,,Y1,20 = S.,Z1 for r = 1. The first offset row of a skeleton coordinate is its skeleton
digit (Section 5). The other prescribed row of each coordinate gives its inner digit: the first digit after
the fine cell of the point (Section 5.1), which places the point inside its fine cell up to 1/p of the fine
unit. For a full coordinate the inner digit is the first offset digit, the analogue of the geometric digit
(Definition 3); Lemma 25 counts it among the deeper digits, whereas the designs below prescribe it. R|d;
is the coefficient of an offset row R on level [ of the cell of d, and for rows R, R’ and columns ¢, ¢’ (levels,
possibly of different coordinates) [R, R'|¢,c'] = R|c R'|¢/ — R|¢' R'|c. The window of the cell of d is its
last Ly levels, L, =4 if r =1 and Ly = 3 otherwise.

Definition 126. A per-prime design for (p,r) assigns to each prescribed row R and each coordinate d
integers R|d"), 0 < i < Lg. A graph form over F,, with depths k carries it if (i) each prescribed row R
has the coefficient R|d® mod p on level kg — 1 —i of d and 0 on the higher levels of d, and (ii) each offset
row of ¢ below its prescribed rows has the coefficient 0 on the cell of c.

A per-prime design is the analogue, for the unequal depths k, of a design with Ly levels (Section 2):
R|d(i) is the target at carry depth ¢ of d, diagonal included. In this appendix “design”, “configuration”,
“certificate” and “relaxation” always mean the per-prime notions defined here. The upper index ¢ counts
the levels from the last one and does not depend on k; in the proofs, which work at a fixed k, we write the
entries with the level names of that k instead (e.g. Y0|zj_1 for Y0|z(1)). Entries of a row of ¢ on the cell
of ¢ are diagonal entries (Lemma 2); they matter for separation, not for existence. The 11 designs that the
coverage of every prime base needs (m =1 for 5 < p < 31, m =2 for p = 5, 7; Remark 72) are printed in
Table 11. The other 26 designs of Table 10 are at primes that other results already cover; they give larger
constants there (Remark 58). All 37 designs are fixed data of the formalization (Table 15, statement file
Appendix). For instance, for p = 5, r = 2 the skeleton digit is S, = 2z} — yx, so the occupied fine cells
are those of the index-5 lattice P, = 2P, — P, (mod 5), as for B?. The designs were found by a finite
search scored by the relaxation of Definition 130; no optimality is claimed.

Invariants of the frame. The moves of Lemma 2 scale and combine rows and levels. So a design can be
carried by a graph form obtained from ®F by the moves only if every quantity that the moves do not
change has the same value at the design as at ®". The following ratios are such quantities (Lemma 127).
Propositions 128 and 129 show that their values, together with finitely many conditions of vanishing and
nonvanishing, suffice for existence at every k. For r = 2let & = xp_1 —(Z0|zk—_1/Z0|x) 21 (a combination
of columns), define 7 likewise, and

_ Z1]§-YO0[& - X0y, - ZO|ay, _(Zlxe Zlyg\ 20|z - YO|Z

" Z1)|Z-YO|zy, - X0/ - ZO|ys 2T (ZO|xk B Z0|yk) Z1|7 - YO0|zy

For r = 1 write & = Tp—i, 7 = Yr—1—i» G = Zr—1—i; let Ry = Y1 — (Y1]§,/Y0]&)Y0 and Rz =
Z1 — (Z1|€,/20|£,)Z0 (combinations of rows), d, = [Y0,20|&, &), ¢ = ¢ — (X0/¢1/X0(¢0)Co, 71 =
m — (X0]n1/X0|ne)no, and £ =& + a&y + by with Y0|£~ = ZO|£~ =0, and put

_ Byle - 2016 - YOl Ralé - Y0l - Z0lno L~ Rrl¢- YOG
Ry o - dy ’ Rz|no - dy ’ Y0|C- Ry|¢o
_ Rz|n - Z0|no Js = Rz|€-Y0|& - Z0Jno - Ry |Co
Z0|7- Rzlno’ Ry |&- Z0|& - Y0[Co - Rz|no

X1

i

J4
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They read only the prescribed rows on the windows, so they are defined for designs as well (when the
divisors are nonzero, as (U2), (Ul) below guarantee).

Lemma 127 (Invariants). (a) Where defined, x1,x2 and Ji,...,Js are unchanged by the moves (a), (c)
of Lemma 2 and the block scalings (b). (b) For every prime p, ® has x1 = x2 = —1 for every k > 1
(r=2), and (J1,...,J5) = (1,-1,2,2,1) for every k >2 (r=1).

Proof. (a) Diagonal blocks are not read. A move (c) scales the last level of a cell and adds to every other
level multiples of deeper ones; so , 7, C, 7, £, each fixed by its leading level and a vanishing condition, are
multiplied by units, and d, by the product of the factors of &y, 1. L. scales the first offset row of ¢ and
replaces the second by a unit multiple of itself plus a multiple of the first; so Ry, Rz (the combinations
vanishing on &) and Z1 restricted to &,y (where Z0 vanishes) are multiplied by units, and the bracket
in xo is invariant under Z1 +— Z1 4+ AZ0 and scales like Z1/Z0. In each quantity every row, column and
off-diagonal block occurs equally often in numerator and denominator, so all unit factors, including the
block scalings, cancel.

(b) Let 0oo(V), 0(V), ¢1(V) be the coefficient vectors of V' € Fp[t]<,, with respect to ¢~ ¢m=2 ...,
resp. 1,t,..., resp. 1,(t — 1),.... The first d digits of [U2V],, vanish iff degV < m — d (as V2V (t) =
(=)™ V((t—1)/t)), i.e. iff the first d entries of o, (V') do; those of [¥V],, vanish iff (t—1)¢ | V (proof of
Proposition 9), i.e. iff those of ¢1(V) do. Invertible matrices whose leading d rows have equal kernels for
every d differ by a lower-triangular left factor; so the frame readings are (T, o0, @0, T=1), up to the unit
sk, with Ty, T, lower-triangular. Multiplying the reading of ¢ by such a T changes ®.q into T/ ®.q(T}) "
(d # ¢; Tj, T the leading k4 X kq block of Ty and the trailing diagonal block of T¢.) and changes ®,., i.e.
it is a combination of moves (a), (c). By (a) we may use the readings (¢o, ¢0,®1). Then the column of
level j of d is the offset part of the unique V', deg V' < m, whose cell digits (the top k, coefficients, the
coefficients of t0,... t*v=1 those of (t—1)°,..., (t—1)*s—1) are 1 at (d,5) and 0 elsewhere; X0 reads the
coefficient of t™~27*% the first offset rows of y those of t%v, t*»*1 and Z0, Z1 those of (t — 1)*, (t — 1)F+1,
Lett=t—1,e=(—1)" and 3; = (k71.1+i), the coefficients of (1 —¢)7F.

For r = 2 the degree bound, the vanishing orders at 0 and 1 (for Z,7 one more factor ¢, as Z0 = 0)
and one normalization give xy : thH1EF 7 o tFH1EEHL gy o etbth G —etF~1Ek 1 So (Y0, 20, Z1)|zr =
(e,1,k+1), (Y0,21)|Z = (—¢,1), (X0, 20, Z1)|yr = (¢, €, ke), (X0,21)|§ = (—¢, —¢), and

(o(=¢ge-1 _ Xg:((lﬁ—l)—k)ﬂ:—l.

X = 1-e(—€)e ’ 1-¢€

For r = 1, inverting t* resp. t* as a power series at the other finite place, the columns are
& thek Zigj Bitj_i, nj: ethth—1-J Zigj ﬁiti, G thek—1-J Zigj(—l)iﬁilﬁ,

with the entries

X0 YO0 Y1 Z0 Z1
€o € —ke 1 k
& ke —(k? = 1)e k+1 K2+ k+1
& e(*3)  —ek(k—D(k+2)/2 (") (k+2)(R+E+2)/2
Mo, T €, ke €, (k + 1)6 (]f — 1)6, (k;2 — 2)6

COv Cl 1a —k -6 (k + 1)6 (k - 1)63 (2 - k2)6

Hence d, = ¢, Ry = Y1+kY0, Ry = Z1—kZ0, { = (1 +kCo, 1 = m1 — ko, € = & — (k+1)& + (1) &,

RY|(§13C07<~a£) = (Ea 767267 76)7 RZ|(€177705777£) = (1776572671% Y0|§:Z0|ﬁ:€7
and substituting gives (Ji,...,Js5) = (1,—1,2,2,1). All entries are integers and all divisors are +1, so
this holds for every k and every p. O
The values do not depend on k because the invariants compare consecutive binomial coefficients: o
contains (k+ 1) — k =1, and Js, Jy contain (k + 2) — k = 2; the rest are signs.

Existence for every k.
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Proposition 128 (Existence, m = 2). Let D be a per-prime design for (p,2) with
(V2) Z0|zp—1 = Z0|xg—2 = Z0|yx—1 = Z0|yx—2 = 0 and X0|zx_3 = Y0|zx—_3 = 0;
(U2) the following are nonzero modulo p: the entries Z0|xy, Z0|yx, YO0|xg, YO|zr_1, Z1|xp_1, XO|ys,
XO0|yg—1, X0|zg—1, Y0|zx—1 and the brackets [YO0, Z1 | xp_a, xk—-1], [X0, Z1 | yp—2, yr—1], [X0,Y 0|
Rk—2, Z}g—1];
(I2) x1(D) = x2(D) = -1 inF,.
Then for every k > 2 the moves of Lemma 2 turn ®F into a digital (0,3k + 2, 3)-net over F,, that carries
D.

Proof. All moves are moves (a)—(c), so every intermediate graph form has unit box minors; each pivot
below is nonzero because, given the entries already normalized, it is a box minor or a quotient of two
(box in brackets). An entry is set when it is made equal to its value in D.

Step 1 (windows). Y0,Z0,Z1 on x_o,xx—1,x) form an invertible matrix (box (k — 2,k + 2,k + 2));
subtracting combinations of these levels from the levels z;, [ < k —2, clears the three rows there. Likewise
X0,70,Z1 on yg—2,Yk—1,Yr (box (k+2,k—2,k+2)), and X0,Y0 on z;, | < k—2, with zx_2, 251 (box
(k+2,k+2,k—2)). Then subtract multiples of z, from z_1, 22 to clear Z0 there (pivot Z0|zy, box
(k,k+1,k+1)), and likewise in y (box (k+ 1,k,k+ 1)); now 21 = Z, yp—1 = §.

Step 2. Scale @, to set YO|zy (box (k,k + 2,k)) and the level xx_1 to set YO0|zy—1 (box (k— 1,k +
2,k+1)); apply L,: Z0— £Z0, Z1 — {'Z1 4+ \Z0, to set Z0|xg, Z1|zk—1 (box (k—1,k+ 1,k + 2)) and

Step 3. Scale @, to set XO0|yy (box (k+2,k, k)), the level yi_1 to set X0|yr_1 (box (k+2,k—1,k+1)),
and ., to set Z0|yx (box (k+ 1,k k+1)).

Step 4 (forced entries). This is where the invariants enter. All entries read by x1, x2 are now set except
Z1|yk—1, Z1|yk. By Lemma 127 and (I2) the current y1, x2 equal those of D; as x; is a nonzero multiple
of Z1|yk—1 and x2 is affine with nonzero slope in Z1|y, these entries already have their values in D, and
no move is needed (or possible) to set them.

Step 5. Replace x_o by axp_o+bxi_1 so as to set Y0|zg_o, Z1|xg_o; the matrix [Y0, Z1 | x—2, Tx_1]
is invertible (box (k — 2,k + 2,k + 2), divided by Z0|z), and Z0 stays 0 on zx_o. Afterwards the bracket
is a times its old value and equals that of D, nonzero by (U2); so a # 0 and this is a move (c). The same
for yp—o (box (k+ 2,k — 2,k + 2)).

Step 6. Scale @5, ®,, to set X0|zx_1, YO|2—1 (boxes (k+2,k+1,k—1), (k+1,k+2,k—1)), and
replace zi_o by azg_o + bzi_1 to set X0|zx—2, YO0|zk—2 (box (k+ 2,k + 2,k —2); a # 0 as in Step 5).

Step 7. By move (a), give each coordinate’s prescribed rows their values in D on the window of its
own cell (0 above it) and its other offset rows the value 0 on its own cell.

Steps 2-6 only combine window levels, so the prescribed rows still vanish above the windows (as
Definition 126(i) requires), and the graph form carries D. Lemma 1 completes the proof. O

Proposition 129 (Existence, m = 1). Let D be a per-prime design for (p,1) with
(V1) Y0, Z0 vanish on xi_o,xk—3; X0,Z0 on yr—3; X0,Y0 on z,_3;
(U1) the following are monzero modulo p: the entries YO0|xg, Z0|xg, XO|lyp—1, Z0lyr—1, XO0|zk—1,
YO0|zk—1, Y1l|zk—2, Z1|yk—3, Y1|zk_3 and the brackets

[Yoazolxkfla‘rk]v [X0720|yk727yk71]7 [X07Y0‘2k7272k71]7
Y1,Z1|xp—3,2k—2], [YL1,YO0|xk,2p—1], [Z1,20|zk,yr—1];
(1) (Ji,...,J5)(D) = (1,=1,2,2,1) in F,.

Then for every k > 3 the moves of Lemma 2 turn ®F into a digital (0,3k + 1, 3)-net over F), that carries
D.

Proof. As for Proposition 128; in each solve below, a # 0 because the corresponding bracket of D is
nonzero (U1).

Step 1 (windows). Clear Y0,Y1,20,Z1 on z;, | < k —3 (box (k—3,k+2,k+2)), X0,20,Z1 on y,
I <k—3(box (k+2,k—3,k+2)),and X0,Y0,Y1 on z, ! < k—3 (box (k+2,k+2,k—3)). Then
clear Y0, Z0 on x_o, xx—3 with x5_1, 25 (box (k—1,k+1,k+1)), X0, Z0 on yx_3 with yx_o, yx—1 (box
(k+2,k—2,k+1)),and X0,Y0 on zp_3 with zx_9, 21 (box (k+2,k+ 1,k —2)).
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Step 2 (X0,Y0,Z0). Scale ®,,, P, to set YO|zy, Z0|zy (boxes (k,k+1,k), (k,k,k+1)) and replace
Zp—1 by axp_1 + bxy to set YO|xg_1, Z0|xg—1 (box (k— 1,k + 1,k +1)). In the same way set XO0|yx_1,
Z0|yk—1 by @y, ®.y and X0|yx_2, Z0|yk—2 by yp—2 — ayYr—2 +byr—1 (boxes (k+2,k—1,k), (k+1,k—
1L,k+1), (k+2,k—2,k+1)), and XO0|zk_1, Y0|2k—1, X0|2k—2, Y0|2k—2 by ®,., .. and z;_o (boxes
(k+2,kk—1), (k+1,k+1,k—1), (k+2k+1k—2)).

Step 3 (Y1,Z1). Apply Ly: Y1 — aY1+bYO to set Y1|zy, Y1|zz—1 (matrix [Y1,Y 0|z, zp—1], box
(k,k+2,k—1)),and L,: Z1 — ¢Z1+ dZ0 to set Z1|xy, Z1|yp—1 (box (k,k — 1,k +2)).

Step 4 (forced entries). All entries read by Ji,...,Jy are now set except Y1|zg_1, Z1|xg_1, Y1|2k_2,
Z1|yr—o, and Jy,...,Jy are affine with nonzero slope in one of them each (through Ry |¢1, Rz|¢1, Ry|C,
Rz|77). By Lemma 127 and (I1) they already have their values in D.

Step 5. Scale the levels z,_3, yr—3, Tp—2 to set Y1|zp_3, Z1|yp—3, Y1|xg_2 (boxes (k+2,k+2,k —3),
(k+2k—=3k+2), (k—2,k+2k+1)). Now £ = &, as Y0, Z0 vanish on z;_o, and Js is affine with
nonzero slope in Z1|xg_s; by Lemma 127 and (I1) this entry has its value in D. Finally replace x;_3 by
axp_3+brr_o toset Y1|zg_3, Z1|zk_3 (box (k— 3,k + 2,k + 2)).

Step 6 is Step 7 of Proposition 128. |

Which of these conditions are necessary? Given (V1) resp. (V2), each quantity in (U1), (U2) is, up to
sign and factors from the same list, the box minor of the box named where it is used, for every graph
form carrying D; so (U1), (U2) are necessary for a net carrying D. (I1) and (12) hold, by Lemma 127, for
every design carried at a single k by a graph form obtained from ®" by the moves. Only (V1), (V2) are
hypotheses of Propositions 129 and 128 that are not shown to be necessary. Hence, for a design satisfying
(V1) resp. (V2), reachability from the frame does not depend on k (k > 3 resp. k > 2). With the checks
below, Propositions 128 and 129 prove by hand that the per-prime nets exist for every k.

Separation for every k. Let go = p™ %72 = w/p, one p-th of the fine unit @ of Section 5.1. A point
with cells n., skeleton digits S, and inner digits p. has X. = go(pn. + p.) + 6. (¢ full) resp. X, =
go(p(pne + Se) + pe) + 0. (¢ skeleton), where 0 < 6. < go comes from the digits after the inner digit.

Definition 130 (Per-prime relaxation). Let D be a per-prime design for (p,r) and B € Z3, a search
radius. A configuration is a pair (E,j) of a cell difference E € Z?®\ {0}, |E.| < B., and carry depths
je€40,...,Lc—1}, with j. =0if E. = 0. Put Ay = E4, Ag,; = sgn(Ey) [i < jg] for 1 <i < Ly, and let
oc resp. t. € {0,...,p — 1} be the residue of Zd)i R\d(i)Ad,i, where R is the skeleton row resp. the row
of the inner digit of c. With A(v) = {v,v — p} for v # 0, A(0) = {0}, and e, = 0 if E4 = 0 for all d # ¢,
€. = 1 otherwise, let
. + . +
t. = min E.+ (| —ec ¢ full), t. = min FE.+a)+ B — e, c skeleton).
QEA(LC)(@ d ) ( ) OLEA(Oc)ﬁEA(Lc)“p(p )+ Al ) ( )

A certificate is a pair (T, B) with T < ¢2 + tz2/ + 2 for every configuration, B, < p for all ¢, T < p? B? for
full ¢, and B, =1, T < p* for skeleton c.

Here E plays the role of the step £ and j that of the carry depths of Lemma 4; a and S run over the
two possible changes of the skeleton digit and of the inner digit.

Proposition 131 (Separation). Let p be odd, D a per-prime design for (p,r) with a certificate (T, B),
and k>3 (r=1) resp. k> 2 (r =2). Every graph form over F,, with depths k carrying D, net or not,
has || X (w) — X (v) > Tg2 for all indices v # w (integer coordinates on the torus of side N ). Hence

‘ |%OI‘US —

SNY3 > Tp=>3 (r=1) resp. VT p~*/3 (r =2).

Proof. Let E. be the centred residue of n.(w) — n.(v) modulo p¥c; as the cells are the index, E # 0. The
proof of Lemma 25(i) only uses X, = gn.+6,0 < 6 < g, N = gp*s and the centring; with g = pgo (full)
resp. p2go (skeleton) the toroidal distance in coordinate c is at least (|E.| — 1)g. So if |E.| > B, for a full
¢, or |E.| > 2 for a skeleton ¢, the claim follows from T < p?B2 resp. T < p*.

Otherwise |E.| < B. < p for all ¢. For E. # 0 the digits of n.(w) and n.(v) differ, modulo p, by E. on
the last level, by sgn E. on the next j/, > 0 levels (a carry chain, cf. Lemma 25(ii)), and not above; with
je = min(j., L. — 1), (E,j) is a configuration. As the prescribed rows have the coefficients of D on the
windows and 0 above, the skeleton and inner digits of ¢ change by o, resp. ¢, modulo p, and since they
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5 7 11 13 17 19 23 29 31 37

=1 .6306 .7407 .8544 .8569 .8890 .9023 .9354 .9767 .9608 .9738
=2 .5098 .6380 .8426 .8599 .8286 .8363 .9695 .9839 .9752 .9520

41 43 47 53 59 61 67 71 73 79

1 .9530 .9903 1.0092 1.0150 1.0242 1.0137 .9972 1.0207 1.0257 1.0352
2 1.0032 1.0034 .9962 .9733 1.0150 1.0079 - - - 1.0210

TABLE 10. Certified lower bounds for 6N1/3 of the per-prime designs of Re-
mark 58, for every m = 3k + 1 > 10 resp. m = 3k + 2 > 8 (that is, k > 3 resp.
k > 2, as Propositions 129, 128 and 131 require; the finitely many smaller m are
covered by the frame nets of Remark 72). They are \/ITP p5/3 resp. \/Tp p~4/3 for
the integers T), of the formal statements, truncated (not rounded) to four digits.
For m = 2 there is no per-prime design at p = 67,71,73 (-); there Remark 55
gives .717-.738 (p = 4).

lie in [0,p), Sc(w) — Sc(v) € A(o.) and p.(w) — p.(v) € A(te). Further |0.(w) — 0.(v)| < go, with equality
0.(w) = 0.(v) if . = 0: the deeper digits of ¢ have coefficient 0 on the cell of ¢ (Definition 126(ii)), and
no other cell changes. Hence X.(w) — X.(v) = goye + 0.(w) — 0.(v) (mod N) with y. = pE. + [ resp.
p(pE, + a) + 3 for some a € A(c.), B € Alte); as |y.| < 3p? and N/go = p*+2 > p*, the toroidal distance
is at least go(|ye| — €c)t > gote. Summing squares gives || X (w) — X (v)||2,,u > 92 > 12 > Tg. Finally

c’c —

SNV/3 > T gyN—2/3 = \/T plm=3k=6)/3, 0

The relaxation keeps only the cell difference of a pair, its carry depths on the windows and the two
possible changes of each prescribed digit. Nothing in it depends on k, so one finite computation covers
every m. At large p the minimum in the relaxation is attained by short vectors of the skeleton lattice,
reduced by the inner digits and the deeper digits.

Remark 132 (Digital shifts). Proposition 131 holds verbatim, with the same certificate (T, B), for every
digital shift (Definition 7) of every graph form carrying D. So the constants of Table 10 hold for every
digitally shifted per-prime net.

Proof. By Lemma 67 the shifted point set is indexed by its own cells n, one point per cell, and its offsets
are ®n +y, with the blocks ® of the unshifted graph form and a constant -y. Each coordinate still has the
form X, = go(pne+pc) +0c resp. go(p(pne—+Se) + pe) + 0. with Se, p. € [0,p) and 0 < 6. < go. So the first
paragraph of the proof of Proposition 131 applies, and E and the carry chains are those of the shifted
cells, so (F, j) is a configuration. The prescribed rows applied to n(w) —n(v) give S.(w) — S.(v) = 0. and
pe(w) — pe(v) =t (mod p), since 7y cancels. As both digits lie in [0, p), the differences lie in A(c.) resp.
A(i.). A shift may change which of the two representatives occurs, but t¢. is the minimum over both. If
g. = 0, the deeper digits of ¢ are given by rows with coefficient 0 on the cell of ¢ (Definition 126(ii)) plus
the same constants, so 6.(w) = 0.(v); otherwise |0.(w) — 0.(v)| < go as before. The rest of the proof is
unchanged. |

The finite checks. (1) Certificates. For each of the 37 designs, (Tp, B) with T, as in Table 10, B, =
[/T,/p] < 20 for full and B, =1 for skeleton coordinates is a certificate (at most 1.4-10* configurations
per design). This check is evaluated by decide in the Lean kernel and, with the formalized Proposition 131,
gives the separation bounds. Each T, is attained by a configuration (also checked in the kernel), so it
is the exact value of the relaxation. Table 10 lists \/7}, p~>/3 resp. /T, p~*/3, truncated. (2) Ewistence
conditions. (V1), (U1), (I1) for the 20 designs with » = 1 and (V2), (U2), (I2) for the 17 designs with
r = 2 hold in exact arithmetic modulo p; this is also checked in the Lean kernel.
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p R Rjz®) RJy®) R|z() p R Rjz0) R|y®) R|z()

m = 1: rows X0, Y0 =S5y, Y1, Z0= 5., Z1

5 X0 (0,0,0,0) (-=1,-1,0) (1,1,0) 7 X0 (0,0,0,0) (-=1,1,0) (1,-1,0)
Y0 (2,1,0,0) (0,0,0) (-2,0,0) YO0 (3,1,0,0) (0,0,0) (-3,0,0)
Y1 (0,2,-1,—-1)  (0,0,0) (1,-1,1) Y1 (-3,-3,—1,1) (0,0,0) (=3,1,-1)
Z0 (-1, —1 ,0,0) (1,0,0) (1,0,0) Z0 (-2,0,0,0) (-1,0,0) (2,0,0)
Z1 (0,-2,-1,1)  (1,-1,1) (0,0,0) Z1 (0,-3,-2,—1) (=1,—1,1) (0,0,0)

11 X0 (-1, 0 0,0) (-1,1,0) (-1,-1,0) 13 X0 (-1,0,0,0) (1,1,0) (-1,-1,0)
YO0 (—2,0,0,0) (0,0,0) (2,0,0) YO0 (5,1,0,0) (0,0,0) (-1,0,0)
Y1 (2,-3,-1,1) (0,0,0) (-1,-1,1) Y1 (-5,-2,1,-1) (0,0,0) (0,1,1)
Z0 (—4,-1,0,0) (1,0,0) (4,0,0) Z0 (-3,0,0,0) (1,0,0) (0,0,0)
Z1 (0,1,—4,1) (1,1,-1) (0,0,0) zZ1 (0,-2,-2,1) (-1,1,1) (0,0,0)

17 X0 (—1,0,0,0) (-1,-1,0) (1,1,0) 19 X0 (-1,0,0,0) (-1,-1,0) (—1,1,0)
YO0 (3,1,0,0) (-1,0,0) (-1,0,0) YO0 (4,1,0,0) (4,0,0) (-1,0,0)
Y1l (=3,0,—1,-1) (1,0,0)  (2,—1,1) Y1 (=4,-7,1,—1) (=4,0,0) (2,1,1)
Z0 (6,0,0,0) (1,0,0) (0,0,0) Z0 (6,1,0,0) (6,0,0) (0,0,0)
Z1 (-6,—-2,-2,1) (-2,1,-1) (0,0,0) Z1 (0,-8,5,—1) (-1,1,-1) (0,0,0)

23 X0 (0,0,0,0) (-1,1,0) (1,1,0) 29 X0 (0,0,0,0) (-1,-1,0) (—1,-1,0)
Y0 (3,0,0,0) (=3,0,0) (—3,0,0) Y0 (3,1,0,0) (0,0,0) (3,0,0)
Y1l (0,-5,—1,-1) (0,0,0)  (1,—1,1) Y1l (0,3,-1,—1) (0,0,0)  (1,—1,1)
Z0 (9,-1,0,0) (=9,0,0)  (=9,0,0) Z0 (9,1,0,0) (1,0,0) (9,0,0)
Z1 (=9,6,—1,1)  (10,1,—1) (9,0,0) Z1 (0,-2,9,-1) (=1,1,—1) (0,0,0)

31 X0 (0,0,0,0) (-1,1,0) (-1,—-1,0)
YO0 (3,1,0,0) (0,0,0) (2,0,0)
Y1l (0,-15,—1,—1) (0,0,0)  (—1,1,—1)
Z0 (-11,0,0,0) (1,0,0) (—11,0,0)
zZ1 (0,—14 3,-1) (1,1,-1) (0,0,0)

m = 2: rows X0, Y0, Z0=S,, Z1

5 X0 (—2,0,0) (2,-1,-1) (-1,1,0) 7 X0 (2,0,0) (3,-1,0) (-1,1,0)
Y0 (2,-1,0) (-1,0,0) (—1,0,0) YO0 (1,-1,0) (-1,0,0) (—1,0,0)
Z0 (2,0,0) (-1,0,0) (0,0,0) Z0 (3,0,0) (2,0,0) (0,0,0)
Z1 (-2,—-1,1) (0,2,0) (0,0,0) Z1 (2,-1,1) (2,1,-1) (0,0,0)

TABLE 11. The 11 per-prime designs of Appendix C that the coverage of ev-
ery prime base needs (Remark 72; fixed data of the formalization, Table 15).
Rows are named as in the appendix: X0 is the first offset row of x, Y1 the sec-
ond offset row of y, and so on. For each prescribed row R the three tuples are
(R|d©), ..., R|d%a=V) for d = x,y, z, the coefficients on the levels kq—1, kg—2, . ..
of the cell of d (so R|z(?) is the coefficient on z}); entries on the cell of the row’s
own coordinate are diagonal entries. With the certificates T}, they give the cor-
responding entries of Table 10.

APPENDIX D. TABLES

This appendix collects data behind statements in the text: the certified bound of Theorem 45
against exact separations of Py, (Table 12, dimension three, m = 0 (mod 3)), the vectors s of
Table 8 (Table 13), and the seeds of the lift of Section 7 (Table 14).

APPENDIX E. PICTURES

Figure 16 shows slabs n, = const of cells of the nets Py, 4; for large N only the points shown
are generated, each directly from its cell.
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q

4 5 6 7

8 9 10 11 12 13 16

certified ¢(q), all k > 2 .4330 .6324 .7453 .8329 .8750 .8888 .9000 .9090 .9166 .9230 .9375
5964 7322 8183 .8578 .8753 .8891 .9001 .9091 .9167 .9231 .9375

exact

cof Pyy

TABLE 12. First row: the lower bound ¢(q) of Theorem 45, certified for every
k > 2 (truncated). Second row: the exact normalized toroidal minimum distance
c = 6N3 of P24 (m = 6), computed by an exact neighbour-cell scan of all N
points (truncated). The cubic lattice has ¢ = 1.

s p K= (Ki,...,Ks—1)

3 1009 (194,927)

3 10007 (7263, 512)

3 996001° (386012, 289649)

3 1000003 (480737,456115)

3 100000007 (35938453, 38104672)

3 10002435263° (6351393446, 2689022248)

4 1009 (60, 942, 427)

4 10007 (7789,6790, 2749)

4 1000003 (906828, 842915, 540337)

4 1006301° (488116, 625468, 981379)

4 100000007 (75429390, 71818190, 91631379)

4 10040205517° (5572254466, 6450656159, 2352780990)

5 1009 (97,590, 862, 326)

5 10007 (4287, 291, 6535, 8776)

5 1000003 (814550, 377607, 542427, 841650)

5 1025909° (448199, 390598, 84034, 101647)

5 100000007 (10605878, 95749095, 74073896, 86459444 )

5 10123347709° (9581363571, 7859938370, 4587520169, 3357307811)

6 1009 (1006, 434, 303, 379, 336)

6 10007 (3959, 5172,482,4657,4647)

6 1000003 (898060, 73290, 548128, 694268, 723193)

6 1033493° (692761,511602, 86731, 102710, 280758)

6 100000007 (38304664, 72775107, 78968817, 72577778, 12520865)

6 10136355487° (67990745,4455545937, 5539174410, 2022757295, 4530764856)
7 1009 (364,903, 266, 189, 5, 32)

7 10007 (5416, 7655, 1613, 8456, 1914, 5199)

7 1000003 (219819, 595664, 349551, 501112, 415995, 657791)

7 1138273° (977285,895703, 570465, 140992, 1065215, 1028731)

7 100000007 (92652368, 47992472, 45324136, 56540409, 38423666, 54604852)
7 10660100951° (8069839213, 5273863583, 6436724208, 2404140741, 1832389919, 1010034693)
8 1009 (135,889, 105, 367, 892, 986, 321)

8 10007 (6121, 8133, 3883, 760, 6795, 3843, 1579)

8 1000003 (59285,987228, 779534, 118614, 216758, 621532, 892678)

8 1071337° (516035, 106020, 316101, 49825, 432533, 18773,319711)

8 100000007 (21187390, 39864196, 90193868, 30228904, 687983, 29614392, 68077957)
8

11556622703° (8648308921, 2075022356, 3012831926, 5980481396, 3082196750, 808709099, 2210083677)

TABLE 13. The vectors k behind Table 8: for the searched k at p = 1009, 10007,
10543, 10847, and, at the primes p’ (marked °), for the vectors obtained by
rounding a randomly rotated copy of a root lattice to an integer matrix of de-

terminant p’ (Table 8). The skeleton lattice is A, = {a € Z° :

(mod p)} (Proposition 102).

a, = Zd Kdlz,
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b mmod3 M rowsof Ay rows of A, (Ty,T2)
2 0 9 135, 45, 3, 498, 194, 440, 335, 219, 392 481, 146, 111, 183, 386, 325, 223, 361, 358 (414,211)
2 1 10 209, 382, 805, 151, 314, 829, 673, 883, 947, 597, 575, 978, 901, 1020, 856, 754, (570,524)
1010, 361 73, 687
2 2 11 983, 1182, 492, 1089, 1674, 1177, 538, 701, 54, 431, 771, 1929, 1550, 1860, 1141, (62,919)
1803, 1473, 939, 333 1802, 734, 1278
3 0 6 404, 542, 48, 70, 11, 52 316, 557, 650, 282, 551, 247 (626, 448)
3 1 7 1495, 822, 993, 989, 391, 477, 1366 1192, 1811, 657, 430, 705, 1663, 87 (614, 1328)
3 8 2902, 3540, 5732, 4163, 4228, 2472, 696, 5695, 1981, 2605, 6323, 2624, 3996, 209, (703,1559)
593 3923

TABLE 14. The seeds of Theorem 64, at the seed resolutions mg of Table 5 (mg
is the number of digits of the seed). With the index u € F;" taken to be the
vector of z-digits, the shifted seed is {(u, Ayu + 7y, Au +7.) : v € F"0} (digit
vectors, digit 0 the most significant, addition modulo b without carries) and the
unshifted one has the generator matrices (I, Ay, A,). Row d of A, is printed as
the integer Zj(Ay)djme_l_j, the shift 7, as >, 7,.4b™ 174, and likewise for z.
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g=4,m=3,N=43 g=5m=3,N=53 gq=7,m=3,N=73 g=11, m=3,N=113

g=11, m=6,N=11°

q=7,m=6,N=7°

FIGURE 16. One slab of cells of Py, , for ¢ = 4,5,7,11 and m = 3,6, 9: the points
with z-cell n, = |¢¥/2] and (x,y)-cells in a W x W window (W = ¢ for m = 3,
i.e. the whole slab; W = 16 for ¢ = 4, m = 6; W = 18 otherwise; so 16 to 324
points), xy-projection in cell units (grey: cell boundaries). Blue: slip lines, i.e.
cell edges across which the (x,y) part of the step between the two points differs
from that of (I + M/q)e by more than half a cell (not drawn for k£ = 1, where
Proposition 43 does not apply). The patches of the tilted square lattice are a few
cells wide for ¢ = 4,5 and grow with q.
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APPENDIX F. FORMAL VERIFICATION

Method. The formalization uses Lean 4 [13], toolchain v4.35.0-rc3, with the matching Math-
lib [44], and forms one Lake project with one statement library: 616 theorem statements in
twelve statement files, one for each part of the paper (Table 15). The statement files contain
no proofs; besides Mathlib they import only the definition modules of the project, which define
the objects (nets from their generator matrices or graph forms, designs and searched data as
explicit constants), so that statements and proofs use the same definitions. The proofs are in
separate modules, and a solution file proves every statement under its name. Every proof is
checked by the Lean kernel. The tool Comparator, with one configuration that lists the 616
theorems, checks that the proved theorems are exactly those of the statement library and use
only the permitted axioms, and re-checks the proofs with the Lean kernel and with a second,
independent kernel (NanoDa). Both kernels accept all 616 theorems. The only axioms used are
propext, Classical.choice and Quot.sound; native_decide is not used, and finite certifi-
cates are evaluated by decide in the kernel. Some proofs were reorganized for formalization (for
instance, finite case splits replace the case analyses of Theorem 46 and Proposition 103); the
statements are those of the text.

Theorem A as a self-contained entry. Theorem A also forms a separate entry in the format of
the Palomar collection of formalizations: a statement file of 438 lines that imports only Mathlib,
copies verbatim the 43 definitions that the statement reaches, and states Theorem A together
with three theorems that justify the data defined by choice: the columns of Definition 23 are the
only family with the properties required there, the positive generator v; of Lemma 20 is unique,
and the net of Definition 14 exists and does not depend on the choices made in its construction
(the reduction modulo ¢ and the solution of the residual problem, Propositions 12 and 13). Its
solution derives the four theorems from the library, and Comparator checks the entry separately.

Blueprint. A blueprint, made with leanblueprint, presents the results of the paper in its
words, with their proofs, links every formalized result to the Lean declarations that prove it,
and shows the dependency graph. The developments are in the repository https://github.
com/lgruen/separated-nets-lean; its release v1.0.0 accompanies this version of the paper
and is archived at Zenodo.

What is formalized. Every theorem, proposition, lemma and corollary of the paper, every
definition except Definition 3 (which only introduces names), and the proved statements of the
remarks listed in Table 15 are formalized, apart from the finite computations listed below.

Cited theorems. Two formalized results use classical theorems that are not in our version of
Mathlib; these theorems are not formalized here, and enter as explicit hypotheses. (1) The design
U, (Remark 24): the constant 1 in a; < e(T°(M)s* is proved from the prime number theorem
P(x) ~ x [21, 12]; everything else is unconditional, including (s—1)1(s—2) < logas < (s—1)(s—
2) + slog2 for s > 6 (a consequence of the bounds Ly < as < Lg(s? + 2°72) of Remark 24, as
52 42572 < 2% for 5 > 6) and logas = O(s?) with explicit constants from Chebyshev’s bounds.
(2) Proposition 100: parts (i)—(iii) with Hajés’s theorem [22] and Keller’s property for s < 7
[49, 1] as hypotheses; part (iv) unconditionally, except that its strict inequalities for s = 2,3 use
the optimal packing bounds (Thue’s for s = 2 [9, Ch. 1], Hales’s for s = 3 [23]) as hypotheses.
Some statements of the text are consequences of cited theorems that are neither formalized
nor used as hypotheses: Niederreiter’s discrepancy bound [46] (Remark 66); the optimality of
the range of ¢ [39, Cor. 2] (after Theorem A and Lemma 10); the bound s < 3 in base two
[46, Cor. 5.11] (Remark 59); the growth lem(l,...,s — 3) = e(!*°())s after Proposition 90
(the prime number theorem); and K (F) > s'=0(1/loglogs) (in particular K (F) > s'=°()) after
Theorem 92, a consequence of Wigert’s divisor bound [25, Thm. 317], whereas the div* inequality
of Theorem 92 itself is formalized.
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Checked by scripts, not in Lean. By decision, finite computations whose printed values no
formalized result needs are checked by the scripts of Appendix G, and, where Section 14 says
so, by a second implementation, not in Lean:

e Theorem 64(1), both at the resolutions below the certificate resolution L (the exact
minimum distances of the explicitly shifted nets) and beyond it (the certificate v} of
the shifted net, which the formal statement of (1) beyond L takes as a hypothesis), and
the entries .4699 and .2586 of column (2) of Table 5. Lean proves parts (2) and (3) for
every m > 1, with their constants, the nets of the theorem (seeds, chains and ¢ = 0
at every resolution) and the certificates v}, checked in the kernel, and the lift theory
(Definition 60, Lemmas 61, 62 and 63) in general;

e the values aj,...,aj, of Table 3 and the base thresholds derived from them after Theo-
rem A, and the running time of the algorithm of Definition 23;

e the thresholds and scans of Tables 6 and 7, including the bound §N'/* > 0.8 of Propo-
sition 84(2) and the thresholds stated after Proposition 81; the deficits, finite maxima
and ¢t = 0 completions that Propositions 81 and 84 state are formalized;

e the values labelled computed (Section 14), among them the lines and spectral values of
Remark 16, the resolutions at which v; vanishes (Remark 65), the comparison of wy
with W, (Remark 107) and the shifts of Remark 108 that break the lock.

Conventions fized in the formal statements. Where the text states a value up to sign, some
formal statements fix the sign. For Lemma 111 the sign is +1 for V' in the monomial basis, with
the rows taken coordinate by coordinate and the points ordered vg, ug, v1,u1,..., P before Q;
this exact value is formally verified.

APPENDIX G. COMPUTATIONS

The computed values printed in the paper, none of which is used in a proof, the finite certifi-
cates of Theorem 64, Theorem 120 and Propositions 40 and 118, and the figures are reproduced
by the programs in the folder scripts/ of the accompanying software deposit (Python 3, run
with uv, and C++). A driver script builds and runs all of them in a few minutes on one laptop
(the certificates of Theorem 64 use several cores if available); it fails if a value differs from the
one printed here or a regenerated figure differs from the published one. The README of the
folder lists, for each program, what it reproduces:

e the base-2 (0,m,3)-net of [20, Sec. 2], built from its generator matrices and, indepen-
dently, by a re-implementation of the C routine printed in [20], with the (0, m, 3) property
by box counting and the exact toroidal minimum distance: § N 1/3 — 750, .649, .486, .433,
AT2, 466, .424, 447, 375, 265, .186 for m = 3,...,13 (Section 1);

e the two-dimensional nets of Remark 6 for m = 4,6,8,10: the (0,m,2) property; for
(iii), all slides along their lines that keep ¢ = 0 and their distances from lattice slides
(m = 4,6,8), and, for even 8 < m < 20, the (0,m,2) property and the exact minimum
distances, in the tiling metric, of the re-scrambled nets and of the nets themselves;

e the enumeration of one-per-cube lattices in %Z?’, e < 11, and the affinity check of Re-
mark 101;

e the exact minimum distances of Table 12, by a toroidal neighbour-cell scan of nets rebuilt
from Definition 41, with the other values of this table;

e the computed values after Proposition 103 (Figure 12(c));

e the evaluations of proved formulas in Table 4;

e Table 3 (a} and the largest entries computed from Definition 23, 5a% + 4, the bound of
Theorem A, as of Uy) and the values derived from it in the Introduction and in Table 6;
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part of the results statement file; proof modules
paper
Sec. 2 Lems. 1, 2, 4; Rem. 5; Def. 7 Prelim (19); F*, DShift
Sec. 3 Lems. 8, 10, 11, 18; Props. 9, 12, 13, 17; Def. 14, Frames (50); F*, Proj*, Obs*
Cor. 15; Rem. 16
Sec. 4 Thm. A, Prop. 19, Lems. 20, 21, 22, Def. 23; the design =~ ThmA (66); ThmA*, SU*;
Us of Rem. 24 (assuming PNT) Theorem A also Headline
Sec. 5 Lems. 25, 26, 29, 31, 38; Prop. 27, Cors. 28, 39; Defs. 34, Skeleton (67); Sk*, S1*, S2%,
30, 36; Thms. 33, 35; Prop. 40; mathematical claims of T3*
Rem. 32
Sec. 6 Def. 41, Thms. 42, 45, 46, Prop. 43, Rem. 44; Def. 47, Dim3 (67; Def. 41 in Frames);
Thms. 48, 49, Lem. 50, Props. 51, 52; Def. 53, Prop. 54, Main*, Net*, Sep*, Col*, D3*,
Thm. 56, Rem. 55; Cor. 57, Rem. 58 KN*
Sec. 7 Def. 60, Lems. 61, 62, 63; Thm. 64(2), (3), and (1) Base23 (21); B23%
beyond L given its certificate; Rem. 65; the proved
statements of Rem. 59
Sec. 8 Lem. 67, Props. 68, 73; Cors. 69, 71; Rems. 70, 72 DGS (64); *Shift*, DGS*
Secs. 9-11 Def. 74, Props. 75, 77, Lem. 76, Cors. 78, 79, Props. 81, Deficit (75); Deficit*, Obsx,
83, 84; Rem. 82; the proved statements of Rem. 80; Ceil, D4D2x, K1*, Lstar*, Col*
Prop. 85, Def. 86, Thms. 87, 88; Lems. 89, 91, Prop. 90,
Thm. 92; Lem. 93, Cor. 94, Thm. 95
Sec. 12 Lems. 96, 98, Cor. 97; Prop. 100 (assuming Hajds, Keller WhyLat (14); WL*
for s < 7, packing bounds)
Secs. 13.1- Prop. 102, Table 8; Prop. 103; Props. 104, 106, Large (81); S1Ex, SkCertx;
13.3 Lem. 105, Rems. 107, 108 QUNetsM3/TC*, QUNetsM3/W*
Secs. 13.4— Prop. 109; Def. 110, Lems. 111, 112, Prop. 113 and the Split (78); Split#, HL*,

13.7 remark after it; Lem. 114, Prop. 115, Thm. 116,
Prop. 122; Lem. 117, Prop. 118, Rem. 119, Thm. 120
Defs. 126, 130, Prop. 131, Props. 129, 128, Lem. 127,
Rem. 132; Table 10

Halfx, Q5%, TD*, Acctx*

App. C Appendix (14); PP*, KNx*

TABLE 15. Formal verification: for each part of the paper, the statement file
of the Lean library that states its results (in QUNets/Statements/, with the
number of its theorems; 616 in all) and the principal proof modules (in Z3Net/
unless stated; * stands for any part of a name). Several results are also used, or
restated, in other files. “Assuming X” means that the result uses the classical
theorems X, which are not in Mathlib, as explicit hypotheses (PNT, the prime
number theorem; Appendix F). Headline is the self-contained entry for Theo-
rem A.

o the certified deficits, omax(F'), Gail and thresholds of Table 6 (K and thresholds for s < 6;
Omax and @iaj for s < 8) and the finite parts of Proposition 81, by the exact relaxation
of Lemma 4 on the designs of Appendix A; and the K7, thresholds and sizes of Table 7
(the per-prime ¢t = 0 completions of Proposition 84 are not rerun by these scripts; they
were reproduced by independent implementations and are checked in the Lean kernel,
Section 14);

e the certificates of Theorem 64 (Table 5): the chains replayed from the seeds, t = 0 at
every resolution, the integers v7 of Lemma 62 with the proviso g;, < bL/3 —Wb—2L/3 the
exact minima between the seed and the certificate resolutions, and the small-m nets, by
the checker of the deposit (with OpenMP about half a minute on ten cores); for part (3),
the integers v}, the exact minima over all digital shifts at the resolutions up to L and
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of the small-m nets (Lemma 63), and the freezing of the chains, by a second checker (a
few seconds);

e the column nets of Section 6.5: Theorem 48 on random column point sets against an
exact brute-force distance, the closed forms of Theorem 49 against two exact kernels at
every ¢ < 241 coprime to 6 (composites included), the box minors, all digital shifts at
small ¢ against Proposition 52, the class maximum of the digital column nets against
Theorem 95, the comparison with 7, after Proposition 103, and the comparison nets
with a common second digit of Figure 10(c);

e the rank-one nets of Section 13.3, Proposition 104: the box minors of W, Lemma 105 by
enumeration of all cells at small p, the numerical steps of the proof of Proposition 104 in
exact arithmetic (the rules of part (2) against the lemma, Table 9 and the tangent-line
constants, and, independently, the full quadratic of every option in each of the 24 classes
of p modulo 48), the relaxation at every prime 53 < p < 3000, the pair of part (3),
the exact minimum distances of W, at every prime 5 < p < 199 and at 307, 353 (the
finite part of (4)), the comparison with 7,, the layer with a geometric digit shared by
two coordinates at p = 307 and its value in the limit model, and the digital shifts of
Remark 108;

e for Proposition 106 and Remark 107: the constants and every numerical fact of the proof
in exact arithmetic, the value F(1*) = p*? from all options, the identity Fj,(u) = F(u/p)
and max,, F,(u) < p*? over all u at small primes, the box minors and the bound with K
for Wy, the thresholds, and the exact minimum distances of W, and W, at the primes
p < 1009 where they differ (recomputed by the scripts at 193, 241, 337; at the other five
primes the values come from two separate distance programs that agree, and are not
rerun by the driver);

e the certificates of Proposition 118 (the 126 box minors, the exact scans of Lemma 117
and of Proposition 115(1) with their monotone tails, the finite check of the limit), the
constants of Remark 119 and Remark 121, the exact minimum distances of Q;‘; for 7 <
p < 61, and the enumerations of Theorem 120 and of the text after it;

e the data printed in Proposition 40, Remark 101 and Tables 11, 13, 14, compared with
their sources entry by entry, with the finite checks in the proof of Proposition 40, the
layer of Remark 119 and the identity and estimates in the proof of Proposition 103;

e every printed decimal bound, recomputed in exact arithmetic and checked to be trun-
cated or rounded as stated in Section 2.5 (this check also reads the integers 7T}, of Table 10
from the formalization);

e the figures, including those of Part I (Figures 4, 9, 3, 6) and of the accounting (Figures 10,
15, 13), each regenerated by its script, which also asserts the properties stated in its
caption.
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